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Chapter 1

Master equations

1.1 Definitions

Many processes in nature appear to us as random.

In classical physics, this randomness may result from our incomplete knowledge about the
system. For example, the collisions of gas molecules in a box with the domain walls may appear
random since we do not know the momenta and positions of each individual molecule.

On the other hand, in quantum mechanics already the equations of motion at the lowest level
involve amplitudes rather than observables. Although the Schrodinger equation appears formally
deterministic, its interpretation has a stochastic element, as probabilities for certain measurement
outcomes can be derived from the squared amplitudes.

Such random processes can be described by probabilities, which may become time-dependent.
The evolution of these probabilities may be governed by equations of different type, and we will
discuss some of these.

First, we briefly recall the density matrix formalism from quantum mechanics. Whereas the
Schrodinger equation

‘xy> — iH|V) (1.1)

is well suitable for describing closed systems and pure states, the density matrix formalism allows
to describe more general quantum systems. Formally, a density matrix has to fulfill

T{p}=1. p=p, (Upl®)=0 VT, (1.2)

The first property essentially demands that the sum of all probabilities has to be conserved, the
second is necessary for the stochastic interpretation in terms of probabilities, and the last property
encodes that the probabilities for measurement outcomes must be positive.

For closed quantum systems, the dynamics follows the Liouville-von-Neumann equation

p=—ilH, p] = Lop. (1.3)

Such equations, where on the left hand side the first derivative of the density matrix with re-
spect to time are connected with the action of a linear super-operator on the density matrix, are
called master equations. There are different types of master equations, and in its most simple
manifestation they are also well-known in classical physics, which will be discussed below.
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Exercise 1 (Preservation of density matrix properties by unitary evolution). Show that the von-
Neumann (1.3) equation preserves self-adjointness, trace, and positivity of the density matriz.

Also the Measurement process can be generalized similarly. For a quantum state |¥), measure-
ments are described by a set of measurement operators {M,,}, each corresponding to a certain
measurement outcome, and with the completeness relation ) M} M,, = 1. The probability of
obtaining result m is given by

P = (| M} My, |T) (1.4)
and after the measurement with outcome m, the quantum state is collapsed
M |¥)
Vg, )

vy B (1.5)

The projective measurement is just a special case of that with M, = |m) (m|.

Def. 1 (Measurements with density matrix). For a set of measurement operators {M,,} corre-
sponding to different outcomes m and obeying the completeness relation ) Mi M, = 1, the
probability to obtain result m is given by

Pm = Tr { M M,,p} (1.6)
and action of measurement on the density matriz — provided that result m was obtained — can be
summarized as

/ My p M, My p M,

PP Tr{M;Mmp} "~ B &1l

It is therefore straightforward to see that description by Schrodinger equation or von-Neumann
equation with the respective measurement postulates are equivalent. The density matrix formal-
ism conveniently includes statistical mixtures in the description but at the cost of quadratically
increasing the number of state variables.

Exercise 2 (Preservation of density matrix properties by measurement). Show that the measure-
ment postulate preserves self-adjointness, trace, and positivity of the density matriz.

1.2 Rate equations

When the master equation in a particular basis couples the diagonal elements of the density
matrix only to other diagonal elements, it is also called rate equation. Such a rate equation can be
represented by a linear rate matrix, which is acting on a vector of probabilities (composed by the
diagonal elements of the density matrix) P=TP.
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Def. 2 (rate equation). A rate equation is a master equation describing only the evolution of the
diagonal elements Py = prr of the density matriz For discrete states k it assumes the form

d Py

— = > [TuP—TuP), P=TP, (1.8)
¢

where the Ty > 0 are transition rates from state € to state k. In matrix representation one has

- Z T%l T12 00 g TlN
i#1
T21 - Z T’i2 T2N
T = i2 . (1.9)
i£N

The rate equation is said to fulfill detailed balance, when at steady state TP = 0 the equation
TwePy = Ty, Py is fulfilled separately for all pairs (k,¢). Furthermore, when the rate matrix is
symmetric Ty, = Ty, all processes are reversible in a thermodynamic sense.

It is simple to show that a rate equation must conserve the sum of all probabilities

dp,
> d—t’“ = (TwePr — TuPr) =Y (TP — T P) = 0. (1.10)
k ke ke

Furthermore, all probabilities must remain real, since the transition rates are also real. This fulfills
the second condition for a density matrix.

Last we show that rate equations preserve the positivity of probabilities. Let us assume that we
start with a valid probability distribution, i.e., with non-negative probabilities 0 < P;(0) < 1. Let
now P denote the probability that first vanishes at some time ¢, i.e., where all other probabilities
are still non-negative. Then, we can conclude for the time-derivative of Py, that

ary
dt

=+> TuP >0, (1.11)
P,=0 ¢

which means that the boundary P, = 0 is repulsive and cannot be crossed. This prohibits negative
probabilities. In addition, all individual probabilities must remain smaller than one. This however
immediately follows by contradiction from the conservation of their sum and their individual
positivity.

Altogether one can say that a rate equation of the form (1.8) automatically preserves the
probability interpretation, which of course only holds for a valid initialization.

1.2.1 Example 1: Fluctuating two-level system

Let us consider a system of two possible events, to which we associate the time-dependent proba-
bilities Py(t) and Py(t). These events could for example be the two conformations of a molecule,
the configurations of a spin, the two states of an excitable atom, etc. To introduce some dynamics,
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let the transition rate from 0 — 1 be denoted by T}y > 0 and the inverse transition rate 1 — 0 be
denoted by Tjp; > 0. The associated master equation is then given by

d (P =T +T1o: Fy
— = 1.12
dt ( Py ) ( +To —Im Py (1.12)

Exercise 3 (Temporal Dynamics of a two-level system). Calculate the solution of Eq. (1.12).
What is the stationary state?

The occupation of a dot tunnel-coupled to a junction with bare tunneling rate I' will fluctuate
depending on the Fermi level of the junction, see Fig. 1.1.

Figure 1.1: Left: Sketch of a single quantum dot hosting at most one electron, which is tunnel-
coupled to a single junction. Right: Sketch of the dot transition frequency in relation with the
Fermi occupation of the lead levels.

In particular, if at time ¢ the dot was empty, the probability to find an electron in the dot at
time t + At is roughly given by I'At f(e) with the Fermi function defined as

1
fw) = poEmE— (1.13)
where ( denotes the inverse temperature and p the chemical potential of the junction. The
transition rate is thus given by the tunneling rate I' multiplied by the probability to have an
electron in the junction at the required energy e ready to jump into the system. The inverse
probability to find an initially filled dot empty reads T'At [1 — f(¢)], i.e., here one has to multiply

the bare tunneling rate with the probability to have a free slot at energy € in the junction.

1.2.2 Example 2: Interacting quantum dots

Imagine a double quantum dot, where the Coulomb interaction energy is so large that the doubly
occupied state can be omitted from the considerations. In essence, only three states remain. Let
|0) denote the empty, |L) the left-occupied, and |R) the right-occupied states, respectively. Now
assume the two quantum dots to be tunnel-coupled to two adjacent reservoirs but not among
themselves, such that particle transport between the dots is prohibited.

Applying this recipe to every dot separately we obtain for the total rate matrix

—fr 1—fn. 0 —fr 0 1—/fr
T=T,| +ft —(1—fr) 0 | +Tg 0 0 0 : (1.14)
0 0 0 +fr 0 —(1—fr)
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In fact, a microscopic derivation can be used to confirm the above-mentioned assumptions, and
the parameters f, become the Fermi functions

1
fo==x (1.15)

EV*/J«V) + 1

with inverse temperature [3,, chemical potentials p,, and dot level energies ¢,,.

1.2.3 Example 3: Diffusion Equation

Consider an infinite chain of coupled compartments as displayed in Fig. 1.2. Now suppose that
/IVI\

Pi_l(t) Pz(t) Pi—l—l(t)

Figure 1.2: Linear chain of compartments coupled with a transition rate 7', where only next
neighbors are coupled to each other symmetrically.

along the chain, a molecule may move from one compartment to another with a transition rate
T that is unbiased, i.e., symmetric in all directions. The evolution of probabilities obeys the
infinite-size master equation

Bi(t) = TPi(t) + TPu(t) — 2T Pi(t)
o P (t) + Piya(t) — 2P(t)
Ax?

We can introduce the probability density p(z;,t) = P;(t)/Ax, such that as Az — 0 and 7' — o0
in a way that D = T Az? remains constant, we obtain the partial differential equation
opla,t) FPpl,t)
ot N 0x?

= TAz

. (1.16)

with D =TAz”. (1.17)

We note here that while the P;(¢) describe (dimensionless) probabilities, p(z,t) describes a time-
dependent probability density (with dimension of inverse length).

Such diffusion equations are used to describe the distribution of chemicals in a soluble in the
highly diluted limit, the kinetic dynamics of bacteria and further undirected transport processes.
From our analysis of master equations, we can immediately conclude that the diffusion equation

“+00
preserves positivity and total norm, i.e., p(z,¢) > 0 and [ p(z,t)dx = 1. Note that it is straight-
forward to generalize the mapping between master equations and the diffusion equation to the
higher-dimensional case.
One can now think of microscopic models where the hopping rates in different directions are
not equal (drift) and may also depend on the position (spatially-dependent diffusion coefficient).
A corresponding model (in next-neighbor approximation) would be given by

P = TiioaPia(t) + T i1 Pia (t) — (T + T i) Pi(2) (1.18)
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where T, denotes the rate of jumping from b to a. An educated guess is given by the ansatz

oP 0? 0
2 L aw)p 2 B(x)P
P O P + L B@PE)
_ APy = 2A5+ A P n Bit1Piy1 — Bioa Py
o Az? 2Ax
A B 24; Aip1 Bip
B {sz QAx} Fin EPZ [AmQ T oAz Firt (1.19)

which is equivalent to our master equation when

Az?
A= 5 Ti1i + Tigril s B =Ax[Ti—1; — Tita,] - (1.20)

We conclude that the Fokker-Planck equation

%= AWl 1) + o (Bl 1) (121)

with A(z) > 0 preserves norm and positivity of the probability distribution p(x,t).

Exercise 4 (Reaction-Diffusion Equation). Along a linear chain of compartments consider the
master equation for two species

P, = T[P-i(t) + Pya(t) — 2B ()] — vRi(t),
pi = T[pia(t) +pira(t) — 2pi(t)] + v Pi(2),
where P;(t) may denote the concentration of a molecule that irreversibly reacts with chemicals in

the soluble to an inert form characterized by p;(t). To which partial differential equation does the
master equation map?

1.3 Lindblad master equation

Any dynamical evolution equation for the density matrix should (at least in some approximate
sense) preserve its interpretation as density matrix, i.e., trace, Hermiticity, and positivity must
be preserved. By construction, the measurement postulate and unitary evolution preserve these
properties. However, more general evolutions are conceivable. If we constrain ourselves to master
equations that are local in time and have constant coefficients, the most general evolution that
preserves trace, self-adjointness, and positivity of the density matrix is given by a Lindblad form.

Def. 3 (Lindblad form). In an N-dimensional system Hilbert space, a master equation of Lindblad
form [4, 5] has the structure

N2-1

. ) 1
p=Lp=—i[H, o+ > Yap (AapAL — > {A;Aa,p}) , (1.20)

a,f=1
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where the Hermitian operator H = H' can be interpreted as an effective Hamiltonian and yas = Vb
is a positive semidefinite matriz, i.e., it fulfills > xivapxs > 0 for all vectors x (or, equivalently

that all eigenvalues of (7a5) are non-negative v; > 0).

Exercise 5 (Trace and Hermiticity preservation by Lindblad forms). Show that the Lindblad form
master equation preserves trace and Hermiticity of the density matriz.

The Lindblad type master equation can be written in simpler form: As the dampening ma-
trix v is Hermitian, it can be diagonalized by a suitable unitary transformation U, such that
> UaraVas(U Npp = O prYar With v, > 0 representing its non-negative eigenvalues. Using this
unitary operation, a new set of operators can be defined via A, = >, UyoLq. Inserting this
decomposition in the master equation, we obtain

N2-1

po= —i[Hpl+ D Yas (AapAE - % {ALAmp})

(x7ﬁ771
/p / ’ O/7p

= —1 [H, p} + Z Z”}/QBUO/QUE/IB
: 1
= -1 [Ha p} + ;’7& (LapLL - 5 {LTaLowp}) ) (121)

af

OC’,B/

where 7, denote the N? — 1 non-negative eigenvalues of the dampening matrix. Furthermore, we
can in principle absorb the 7, in the Lindblad operators L, = \/YoLa«, such that another form of
a Lindblad master equation would be

po= —i[Hp+> (Eang - % {zgimp}) . (1.22)

Evidently, the representation of a master equation is not unique.

Any other unitary operation would lead to a different non-diagonal form of v, which however
describes the same master equation. In addition, we note here that the master equation is not
only invariant to unitary transformations of the operators A,, but in the diagonal representation
also to inhomogeneous transformations of the form

L, — L, =L,+a,
1
I - * . T
H — H'=H+ > Yo (ahLa —aall) +b, (1.23)
with complex numbers a, and a real number . The numbers a, can be chosen such that the

Lindblad operators are traceless Tr {L,} = 0, which is a popular convention. Choosing b simply
corresponds to gauging the energy of the system.
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Exercise 6 (Shift invariance). Show the invariance of the diagonal representation of a Lindblad
form master equation (1.21) with respect to the transformation (1.23).

We would like to demonstrate the preservation of positivity here. Since preservation of Her-
miticity follows directly from the Lindblad form, we can — since at any time we know that p = p
— formally write the density matrix in its spectral representation

p(t) = Z By(t) [;(1)) (W5(0)] (1.24)

with eigenvalues P;(t) € R (we still have to show that these remain positive) and time-dependent
orthonormal eigenstates. The eigenvectors themselves are normalized at all times (U,(¢)|¥;(t)) =

J

ij, and by acting on this expression with a time derivative we see that <\IJZ]\I!Z> + <\IJZ]\I/Z> =0.

Therefore, the time-derivative of the density matrix becomes
p=> [ij’j) (W] + P

J

;) (W51 + Py 195 (B

] , (1.25)

and sandwiching the time-derivative above with the eigenvector |¥;) leads to the cancellation of
two terms, such that (U;(t)|p|W;(t)) = Pi(t). On the other hand, we can also sandwich the
right-hand side of the Lindblad equation to obtain

Py = —i(U;|H W) P, +iP; (¥ H |V;)

+> Yo | (Wi Lo (ij 1W5) <‘I’j|) L |Wi) — (W] LE Lo |W5) P,
a j

= > (Z%K‘I’il Lo \%)!2) Pi—3 (Z%K‘I’j\ La I‘I’iHQ) b (1.26)

J J

This is nothing but a rate equation with positive but time-dependent transition rates

Risi(t) = ) val(Wilt)] Lo [95(£)* = 0, (1.27)

and with our arguments from Sec. 1.1 it follows that the positivity of the eigenvalues P;(t) is
granted, a valid initialization provided. Unfortunately, the basis within which this simple rate
equation holds is time-dependent and also only known after solving the master equation and
diagonalizing the solution. It is therefore not very practical in most occasions.

1.3.1 Example: Master Equation for a cavity in a thermal bath
Consider the Lindblad form master equation

1 1
p = —i [QaTa, p] + (1 +np) [@pcﬂ — §aTap — §paTa

1 1
+Tng |a'pa — §aan — §paaq , (1.28)
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with bosonic operators [a, aq = 1 and Bose-Einstein bath occupation ng = [em — 1} ~and cavity
frequency €. In Fock-space representation, these operators act as a' |n) = v/n + 1|n + 1) (where
0 < n < 00), such that the above master equation couples only the diagonals of the density matrix
pn = (n|p|n) to each other. This is directly visible by sandwiching the master equation with

fu = D1+ n5) [0+ 1)puss — npa] + T [p 1 — (n+1)py]
= I'npgnpp—1 —T'n+ 2n+ Dnglpn + (1 +np)(n+ 1)pni1, (1.29)
which shows that the rate equation arising for the diagonals even has a simple tri-diagonal form.

That makes it particularly easy to calculate its stationary state recursively, since the boundary
solution ngpy = (1 + np)p; implies for all n the relation

Posr _ _TB_ -po (1.30)
Pn 1+ np

i.e., the stationary state is a thermalized Gibbs state with the same temperature as the reservoir.

Exercise 7 (Moments). Calculate the expectation value of the number operator fi = a'a and its
square 7? = a'aa’a in the stationary state of the master equation (1.28).

In general, the matrix elements of the density matrix p,, = (n|p|m) will obey

. . n—+m
Prnm = _IQ(n - m)an + F(l + nB) |:\/(n + 1)(m + 1)pn+1,m+1 - 2 pnm}

+I'ng [v nMPp—1,m—1 — 5

n+1l+m+1 ]

_ [—iQ(n ) p(L+np)(n+m) +2nB(n+ 1+m+ 1)] -
+0(1+ np)vV(n+ 1) (m+ 1) pusimer + TnpyVnmp,—1m-1 , (1.31)

and it is straightforward to see that vanishing coherences (off-diagonal matrix elements) pyp, = 0
are a valid steady-state solution. Not being aware of the Lindblad form we may nevertheless ask
whether there are other solutions. The above equation shows that among the coherences, only few
couple, and by arranging them in a favorable form we can write these equations in matrix form
with infinite-dimensional tri-diagonal matrices (for brevity we use 7y = I'ng and 7 = I'(1 + np))

+y/nm 0

w=1 .. +7m [—iQ(n —m) — yim — yotldimtl] 45 /(n+1)(m+1) ... | (1.32)
0 +vv/(n+1)(m+1) '

By examining every column in detail, we see that the real part of the diagonal entries has always
larger magnitude than the sum of the off-diagonal entries, since

n+m n+1+m+1
Y 5 +y 5

> +yy/nm +yy/(n+ 1) (m + 1). (1.33)
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The above equation naturally follows from (x — y)? = 2% + y? — 22y > 0, with 22 — 4n and
y> — ym or 22 — v(n + 1) and y* — y(m + 1), respectively. Furthermore, we see that equality
actually only holds for the diagonal elements (n = m). From Gershgorins circle theorem, we can
therefore conclude that all the eigenvalues of the matrix W have for n # m a negative real part.
Consequently, the coherences must decay and the stationary state only contains populations in the
Fock space representation.

A simpler way to solve the particular master equation at hand is by using it to calculate the
expectation value (n) = Tr {aTap} of the particle number operator

d :
Ly = (alas)
= +0(1+np)Tr { [aTaTaa - (aTa)Q} p}
+I'npTr { {acﬁaaT - %(ﬂaaaT — %aaT@Ta] ,0} : (1.34)

where we have used the invariance of the trace under cyclic permutations to move the density
matrix to the right. Further using the bosonic commutation relations we get the very simple
equation

%(n) = T (14 ng) (n) + Tng (1 + (n) (1.35)

which yields the same steady state solution

n nB 7/BQ
= = 1.36
1—|—T_l 1+nB ¢ ’ ( )

which we had before in Eq. (1.30). Mostly, one is not as lucky as in this case, that the resulting
evolution equations close with just a single variable (see below), but deriving and solving equations
of motion for observables from master equations is a popular tool for solving them.

1.3.2 Master Equation for a driven cavity

When the cavity is driven with a laser and simultaneously coupled to a vacuum bath ng = 0, one
often uses the time-dependent master equation

P . P . 1 1
ps = —i {Qcﬁa + 56*‘“@ + 76_lthT, Ps} + la,osaT - QCLTGPS - EPSGTCL] (1.37)

with the Laser frequency w and amplitude P. With using that etiwe'atgeiwalat — ge—ivt e gee
that the transformation p = etia'el pge=iwalat ;apg to a time-independent master equation

P P 1 1
p=—i {(Q —w)ala + Za + 7aT,p] + {apafr — 5&*&,0 — §paTa} : (1.38)

Exercise 8 (Transformation to a time-independent frame). Show that this is true.
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This equation couples coherences and populations in the Fock space representation, and in the
long-term limit we will also observe non-vanishing coherences. Nevertheless, it is possible to solve
for the evolution of expectation values by just making use of the bosonic commutation relations.
Here, the basic idea is to obtain a closed set of differential equations for observables

<0’a> = Tt {Oup} = Tr {OuLp} = QZB Tos (O5) (1.39)

where the coefficients I',3 have to be obtained from inspection of the particular model, in a similar
way as we did in the previous section.

Exercise 9 (Coherent state). Using the driven cavity master equation, show that the stationary
expectation value of the cavity occupation fulfills

lim <aTa> = |P|2
t—00 72+ 4(2 — w)?

One may wonder how many coefficients I', 3 will arise, and in general, for a system Hilbert space
dimension of N we can have N? —1 independent Hermitian operators. For systems with an infinite
Hilbert space one is in general not guaranteed to end up with a finite number of observables.

Alternatively, we can employ coherent states for the solution. These are defined as eigenstates
of the annihilation operator

ala) = ala) (1.39)
and can also be represented as Fock states. It is indeed possible to show that the density matrix

—ipP*

e T (1.40)

is indeed a stationary solution of the above master equation. By inserting this ansatz we get terms
either proportional to |a) (al, af |a) (o], and |a) (a|a, which we can group as

p P
0 = |a) (o [—i—a +i—a" + 7|a|2}
2 2
P*
+a' |a) (o {—i— _a- i(Q2— w)a}
2 2
P
+ |a) (o] a {4—15 - %a* +1i(Q2 — w)a*} : (1.41)

By inserting the correct value of «, we see that all terms in brackets vanish, and in the rotating
frame, we have a stationary state. The state back in the original frame is non-stationary and reads
asymptotically

t) — e-walat |\ (| gtiwalat 1.42
p
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1.4 Most general evolution

Finally, we mention here that the most general evolution preserving all the nice properties of a
density matrix is the so-called Kraus map. A density matrix p (Hermitian, positive definite, and
with trace one) can be mapped to another density matrix p’ via

p = Z %tgAapA/TB , with Z %égA;Aa =1, (1.43)
af af

where the prefactors 7,p form a Hermitian (yas = 73,) and positive definite (3_, 5 23vaprs > 0 or
equivalently all eigenvalues of (7,5) are non-negative) matrix. It is straightforward to see that the
above map preserves trace and Hermiticity of the density matrix. In addition, p’ also inherits the
positivity from p =) P, |n) (n|

(W119) = 3 (¥ Acp A4 1) = 3P 30 (91 ) (] 43 19)

Z Z ((n] AL |¥)) %Mnm;mzo. (1.44)

J/

>0
Since the matrix 7v,s is Hermitian, it can be diagonalized by a suitable unitary transformation,
and we introduce the new operators A, = >, Unw

IOI - Z nyaﬁUaa’f(a’pUEﬁ’KT’ - Z Ka/pKT/ Z Uaa/’YaﬁUg/Bl
aB o' p’ of B ap

J/

-~

70/5(1’,6/

= Z’YOA ap om (145>

where v, > 0 represent the eigenvalues of the matrix (y,5). Since these are by construction
positive, we introduce further new operators K, = /7./K, to obtain the simplest representation
of a Kraus map.

Def. 4 (Kraus map). The map

p(t + At) = ZK (t, At)p(t) K1 (t, At) (1.46)

with Kraus operators K,(t, At) obeying the relation Y, K1 (t, At)K,(t,At) = 1 preserves Her-
maticity, trace, and positivity of the density matriz.

Obviously, both unitary evolution and evolution under measurement are just special cases of a
Kraus map. Though Kraus maps are heavily used in quantum information, they are not often very
easy to interpret. For example, it is not straightforward to identify the unitary and the non-unitary
part induced the Kraus map.




Chapter 2

Obtaining a Master Equation

2.1 Mathematical Prerequisites

Master equations are often used to describe the dynamics of systems interacting with one or many
large reservoirs (baths). To derive them from microscopic models — including the Hamiltonian of
the full system — requires to review some basic mathematical concepts.

2.1.1 Tensor Product

The greatest advantage of the density matrix formalism is visible when quantum systems composed
of several subsystems are considered. Roughly speaking, the tensor product represents a way to
construct a larger vector space from two (or more) smaller vector spaces.

Def. 5 (Tensor Product). Let V' and W be Hilbert spaces (vector spaces with scalar product) of
dimension m and n with basis vectors {|v)} and {|w)}, respectively. Then V & W is a Hilbert
space of dimension m - n, and a basis is spanned by {|v) ® |w)}, which is a set combining every
basis vector of V with every basis vector of W.

Mathematical properties

o Bilinearity (21 |v1) + 22 |[v2)) ® |w) = 21 |v1) @ |w) + 23 |v2) ® |w)

e operators acting on the combined Hilbert space A® B act on the basis states as (A® B)(|v) ®
w)) = (Av)) @ (B |w))

e any linear operator on V& W can be decomposed as C =) . c;A; @ B;

o the scalar product is inherited in the natural way, i.e., one has for |a) =3, aij [v;) ® |w;)
and [b) =4, bre |vi) ® |we) the scalar product {(alb) =3 ., ai;bre (Vilvg) (wj|we) = 37, ai;bi;

If more than just two vector spaces are combined to form a larger vector space, the dimension of
the joint vector space grows rapidly, as e.g. exemplified by the case of a qubit: Its Hilbert space is
just spanned by two vectors |0) and |1). The joint Hilbert space of two qubits is four-dimensional, of
three qubits 8-dimensional, and of n qubits 2"-dimensional. Eventually, this exponential growth of
the Hilbert space dimension for composite quantum systems is at the heart of quantum computing.

19
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Exercise 10 (Tensor Products of Operators). Let o denote the Pauli matrices, i.e.,

L (0 +1 . (0 —i s (41 0
=\ 41 o0 TV H o =\ 0o -1

Compute the trace of the operator

3 3 3
Z:al@l—f—Zaiai@l—i—Zle@Jj—i—Zaijai@)aj.
i=1

j=1 2,j=1

Since the scalar product is inherited, this typically enables a convenient calculation of the trace
in case of a few operator decomposition, e.g., for just two operators

TI'{A@B} = Z <77,A,7”LB’A®B‘TLA,TLB>
= |3 nal Alna) | |3 {nsl Blng)
= Tr:{A}TrB{B}, ’ (2.-1)

where Tr4,/p denote the trace in the Hilbert space of A and B, respectively.

2.1.2 The partial trace

For composite systems, it is usually not necessary to keep all information of the complete system
in the density matrix. Rather, one would like to have a density matrix that encodes all the
information on a particular subsystem only. Obviously, the map p — Trg {p} to such a reduced
density matrix should leave all expectation values of observables A acting only on the considered
subsystem invariant, i.e.,

Tr{A® 1p} = Tr {ATrg {p}} . (2.0)

If this basic condition was not fulfilled, there would be no point in defining such a thing as a
reduced density matrix: Measurement would yield different results depending on the Hilbert space
of the experimenters feeling.

Def. 6 (Partial Trace). Let |a1) and |as) be vectors of state space A and |by) and |by) vectors of
state space B. Then, the partial trace over state space B is defined via

Trp {|a) (as| ® |b1) (02|} = |ax) (az| Tr {[by) (bal} - (2.1)

The partial trace is linear, such that the partial trace of arbitrary operators is calculated
similarly. By choosing the |a,) and |b,) as an orthonormal basis in the respective Hilbert space,




2.2. DERIVATIONS FOR OPEN QUANTUM SYSTEMS 21

one may therefore calculate the most general partial trace via

Trg{C} = Trp {Z Capré |aa) (ap| @ ]by) <b6|}

afBvyd

= ) caprsTrp {|aa) (as| ® |b,) (bs]}

afBvyé

= Y Capslaa) (as| Tr{[b) (bs]}

afyd

= Z Caprys |aa) (ag| Z (De|by) (bs]be)

aByd
=y [Z B] |aa) {ag] - (2:2)
aff v

The definition 6 is the only linear map that respects the invariance of expectation values.

Exercise 11 (Partial Trace). Compute the partial trace of a pure density matriz p = |¥) (¥| in
the bipartite state

1) = = (00) + 110) = == (10) @ [1) + 1) ©10))

S
>

2

2.2 Derivations for Open Quantum Systems

In some cases, it is possible to derive a master equation rigorously based only on a few assumptions.
Open quantum systems for example are mostly treated as part of a much larger closed quantum
system (the union of system and bath), where the partial trace is used to eliminate the unwanted
(typically many) degrees of freedom of the bath, see Fig. 2.1. Technically speaking, we will consider

H1

Figure 2.1: An open quantum system can be conceived as being part of a larger closed quantum
system, where the system part (Hg) is coupled to the bath (Hg) via the interaction Hamiltonian
Hi.

Hamiltonians of the form

H=Hs®1+1KQHg+ Hi, (2.2)
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where the system and bath Hamiltonians act only on the system and bath Hilbert space, respec-
tively. Since the index clearly defines on which space the respective Hamiltonian is acting, we
often also write

H=Hs+Hp+ H;. (2'3>

It is important to note that the interaction Hamiltonian acts on both Hilbert spaces

Hi=> A.®Ba, (2.4)

where the summation boundaries are in the worst case limited by the dimension of the system
Hilbert space @ < N? — 1. As we consider physical observables here, it is required that all
Hamiltonians of system, bath, and interaction are self-adjoint.

Exercise 12 (Hermiticity of Couplings). Show that it is always possible to choose Hermitian cou-
pling operators A, = AL and B, = B(L using that Hy = ”HIT

2.2.1 Standard Quantum-Optical Derivation

Here, we will derive the master equation generally, for an arbitrary system coupled to a thermal
environment. This will at first appear a bit technical but may prove useful later-on, since it also
allows us to show general properties for later reference.

In this section, we will use the example

H = Qad'a+ (a+a') Z <hkbk + h;;b,z) + Zwkblbk , (2.5)
k k

which describes a harmonic oscillator coupled to many other oscillator modes via their z-coordinates,
and which may therefore serve to illustrate the general derivation.
Interaction Picture

When the interaction H; is small, it is justified to apply perturbation theory. The von-Neumann
equation in the joint total quantum system

p=—i[Hs+ Hp + Hi, p| (2.6)

describes the full evolution of the combined density matrix. This equation can be formally solved by
the unitary evolution p(t) = e " pye ™t which however is impractical to compute as H involves
too many degrees of freedom.

Transforming to the interaction picture

p(t) = e+i(HS+HB)tp(t)e_i(HS+HB)t, (2.7)
which will be denoted by bold symbols throughout, the von-Neumann equation transforms into

p=—i[Hi(t) ol (2.8)
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where the in general time-dependent interaction Hamiltonian

Hl(t) _ e+1(Hs+HB)tHI€—1(HS+HB)t — E e-i—zHStAae—let ® e—l—z’HBtBae—l’HBt

[0}

= Z Aq(t) @ Ba(t) (2.9)

allows to perform perturbation theory.

Without loss of generality we will for simplicity assume here the case of Hermitian coupling
operators A, = Al and B, = B]. One heuristic way to perform perturbation theory is to formally
integrate Eq. (2.8) and to re-insert the result in the r.h.s. of Eq. (2.8). The time-derivative of the
system density matrix is obtained by performing the partial trace

ps = —iTrg {[H1(t), po]} — / Trp {[Ha(t), [Ha(t'), p(t')]] '} . (2.10)

This integro-differential equation is still exact but unfortunately not closed as the r.h.s. does not
depend on pg but the full density matrix at all previous times.

For our particular example, we can show that the master equation in the interaction picture
reads

p=—i [(ae_mt +alet) Y (hkbke_i“”“t + thLe*i“’kt> ,p] : (2.11)
k

We see that there is just one system and bath coupling operator, respectively, and that therefore
these operators are already Hermitian by construction. We see that the time-dependent interaction
Hamiltonian has many oscillatory terms, and evaluating all these terms seems challenging at first.

Born approximation
To close the above equation, we employ factorization of the initial density matrix
po = pg ® pp (2.12)

together with perturbative considerations: Assuming that Hy(f) = O{A} with A beeing a small
dimensionless perturbation parameter (solely used for bookkeeping purposes here) and that the
environment is so large such that it is hardly affected by the presence of the system, we may
formally expand the full density matrix

p(t) = ps(t) ® pg + O{A}, (2.13)

where the neglect of all higher orders is known as Born approximation. Eq. (2.10) demonstrates
that the Born approximation is equivalent to a perturbation theory in the interaction Hamiltonian

ps = ~iTra {[Ha(®). ]} — [ Tra ([0, [alt). ps(t) @ el '} + OV (219
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Using the decomposition of the interaction Hamiltonian (2.4), this obviously yields a closed equa-
tion for the system density matrix

ps = i % [Aa(IAAT {Balt)ps} ~ AT (s Z /

Aq(t)Ap(t)ps(t')Tr { Ba(t) Bs(t') s}
a(t)ps() s(t)Tr{Ba(t)peBs(')}
_AB(t/)PS( )Aa(t)Tr{Bg(t')ppBa(t)}
+ps(t') Ap(l') Aa(t)Tr {ﬁBBﬁ(t/)Ba(t)}]dt/' (2.15)

Without loss of generality, we proceed by assuming that the single coupling operator expectation
value vanishes

Tr {Bu(t)ps} = 0. (2.16)

This situation can always be constructed by simultaneously modifying system Hamiltonian Hg
and coupling operators A,, see exercise 13.
For our example we see that for a thermal reservoir this is fulfilled by construction, since

Tr {bke—ﬁ%blbk} ~0. (2.17)

Exercise 13 (Vanishing single-operator expectation values). Show that by modifying system and
interaction Hamiltonian

Hs = Hs+ Y gada,  Ba— Ba—gal (2.18)

one can construct a situation where Tr{Bgq(t)pp} = 0. Determine g, .

Using the cyclic property of the trace, we obtain

= -y / dt'[C’ag(t,t') [An(t), Ag(t)ps(t)]
aB

+Calt 1) [ps(t) Ap(t'), Aalt)] | (2.19)
with the bath correlation function
Caﬁ(tly tg) ="Tr {Ba<t1)Bﬁ(t2)ﬁB} . (220)

The integro-differential equation (2.19) is a non-Markovian master equation, as the r.h.s.
depends on the value of the dynamical variable (the density matrix) at all previous times — weighted
by the bath correlation functions. We will see later that non-Markovianity can also be defined
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more rigorously based on violation of contractivity. It does preserve trace and Hermiticity of the
system density matrix, but not necessarily its positivity. Such integro-differential equations can
only be solved in very specific cases, e.g., when the correlation functions have a very simple decay
law. Therefore, we motivate further approximations, for which we need to discuss the analytic
properties of the bath correlation functions.

In our example, we have only a single system coupling operator A(t) = (ae*im + aTe“m), and
consequently also only a single correlation function

Cltrts) = Y Tr { <hkbke*iwkf1 + h,jb,te“wk“) <hk,bk/e oty | h*,bk,e+wk’t2) pB} L(2.21)
kk!
Without making further assumptions on the bath density matrix pg, we cannot further simplify
this expression.
Markov approximation

It is quite straightforward to see that when the bath Hamiltonian commutes with the bath density
matrix [Hg, p] = 0, the bath correlation functions actually only depend on the difference of their
time arguments

Caﬁ(tl, tg) = Caﬁ(tl - tg) =Tr {€+iHB(t1_tg)Bae_iHB(tl_tz)BﬁﬁB} . (222)
Since we chose our coupling operators Hermitian, we have the additional symmetry that
Cop(T) = Cio(=T7). (2.23)

One can now evaluate several system-bath models and when the bath has a dense spectrum, the
bath correlation functions are typically found to be strongly peaked around zero, see exercise 14.

Exercise 14 (Bath Correlation Function). FEwvaluate the Fourier transform ~ap(w) =
fC’ag YeT“Tdr of the bath correlation functzons for the coupling operators By = Y, hxb, and

e—BHB

=5 h;bL for a bosonic bath Hg = ), wkbkbk in the thermal equilibrium state pfy, = T{e P

You may use the continous representation T'(w) = 21 Y, |hi|?6(w — wy) for the tunneling rates.

The correlation function of our example can for a thermal reservoir pp = e #2k wrblby /Zp be
further evaluated

Clty— 1)) = Z B2 [ g (t1—t2) <b bT> 1 etiwn(ti—t2) <b£bk>}

_ Z |hk‘ e~ iwk (t1—t2) (1 + nB(wk)) + e+iwk(t17t2)nB(wk)}

1 o - -
= o [(w) [e7@M72)(1 4+ np(w)) + e O "2np(w)] dw, (2.24)
0

where we have introduced the spectral coupling density

w) =2y [t (w — wy) (2.25)
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and the Bose distribution ng(w) = [’ — 1], For bosons, the frequencies of the reservoir
oscillators must be positive w; > 0, which explains the boundaries of the integrals. However, by
analytically continuuing the spectral density as an odd function I'(—w) = —I'(+w) and using the
identity np(—w) = —[1 + np(+w)], we can write this as a single term

1
o
from which we can — without calculation — identify the Fourier transform of the correlation function

w) = [ C(r)e™ dr = T'(w)[1 + np(w)]. Importantly, we note that it is positive.
In superoperator notation, one can also write the integro-differential equation (2.19) as

C(t1 — tg) /+OO F(W)[l + nB(w)]e_iw(tl_tz)dw s (226)

s — / Wt — )ps(t')dt’, (2.27)

where the kernel W(7) assigns a much smaller weight to density matrices far in the past than
to the density matrix just an instant ago. In the most extreme case, we would approximate
Cap(t1,ta) = I'ygd(t; — t2), but we will be cautious here and assume that only the density matrix
varies slower than the decay time of the bath correlation functions. Therefore, we replace in the
r.hs. ps(t’) — ps(t) (first Markov approximation), which yields in Eq. (2.14)

t

ps = / To {[Ha(t), [Ha(t), ps(t) @ pu]]} dt (2.28)

This equation is often called Born-Redfield equation. It is time-local and preserves trace and
Hermiticity, but still has time-dependent coefficients (also when transforming back from the inter-
action picture). We substitute 7 =¢ — ¢/

t

pPs = —/TI“B{[’HI(t)a[Hl(t—T),Ps(t)®ﬁBH}dT (2.29)

_ Z / {Cos(7) [Aa(t), Ag(t — )ps(D)] + Coa(—7) [ps(t) Ap(t — 7), An()]} dr

The problem that the r.h.s. still depends on time is removed by extending the integration bounds
to infinity (second Markov approximation) — by the same reasoning that the bath correlation
functions decay rapidly

[e.e]

s = - / Te {[Ha (1), [Ha(t — 7). ps(t) @ ps]]} dr (2.30)

This equation is called the Markovian master equation, which in the original Schrédinger
picture

= il -3 / Coa(7) [Aas €57 Ape 57 p(1)] dr

-3 / Cia(—T) [ps(t)e ™M™ Age ™™™ A, ] dr (2.31)

aB
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is time-local, preserves trace and Hermiticity, and has constant coefficients — best prerequisites for
treatment with established solution methods.

Exercise 15 (Properties of the Markovian Master Equation). Show that the Markovian Master
equation (2.31) preserves trace and Hermiticity of the density matriz.

In addition, it can be obtained easily from the coupling Hamiltonian: We have so far not used
that the coupling operators should be Hermitian, and the above form is therefore also valid for
non-Hermitian coupling operators.

There is just one problem left: In the general case, it is not of Lindblad form. Note that
there are specific cases where the Markovian master equation is of Lindblad form, but these rather
include simple limits. Though this is sometimes considered a rather cosmetic drawback, it may
lead to unphysical results such as negative probabilities.

Coming back to our example, we would get

p = —ilQa'a,p] —/ C(+7)[(a+ aT),e*iQ“T“T(a + aT)eJriQaTan]dT
0
N / i) [pe_iQaTaT(a +af)etier (q + aT)}
0

= —i[Qad'a, p] — {/Ooo C(+7)[(a+ a'), (ae™®™ + ale™™7) pldr + h.c.}

= —i[Qd'a, p| — {L(+Q)[(a + a'),ap] + [(=Q)[(a + a'),a'p] + h.c.} | (2.32)
where we have used the conjugation property (2.23) valid for Hermitian coupling operators and

defined the half-sided FT T'(w) = [;° C(7)e™™7dr (not to be confused with the spectral coupling
density).

Secular Approximation

To generally obtain a Lindblad type master equation, a further approximation is required. The
secular approximation involves an averaging in the interaction picture over fast oscillating terms
in time ¢. In order to identify the oscillating terms, it is necessary to at least formally calculate
the interaction picture dynamics of the system coupling operators.

We first make this explicit for our example. In the interaction picture, we have

[-) _ _/ C(T) [(ae—iQt+aT€+iQt) ’ (ae—iQ(t—T) +aT€+iQ(t—T)) p} +hC
0

Q

/ C(r)e ¥ drla, a p| / C(r)et ¥ drlal ap] + hic.
0 0

= —I['(-Q) (aa'p — d'pa) — ['(+Q) (a'ap — apal)
—I*(=Q) (paa’ — a'pa) — T*(+9Q) (pa'a — apal) . (2.33)
Here, we have neglected all terms that oscillate with e***  Furthermore, we can split I'(+Q) =

%7 + %O’ and ['(—Q) = %7 + %5 into real and imaginary parts, which eventually yields
1 1
p = v [apaT 3 {aTa,p}] +7 [ana 3 {aaT,p}

—i [%aTa + %aaT, p] : (2.34)
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This is a Lindblad form master equation when v > 0 and 4 > 0. Indeed, we have already computed
the Fourier transform of the full correlation function, which we showed to be non-negative. The
real part of the half-sided Fourier transforms of the correlation function

D(w) +TM(w) = / C’(T)e+i°JTdT—I—/ C*(T)e “Tdr
0 0
00 0o oo 0
= / C'(T)e+i“’7d7+/ C’(—T)e_ide:/ C’(T)e+iWTdT+/ C(r)e™ dr
0 0 0

+o0o
= C(r)e™ dr (2.35)

is given by the full Fourier transform of the correlation function, which we have shown to be
positive.

Apart from our example, we may also formulate this generally. We begin by writing Eq. (2.30)
in the interaction picture again explicitly — now using the Hermiticity of the coupling operators

pPs = /Z{Cag a(t), Ag(t — 7)ps(t)] + h.c.} dr

- / 3 Con(r) 32 {10l Aolt =) 1) Gl (4)14) (] A0

a,b,c,d
—[d) {d| Aa(t) |c) (c||a) (a| Aa(t —7) |b) (O] ps(t)}dT +he., (2.36)
where we have introduced the system energy eigenbasis
Hs|a) = E, |a) . (2.37)

We can use this eigenbasis to make the time-dependence of the coupling operators in the interaction
picture explicit. To reduce the notational effort, we abbreviate A% = (a| A, |b) and L, = |a) (b].
Then, the density matrix becomes

ps = / Z Cop(T { (Ea*Eb)(t*T)€+i(Ed*Ec)tA%bAicLabps (Zf)Lid

abcd

_pTi(Ba—Ey)(t—T) ,+i(Ea—Ec)t Aaﬂb Ade Li Larps(t) }dT +h.c.,

= 35 [ Cosmyet B e e g 4 L4 L~ Ly Lups(®) )

af a,b,cd 0

+h.c. (2.38)

The secular approximation now involves neglecting all terms that are oscillatory in time ¢
(long-time average), i.e., we have

= > > Tus(By — Ea)op,- e, e AT (AL) {+Labps<t)[’j:d - LZdLabpS<t>}
af a,b,cd
+> ) T Ea)0p,-5,,5,-5.(AF) AL {+LchS( t)Ll, - PS(f)LZchd} (2.39)

af a,b,c,d
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where we have introduced the half-sided Fourier transform of the bath correlation functions

o0

Lop(w) = / Cos(T)e™™dr . (2.40)

0

This equation preserves trace, Hermiticity, and positivity of the density matrix and hence all
desired properties, since it is of Lindblad form (which will be shown later). Unfortunately, it is
typically not so easy to obtain as it requires diagonalization of the system Hamiltonian first. By
using the transformations o <+ 8, a <> ¢, and b <+ d in the second line and also using that the
o-function is symmetric, we may rewrite the master equation as

= D Y [Tas(By = Eo) + 5By — Ed)) 65,k 505 AV (AL) Luyps (t) L,

af a,b.cd

> Tap(By — Ea)op,— k-5 AY (ALY LY Layps (t)
af a,b,c,d

> 5By — Ea)op,—p 5,5 AY (ALY ps(t) LY La - (2.41)
af a,b,c,d

We split the matrix-valued function I'ys(w) into Hermitian and anti-Hermitian parts

1 1

Lap(w) = 5%5(“) + §Ua6(w) )
. 1 1
Fﬁa(w) = §7a5(w) — §Ua6(w> , (2.42)
with Hermitian v,s(w) = 73, (w) and anti-Hermitian 0,s(w) = —0},(w). These new functions can

be interpreted as full even and odd Fourier transforms of the bath correlation functions

—+00

tos(@) = Tal) 4 Tjulw) = [ Conlr)et™nar,
Gap(@) = Tuslw) - Thu(w / Clas(F)sgn(r)e 7 dr (2.43)

Exercise 16 (Odd Fourier Transform). Show that the odd Fourier transform o.z(w) may be ob-
tained from the even Fourier transform ~vag(w) by a Cauchy principal value integral

“+o0o
_ i, [ 78(@)
Oap(w) = W’P/ w—QdQ'

—00
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In the master equation, these replacements lead to

(Ll L. pst) }}

N | —

b = X% vl - Bl n AP | Laps(OLL, -

af a,b,c,d

_12 Z %Uaﬁ(Eb - Ea)(sEb—Ea,Ed—EcAaﬁb(Agd)* [leLab,Ps(t)]

aB abe,d
= > D Yas(Ey— Ed)op,-p,m- 5 AT (ALY |:Labps<t)Lid - % {leLamPs(t)}}(Q"l?))
aB abed
—i ZB ; S0 By — E)o, 5, AD(AL) Las, psu)] .
To prove that we have a Lindblad form, it is easy to see first that the term in the commutator
22 %%5 (Eb = Ec)dp, 5, AF (A)" |a) (8 (2.44)
aB abe

is an effective Hamiltonian. This Hamiltonian is often called Lamb-shift Hamiltonian, since it
renormalizes the system Hamiltonian due to the interaction with the reservoir. Note that we have

[Hs, HLS] =0.

Exercise 17 (Lamb-shift). Show that His = H]y and [Hys, Hs] = 0

To show the Lindblad form of the non-unitary evolution, we identify the Lindblad jump oper-
ator L, = |a) (b| = . For an N-dimensional system Hilbert space with IV eigenvectors of Hg
we would have N? such jump operators, but the identity matrix 1 =) _|a) (a| has trivial action,
which can be used to eliminate one jump operator. It remains to be shown that the matrix

ab J(cd) — Z%uﬁ Eb 5Eb Eq,Eq— EcAab(ACd> (245>

is non-negative, i.e., > | . % Yab),(ed)Ted => 0 for all 245, We first note that for Hermitian coupling
operators the Fourier transform matrix at fixed w is positive (recall that B, = B and [pg, Hg] = 0)

I = Zx:f}/aﬁ(wx
ap

+00

= / dret Ty {eiHST [Z x5 By | e HsT [Z x3Bg pB}
“oo < 8
+o0

— / dretiwr Z€+i(En*Em)T <n| Bt ‘m> <m| Bpg ’n>

= Y 2n(w+ E, — En)|(m| Bn)|*p,

0. (2.46)

v
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Now, we replace the Kronecker symbol in the dampening coefficients by two via the introduction
of an auxiliary summation

[ =

> V(b (cd) Ted

abed

D YD 1ap(W)0E,-Ee b ey (al Ag b) Teq (] Aa |d)*

w af abed

Z Z Z Teq (¢| Aa|d)" OB,—E.w ] Yap(w [Z Tap (a] Ag |b) OB, ~ B, w

w af cd

;Zya

)Vas(w)ys(w) > 0.

(2.47)

Transforming Eq. (2.43) back to the Schrodinger picture (note that the d-functions prohibit
the occurrence of oscillatory factors), we finally obtain the Born-Markov-secular master equation.

Def. 7 (BMS master equation). In the weak coupling limit, an interaction Hamiltonian of the form
=", Ay ® B, with Hermitian coupling operators (A, = Al and B, = Bl) and [Hp, ps] = 0
and Tr{B,pp} = 0 leads in the system energy eigenbasis Hgla) = E, |a) to the Lindblad-form

master equation

Ps

Vab,cd

Hs

= —i

Y v[ (8l ps () () 4! —

a,b,c,d

_ Z%ﬁ

+Zaab! (0l , ps( )]
{ter @' 1o 1 psto)}]

N | —

(Ey — Eo)op, -5, 2,—E. (a| Ag|b) (c| Ay |d)*

where the Lamb-shift Hamiltonian Hyg =Y, 0 |a) (b] matriz elements read

1 *
e ZB: Z 5;0a(Bs = Ec)og, 5, (c| Ag b) {c] Aa |a)

and the constants are given by even and odd Fourier transforms

Yo (W)

Tap(W)

+oo

= / Cog(T)et™ dr

—0o0

“+00 “+o00

W —w
—00 —00

1 /
= /Caﬁ(T)Sgn(T)e+i“’Td7-: 17) / 704/3<W/)dw/
T

of the bath correlation functions

Cap(T) = Tr{eJriHBTBae*mBTBBﬁB}.

(2.48)

(2.49)

(2.50)

(2.51)
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The above definition may serve as a recipe to derive a Lindblad type master equation in the
weak-coupling limit. It is expected to yield good results in the weak coupling and Markovian limit
(continuous and nearly flat bath spectral density) and when [pg, Hp] = 0. It requires to rewrite
the coupling operators in Hermitian form, the calculation of the bath correlation function Fourier
transforms, and the diagonalization of the system Hamiltonian.

In the case that the spectrum of the system Hamiltonian is non-degenerate, we have a further
simplification, since the d-functions simplify further, e.g. dg, g, — dap. By taking matrix elements
of Eq. (2.48) in the energy eigenbasis p,, = (a| ps |a), we obtain an effective rate equation for the
populations only

paa =+ Z Yab,abPbb — [Z ’Yba,ba] Paa (252>
b b

i.e., the coherences decouple from the evolution of the populations. The transition rates from state
b to state a reduce in this case to

Yabav = Y Yas(Ey = Ea) (a] Ag [b) {a] Aa[0)" =0, (2.53)
af

which — after inserting all definitions — condenses basically to Fermis Golden Rule. Therefore,
with such a rate equation description, open quantum systems can be described with the same
complexity as closed quantum systems, since only /N dynamical variables have to be evolved.

The BMS master equation is problematic for near-degenerate systems: For exact degeneracies,
couplings to coherences between energetically degenerate states have to be kept, but for lifted
degeneracies, they are neglected. This discontinuous behaviour may map to observables and poses
the question which of the two resulting equations is correct, in particular for near degeneracies.
Despite such problems, the BMS master equation is heavily used since it has many favorable
properties. For example, we will see later that if coupled to a single thermal bath, the quantum
system generally relaxes to the Gibbs equilibrium, i.e., we obtain simply equilibration of the system
temperature with the temperature of the bath.

2.2.2 Equilibrium Thermodynamics

The BMS limit has beyond its relatively compact Lindblad form further appealing properties in

the case of a bath that is in thermal equilibrium
PB = Tr { BHB} ( . )

with inverse temperature . These root in further analytic properties of the bath correlation
functions such as the Kubo-Martin-Schwinger (KMS) condition

CQB(T) = Cﬁa(—T — lﬁ) . (2.55)

Exercise 18 (KMS condition). Show the validity of the KMS condition for a thermal bath with
_ o BH
PB = Tr{efmljB}'




2.2. DERIVATIONS FOR OPEN QUANTUM SYSTEMS 33

For the Fourier transform, this shift property implies

T +oo
Yap(—w) = / Cop(r)e™Tdr = / Cpa(—T —iB)e ™ dr
—ooif +oo—if
— / CBa(T’)6+iw(7/+iB)(_d7—)’ _ / CBQ(T/)G—HWT,CZT e_gw
+oo—if3 —oo—i
+oo
- / CoalT)e ™7 dr'e™™ = ya(+w)e™™, (2.56)

where in the last line we have used that the bath correlation functions are analytic in 7 in the com-
plex plane and vanish at infinity, such that we may safely deform the integration contour. Finally,
the KMS condition can thereby be used to prove that for a reservoir with inverse temperature £,
the density matrix
e~ PHs
pPs = W (2.57)

is one stationary state of the BMS master equation (and the 7 — oo limit of the CG appraoch).

Exercise 19 (Thermalization). Show that ps = % 15 a stationary state of the BMS master

equation, when Yop(—w) = Yga(+w)e .

Things become a bit more complicated when the reservoir is in the grand-canonical equilibrium
state
e~ B(HB—pNB)

PB = Tr {e*ﬁ(HB*NNB)} ’ <258>

with the chemical potential u and the particle number operator Ng of the bath. Then, the normal
KMS condition is not fulfilled anymore by the correlation function. Chemical potentials become
relevant for models discussing particle transport. To talk about transport, it is natural to assume
that the total particle number N = Ng + Np is a conserved quantity [Hs, Ns] = [Hp, Ng| =
[H1, Ns + Np] = 0. In this case one can show that [6] the KMS relation is generalized according to

D AsCaal(r) =) €PN Age PN Cp (—7 — iB) . (2.59)
This modifies the detailed-balance relation of the master equation coefficients to
Jabed _ Bl(Ey—Ea)~p(Np—Na)] (2.60)
Yde,ba

In the end, these modified relations can be used to show that a stationary state of the BMS master
equation is given by
e~ B(Hs—pNs)

Ps = Tr {e—B0s—uNs)}

(2.61)

i.e., both temperature § and chemical potential ;1 must equilibrate with the reservoir.
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Exercise 20 (Equilibration). Show that Eqns. (2.59) and (2.60) hold. It will be useful to use
conservation of the total particle number and Eq. (2.50).

Finally, we consider the evolution of the system entropy. We first recall an early result by
Lindblad [7] stating that completely-positive trace-preserving maps (Kraus maps) are contractive.
To this end, we first start with some definitions. First, we define the von-Neumann entropy of the
system

Def. 8 (von-Neumann entropy). The von-Neumann entropy of a system described by density
matriz p is defined as

S(p) = —-Tr{plnp} . (2.62)

We have 0 < S(p) <InN and for an N x N density matriz p.

The von-Neumann entropy can serve as an entanglement measure for states that are globally
pure. It is sometimes used synonymously with the Shannon entropy Ssn = — ), P;In P but
is strictly speaking not the same. They only coincide in the basis where the density matrix is
diagonal. The Shannon entropy is formally basis-dependent whereas the von-Neumann entropy is
not.

Exercise 21 (von-Neumann entropy). Compute the von-Neumann entropy of the reduced density
matriz py of p‘lléb = |\1;a/b> <\I,a/b| for

1

| W) = [|01) + |10)] , |0 = = [|01) 4 |00) + [10) + [11)] . (2.63)

N | —

S

2

Furthermore, we introduce a pseudo-distance between density matrices

Def. 9 (Quantum Relative Entropy). The quantum relative entropy between two density matrices
p and o is defined as

D(pllo) = Tt {p(lnp — no)} . (2.64)

Obviously, the relative entropy vanishes when the two density matrices are equal D(pl||p) = 0.
Furthermore, the relative entropy can be shown to be non-negative D(p|lo) > 0. It is also not
a real distance, since it is not symmetric. Lindblads result states that Kraus maps Kp = p' are
contractive, i.e., that

D(Kpl|Ko) < D(pllor). (2.65)
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This can be exploited for Lindblad generators in the following way: Taking the Kraus map K = e*4?
and choosing the distance to the steady state o = p, which fulfils £Lp = 0, we can expand the
inequality

D (pllp) — D (e52pl|5) > 0 (2.66)

for small At to obtain Spohn’s inequality.

Def. 10 (Spohn’s inequality [8]). Let £ be a Lindblad-type generator and p its stationary state
fulfilling Lp = 0. Then the physical evolution obeys at all times the inequality

—Tr{[Lp][lnp —Inp]} > 0. (2.67)

What is the meaning of this inequality, apart from its formal meaning as some contraction
rate? Clearly, the first term is just the time derivative of the von-Neumann entropy

S(p) = —Tr{plnp} —Tr {p% lnp} =-—Tr{(Lp)Inp} . (2.68)

Here, we have used that the density matrix is always diagonalizable p = UppUT, leading to

d . .
Tr{p% lnp} - Tr{UpDUTU(lnpD)UT+UpDU*U(1npD)UT+UpDUTUp51pDU*}

= Tr{pDUTU(lnpD) +pD(1npD)UTU+ﬁD}
— Tr {pD(lnpD) (UTU + UTU) n pD} —0, (2.69)

where we have used that UTU = 1, correspondingly UtU+UU = 0, and Tr {pp} = 0 (conservation
of probabilities). The interpretation of the second term is different. When the stationary state
of the system is a thermal Gibbs state p = e #Hs=1Ns) /74 with inverse temperature 3, chemical
potential pu, system Hamiltonian Hg, and system particle number operator Ng, we would get

Tr{p(Inp)} = =BT {(Lp)(Hs — uNs)} —In ZsTr {Lp} = —BTr{(Hs — uNg)Lp} = —BQ (2.70)

where () denotes the heat current entering the system from the reservoir. This terminology also
implies that it counts positive when entering the system. Therefore, Spohn’s inequality can be
written as

S—BQ >0, (2.71)

which bounds the rate at which heat enters the system by the change of its entropy. The arguments
we used for the system entropy also hold for the reservoir, such that

Sres = —Tr {pInp} . (2.72)

Our simple master equation approach does not allow us to track the reservoir density matrix, such
that of course the change of it is formally zero. However, if it were allowed to change, we would
get by inserting at a specific time a thermal state p = e #Hs=#N8) /7,

Sres = BTr{p(Hg — uNp)} +In ZpgTr {p} = BTr {p(Hp — uNB)} = BQres , (2.73)
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where in the last equality we have simply inserted the definition of the heat entering the reservoir.
Identifying the change of the reservoir energy and particle number with the corresponding negative
changes in the system (this neglects effects of the interaction) we would get —BQ = Sies, and
eventually Spohn’s inequality can be read as

Seys + Sres > 0. (2.74)

This is the second law of thermodynamics formulated for both system and reservoir (neglecting
higher-order interaction effects)! Clearly, the system entropy may decrease (e.g. when a system
relaxes down to its ground state), but at the same time, entropy is generated in the reservoirs. Since
our master equation treatment is so far incomplete, we can up to now not track this contribution.

2.2.3 Coarse-Graining
Perturbation Theory in the Interaction Picture

Although the BMS approximation respects of course the exact initial condition, we have in the
derivation made several long-term approximations. For example, the Markov approximation im-
plied that we consider timescales much larger than the decay time of the bath correlation functions.
Similarly, the secular approximation implied timescales larger than the inverse minimal splitting
of the system energy eigenvalues. Therefore, we can only expect the solution originating from the
BMS master equation to be an asymptotically valid long-term approximation.

Coarse-graining in contrast provides a possibility to obtain valid short-time approximations of
the density matrix with a generator that is of Lindblad form. We start with the von-Neumann
equation in the interaction picture (2.8). For factorizing initial density matrices, it is formally
solved by U (t)p% ® pgU’(t), where the time evolution operator

U(t) = Texp —i/’HI(t')dt' (2.75)

obeys the evolution equation
U = —iHi()U (1), (2.76)

which defines the time-ordering operator 7. Formally integrating this equation with the evident
initial condition U (0) = 1 yields

t
Ut) = 1—i/%1(t’)U #)dt
0

t t

t
= 1-i / Hi(t')dt' — / dt'"H(t') / dt"Hi (&)U (t")
0 0 0

_ i(—i)”/tdtlidtg... 71dtn7{1(t1)...’1‘-¢1(tn). (2.77)
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In particular, we can define the truncated operator to second order

t

Us(t) = 1—i / Hy(t)dt, — / dtydtyH(t)Hy(t)O(t — t) | (2.78)

0

where we have introduced the Heaviside function to account for the ordering of the integral bounds.
For the Hermitian conjugate operator we obtain

t

Ul(t) =1 +i / Hi(t)dt, — / dtydtyH(t)Ha(t2)O(ts — 1) . (2.79)

0

To keep the discussion at a moderate level, we assume Tr {Hpp} = 0 from the beginning. The
exact solution pg(t) = Trg {U(¢)p @ pgUT(t)} is then approximated by

¢ ¢
P(sz)(t) ~ ps+Trp /dtl/dtQ?’tI(tl)Pg®pB%I(t2) (2.80)
0 0

t

— /dtldtQTrB {O(t1 — t2)Hi(t1)Hi(t2) 0 @ pp + O(t2 — t1)pd @ pHi(t)Hi(ta)}
0

Again, we introduce the bath correlation functions with two time arguments as in Eq. (2.20)

Cap(ty,t2) = Tr{Ba(t1)Bgs(t2)ps} (2.81)

such that we have

t

t
p(SZ)(t) = pg+2/dt1/dt20a5(t1,t2) [Aﬁ(tg)pgAa(tl)
0

af 0

—O(t1 — t2) Aa(t1) Ap(ta) p3 — O(t2 — tl)PgAa(tl)Aﬂ(t2)] : (2.82)

Typically, in the interaction picture, the system coupling operators A, (t) will simply carry some
oscillatory time dependence. In the worst case, they may remain time-independent. Therefore,
the decay of the correlation function is essential for the convergence of the above integrals. In this
way, Markovian approximation and weak-coupling assumptions are related. In particular, we note
that the truncated density matrix may remain finite even when t — oo, rendering the expansion
convergent also in the long-term limit.

Coarse-Graining

The basic idea of coarse-graining is to match this approximate expression for the system density
matrix at time ¢ = 7 with one resulting from a Markovian generator

oG,
ps“C(r) = € Tpd ~ pd +TLYPS, (2.83)
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such that we can infer the action of the generator on an arbitrary density matrix
1 T T
£9%s = =Y [t [ dtCoslts o) Aalta)psAa(t)
aB 0
—O(t — 1) Aa(t) Ag(t2)ps — O(t2 — 1) ps Aa(t) Ag(ts)]

= 217_ /dtl/dtQZCaﬂ tl,tg Sgﬂ(tl — tg)Aa(tl)Aﬁ(tg),ps

/ dy / 13 Cot As(tps Aalt) ~ § {Aa(t) Aalte) ps} | 250

where we have inserted ©(z) = £ [1 + sgn(x)] — in order to separate unitary and dissipative effects
of the system-reservoir interaction.

Def. 11 (CG Master Equation). In the weak coupling limit, an interaction Hamiltonian of the
form Hy =" Ay ® By leads to the Lindblad-form master equation in the interaction picture

T

ps = —i ZIT/dtl/dtQZCaﬁ t1,t2)Sgn<t1_tQ)Aa(t1>Aﬁ<t2)7pS

0 af

—|—%/dt1/dtgzca/g<t1,t2) |:A,3(t2)pSAa(t1) _%{Aa(tl)Aﬁ(t2)7pS}
ap

0 0

where the bath correlation functions are given by

Caplts, t2) = Tr{etMsh B e Mlietitnlz Boemitnlzp 1 (2.85)

We have not used Hermiticity of the coupling operators nor that the bath correlation functions
do typically only depend on a single argument. However, if the coupling operators were chosen
Hermitian, it is easy to show the Lindblad form. For completeness, we also note there that
a Lindblad form is also obtained for non-Hermitian couplings. Obtaining the master equation
requires the calculation of bath correlation functions and the evolution of the coupling operators
in the interaction picture.

Exercise 22 (Lindblad form). By assuming Hermitian coupling operators A, = Al show that the
CG master equation is of Lindblad form for all coarse-graining times 7.

Thus, we have found that the best approximation to the exact solution can be written as
p(t) = £ py. Unfortunately, this is not the solution to a (single) master equation only. By
acting with a time-derivative, we can see that p # LS%p(t). Rather, if interested in the solution
at a specific time ¢, we would have to derive the Liouville superoperator and then exponentiate it.
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Correspondence to the quantum-optical master equation

Let us make once more the time-dependence of the coupling operators explicit, which is most
conveniently done in the system energy eigenbasis. Now, we also assume that the bath correlation
functions only depend on the difference of their time arguments C,z(t1,t2) = Cup(ti — ta), such
that we may use the Fourier transform definitions in Eq. (2.43) to obtain

ps = QITZ/dtl/dtQZCag 1 — ta)sgn(ty — t2) [a) (a| Aa(ty) |c) (c| Ag(t2) |b) (b, ps

aco

af abed

oL [ / s Y Y Caslts — 1[4 (o A(12) ) 0] s |d) (4] Aats) ) (e
=5 41d) (0] Aa(t1) ) (el 1a) (o] Aa(t2) 1) 0] s}

— w(ti—t2) ,+i(Ea—Ec)t1 +1(EC Ey) tzAchac L
R / S / dt, / 3 0o : [Las, s

abc 0
aff abed
1
’ {L‘””’S% 2 {LidLab’ ”S}] | (2.86)

We perform the temporal integrations by invoking
/ei""“t’“alt;€ = 7€'/ 2ginc [%] (2.87)
0

with sinc(x) = sin(x)/x to obtain
. . i (B — . T . T
ps = —i— [ dw Z Z oap(w)e (Ba=FEb)2gin [§(Ea —E, — w)} sinc [§(EC —Ep, + w)} X

x (c| Ag [b) (c| AL )" [la) (0], ps]
ir(Ba—Ey+Eq—E.)/2 . T
dw Z Z Yap(w)e™ + sinc [2 (Eq — Ec — w)] sinc [a(w +E, — Eb)} X

aff abed

x {al Aa|b) {c] ] |d)* [|a> 1 ps (1) ()" ~ 3 {(le) ) o) (o ,ps}] . (288)

Therefore, we have the same structure as before, but now with coarse-graining time dependent
dampening coefficients

= - [Za;m <br,ps]
3 e [ s (1) ()" ~ 5 {(le) ) Ja) (o ,ps}] (2.89)

abed
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with the coeflicients

1 .
o, = 5% dw Z e”(Ea*Eb)/Z%sinc [%(Ea —E, — w)} sinc [%(Eb —E. — w)] X

Y

x [Z 0ap(w) (e Ag [b) (c] AL |a)”
of

Vabed = /dweiT(Ea_EbeEd—Ec)/?2lsinc [%(Ed —E. - w)} sinc [%(Eb — B, — w)] X
’ 7T

X [Z Yas(w) {al Ag [b) (c| AL |d)" | - (2.90)
op

Finally, we note that in the limit of large coarse-graining times 7 — oo and assuming Hermitian
coupling operators A, = Al | these dampening coefficients converge to the ones in definition 7, i.e.,
formally

lim o}, = o
T—00 ab ab )
: T
lim v5, 0 = Yabed - (2.91)
T—00

Exercise 23 (CG-BMS correspondence). Show for Hermitian coupling operators that when T —
oo, CG and BMS approximation are equivalent. You may use the identity

lim 7sinc [E(Qa - w)] sinc [g(Qb - w)] = 270, 0, 0(Qa — w) .

T—00

This shows that coarse-graining provides an alternative derivation of the quantum-optical mas-
ter equation, replacing three subsequent approximations (Born-, Markov- and secular) by just one
(perturbative expansion in the interaction).

2.2.4 Example: Spin-Boson Model

The spin-boson model describes the interaction of a spin with a bosonic environment

Hs = Qo*+To",  Hp=) wbbi,
k

Hi = 0* @Y [hube+ hibl] (2.91)
k

where © and T denote parameters of the system Hamiltonian, ¢ the Pauli matrices, and b' creates
a boson with frequency wy in the reservoir. The model can be motivated by a variety of setups,
e.g. a charge qubit (singly-charged double quantum dot) that is coupled to vibrations. We note
the a priori Hermitian coupling operators

A=o*, B=Y [hkbk + h,’;bﬂ . (2.92)
k
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For completeness, we state these operators in the interaction picture

2QT T
A = in? [2tV/T2 4+ 02 R
1(t) T2 sin [ tT? + } o+ —

0?2 T2 JTTER
2 2
—i—( +T2+Q2>cos[2t T+Q]o

sin [275 \/W] o¥

T2 4+ Q2
Bi(t) = Y [hkbke’iw’“t + h;bLe“w'vt} . (2.93)
k

Exact solution of the pure-dephasing limit

The limit when 7" = 0 can be solved exactly. Then, we can apply the so-called polaron or Lang-
Firsov transformation to the whole Hamiltonian

U=exp{—0° —b, — b 2.94

We note the following relations

UsU! = o°,
Uiyt — eﬂzk(zﬁbl wkbk>0i
h*
UbyUT = b, — Lo, (2.95)

Wk

Exercise 24 (Polaron transform). Find a way to derive these relations.

From this we conclude that in the Schrédinger picture (recall that 7" = 0)

h hi
UHU' = Qo° +0° E (hkbknLh*bT—Q >+§ W (bT——kaZ) (bk——w’;aZ)
! ol i
= Qo* — + ) wibiby . 296
Ek: oL Zk: KOOk (2.96)

This means that in this frame, the evolution of spin and boson are completely decoupled. Conse-
quently, we can e.g. compute the expectation value of o via

(%) = Tr{eo% Mpy} = Te{UU""UUcUTUe U Upy}
- Ty {UT6+1UHUHUUaUTe—iUHUTtUpO}

= T {UTeJriQto‘Z €+i2k wktbzbk UO.aUTe*i >k wktb}ibke*iﬂtaz UpO} ) (297>
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For o« = + we further calculate

hie pt _

<a+> — T {UT +1kakthbke Zk(wk ey '>€izkwktbzbke+19taza+eiQtozUpO}
= FHUTY {UT sz( i bleiont kbke_wkt> UUTU+UP0}

: ‘hk‘2 : z
. 4i in(wgt)o
_ e+21mTr{e R B a+pg}B(t), (2.98)

where we have used initial factorization py = p% ® pp. Using that eXe¥ = eXTY+XY1/2 when
(X, [X,Y]] = [Y,[X,Y]] = 0, we can further evaluate the decoherence factor resulting from the
reservoir

—4i LY sin(w
0 - e Bt o
= Tr {exp {"’22 w_kbL <€+iwkt — 1)} exp {—2 Z %bk (e—iwkt _ 1) } PB} %
k k

2
-4 ‘hkz‘ [1—cos(wgt)+isin(wyt)]

xe “i : (2.99)
Now, we can use that
7,3(./.%1)2())C .~ (+a )n(_a*)m e*ﬁwkbzbk
T Jrozkb;rc fa;;bke _ k k T bT npm
s {e e —Zk n%;() YT rq (b)" by — 7
00 2

_ ZZ ( |O"k|2) (1 ,Bwk>e Bug___ 4 ‘
_ 6—\ak|2n3(wk) (2.100)

with o |* = 8)hk|* /w2[1 — cos(wyt)]. This then implies for the decoherence factor

B(t) = exp {_3 /0 LW s + 2n3(w)]dw} exp {_§ /0 ") sin(wt)dw} (2.101)

T w? T w

Eventually, it follows that the populations remain unaffected and that in the interaction picture
the coherences decay according to [2]

sin2 (wkt/2) Bwk
Po1 (t) = exp {—8 zk: |hk|2T coth (T) pgl

k

= exp {—% /OOO F(w)s’inﬁ#m coth (%‘") } P01 - (2.102)
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BMS master equation

We first diagonalize the system part of the Hamiltonian to obtain the eigenbasis Hg |n) = E,, |n),
where

1
By =+VQ2 T2, |&

>:
VT2 + (@ VP T7)’

where |0/1) denote the eigenvectors of the o Pauli matrix with ¢ 1) = (—1) |z).

[(Q + m) 0) + T |1>} (2.103)

Exercise 25 (Eigenbasis). Confirm the validity of Eq. (2.103).

Second, we calculate the correlation function (in this case, there is just one). Transforming
everything in the interaction picture we see that the annihilation operators just pick up time-
dependent phases

C(r) = Tr {Z [hkbkefiw” + hzble*i”“] D [haby + b ﬁB}

k q
= 3 P [ (14 np(wr) + ¢ np(w)]
k

= % dwl(w) [e77 (1 + np(w)) + ™ np(w)] . (2.104)

where we have introduced the spectral coupling density T'(w) = 27 Y, [he|*6(w — wy) and the Bose
distribution

1

Exercise 26 (Bose distribution). Confirm the validity of Eq. (2.105), i.e., show that

o~ B(H5—uNg)
Spgnp(wy) = Tr {b,tqu} , (2.106)
where Hg =, wkbzbk, Ng=>, bLbk, and Z = Tr {e‘ﬁ(HB_"NB)}.
We can directly read off the even Fourier transform of the correlation function
Y(w) = T(+w)O(+w)[1 + np(+w)] + I'(—w)O(—w)ng(—w) . (2.107)

We note that for bosons we necessarily have I'(w < 0) = 0, since all oscillator frequencies in the
reservoir must be positive. We compute some relevant dampening coefficients from Def. 7

Yorr = D2V + T + np(+2VQ2 + T2)|(—| o* |47,
Voo = THAVR + Tnp(+2VR2 + T2)|(—| 07 |+) ],
Voot = VO) (=0 | =) (+] 0" [+) = o4 (2.108)
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We have to say that finite v(0) = lim,, 0 I'(w)[1 + np(w)| requires that for small frequencies the
spectral coupling density should grow only mildly.

The explicit calculation of the non-vanishing Lamb-shift terms o__ and o, is possible but
more involved. Fortunately, it can be omitted for many applications. Since the system Hamiltonian
is non-degenerate, the populations evolve according to

P = Vet Pt — V=P Pt = F Ve P = Vg 4P+ (2.109)

which is independent from the coherences

py=—1(E_ —EL+0__ =04 )py + [V ps — Tt ; Trote p—+ =mp—y. (2.110)
Altogether, we can write this as a superoperator
p—— ~Y4—t— FV—4—+ 0 0 p——
c ;’i = +7+0‘7+‘ _7‘0+7‘+ 2 8 Zj , (2.111)
P4 0 0 0 n P+—

which has the block structure in the system energy eigenbasis. Since the Lamb-shift terms o;; are
purely imaginary, the quantities at hand already allow us to deduce that the coherences will decay
since R < 0. More precisely, we have |p_,|> = e_(_27**v+++7*+v*++”*’+*)t|p9+|2, which shows
that the decoherence rate increases with temperature (finite ng) but can also at zero temperature
not be suppressed below a minimum value. A special (exactly solvable) case arises when the system
parameter 1" vanishes: Then, the interaction commutes with the system Hamiltonian leaving the
energy of the system invariant. Consistently, the eigenbasis is in this case that of ¢* and the
coefficients y_; 4 and 4 _ ;_ do vanish. In contrast, the coefficient y__ ., — —v(0) may remain
finite. Such models are called pure dephasing models (since only their coherences decay). However,
for finite T the steady state of the master equation is given by (we assume here p = 0)

P+ _ V== _ np(+2vQ2 +17) — o 2BVPHT?
P V—t—+ 1+ng(+2vQ24+1T17?) ’

i.e., the stationary state is given by the thermalized one.

(2.112)

Coarse-Graining master equation

In a completely analogous way, we can set up the coarse-graining master equation. However, we
also see that computation of the involved integrals becomes a bit tedious. Therefore, we constrain
ourselves here only to the trivial pure-dephasing limit 7" = 0. Then, the system coupling operator
becomes time-independent etifsto?e~1lst — 5% and with using that 0?0* = 1, such that the
Lamb-shift vanishes, the coarse-graining master equation in the interaction picture from Def. 11
reads

. 1 T T
p = —/ dtl/ dtQC(tl — tg) [O'ZPO'Z — p]
= 5 dtl/ dtQ/dwF M1+ np(w)e @O~ 6% ps* — p]

— —/dwF )[1 + np(w)]rsinc? <7> [0%pc® — p]
= I'(7)[o°po® — p], (2.113)



2.2. DERIVATIONS FOR OPEN QUANTUM SYSTEMS 45

where we have used that

T T ) <2 2
[ [ e < 2ETD g (47 (2.114)
0 0

w?

with the band-filter function sinc(x) = sin(z)/z. We note that this dynamics can be solved exactly,
and that coarse-graining readily provides the exact solution. In the limit of infinite coarse-graining
times 7 — o0, this would yield

p = 0)[o*po* —p|, (2.115)

where we have used that v(0) = lim, o I'(w)[1 + np(w)]. Generally, the evolution equation p =
[(1)[o*po® — p] leads to the expectation values

Sty =M@Y (o%) (o), =T (oY), (2.116)

Therefore for time-dependent coarse-graining time I'(7) = I'(¢) we obtain a time-dependent coher-
ence decay rate exponent, which can also be written as

por(t) = e 210pf, . (2.117)
With

4sin®(wt /2)
_ 4 /0 " T ()1 + 20 (w)] EEW/2)

2 ()t = l/alwlﬂ(w)[l+nB(ou)]

™

T w?

— é/ooo dwT (w) coth <B_w> M (2.118)

s 2 w? '

This is precisely the same as the decay predicted in Eq. (2.102)
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Chapter 3

Nonequilibrium Case I: Multiple
Reservoirs

The most obvious way to achieve non-equilibrium dynamics is to use reservoir states that are non-
thermalized, i.e., states that cannot simply be characterized by just temperature and chemical
potential. Since the derivation of the master equation only requires [pg, Hg] = 0, this would still
allow for many nontrivial models, (n|pg |n) could e.g. follow multi-modal distributions. Alterna-
tively, a non-equilibrium situation may be established when a system is coupled to different thermal
equilibrium baths or of course when the system itself is externally driven — either unconditionally
(open-loop feedback) or conditioned on the actual state of the system (closed-loop feedback).

First, we will consider the case of multiple reservoirs at different thermal equilibria that are only
indirectly coupled via the system: Without the system, they would be completely independent.
Since these are chosen at different equilibria, they drag the system towards different thermal states,
and the resulting stationary state is in general a non-thermal one. Since the different compartments
interact only indirectly via the system, we have the case of a multi-terminal system, where one can
most easily derive the corresponding master equation, since each contact may be treated separately.
Therefore, we do now consider multiple (K') reservoirs

K
Hp =D Hy (3.1)
=1

with commuting individual parts [%g), H](Bk)] = 0. These are held at different chemical potentials
and different temperatures

B Ny ®...® e BHE ) —uNg) (3.2)
" Tr{e‘ﬁ('*‘g)‘“]\’ém} Tr{e—ﬁ(HEK)—uNém)}. |

To each of the reservoirs, the system is coupled via different coupling operators

k
Hi=) Au® EZ BY (3.3)
a =1

Since we assume that the first order bath correlation functions vanish (B’ pg) = 0, the second-order
bath correlation functions may be computed additively

Capl) = CY(r). (3.4)
=1

47



48 CHAPTER 3. NONEQUILIBRIUM CASE I: MULTIPLE RESERVOIRS

Exercise 27 (Additive Reservoirs). Show with using Eqns. (3.1) and (3.2) that expectation values
of coupling operators belonging to different reservoirs vanish, i.e.,

Cla),8.4)(T) = Tr {Bc‘f’ (1)BYp } = 01Cla),

This obviously transfers to their Fourier transforms and thus, also to the final Liouvillian (to
second order in the coupling)

K
£O+> ", (3.4)
/=1

Here, £ p= — i[Hg, p] describes the action of the system Hamiltonian and £ denotes the Li-
ouvillian resulting only from the ¢-th reservoir. The resulting stationary state is in general a
non-equilibrium one.

3.1 Example: Effective equilibrium dynamics

Let us however first identify a special case where even in a non-equilibrium setup we can determine
the non-equilibrium steady state analytically. For some simple models, one obtains that the
coupling structure of all Liouvillians is identical for different reservoirs

LO =101, +n9Lp], (3.5)

i.e., the reservoirs trigger exactly the same transitions within the system. Here, n¥) is a parameter
encoding the thermal properties of the respective bath (e.g. a Fermi-Dirac or a Bose-Einstein
distribution evaluated at one of the systems transition frequencies), and £4,5 simply label parts
of the Liouvillian that are proportional to thermal characteristics (B) or not (A). Finally, I'¥
represent coupling constants to the different reservoirs. For coupling to a single reservoir, the
stationary state is defined via the equation

LY =10 Ly +nWLp) p =0 (3.6)

and thus implicitly depends on the thermal parameter pt) = p(n?). Obviously, the steady state
will be independent of the coupling strength I'®. For the total Liouvillian, it follows that the
dependence of the full stationary state on all thermal parameters simply given by the same depen-
dence on an average thermal parameter

Lp = Zc p—ZF [L4+nYL5] p—[Zr“
_ [ZFUZ)
0

{A Zi,g, 5 Ps

[La+0nLB]p, (3.7)

where
Zz INUIAU)
>, 17

3
I

(3.8)
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represents an average thermal parameter (e.g. the average occupation). Formally, this is the
same equation that determines the steady state for a single reservoir, which may now however be
non-thermal.

This can be illustrated by upgrading the Liouvillian for a single resonant level coupled to a

single junction
_( -Tf +T(1 =)
L= ( +T'f -I'(1—f) ) ’ (3.9)

where the Fermi function f = [65(5_“) + 1] ! of the contact is evaluated at the dot level €, to the
Liouvillian for a single-electron transistor (SET) coupled to two (left and right) junctions

_( “Tife—Trfr +00(1— fr) +Tr(1— fr)
L= ( —|—FLfL +FRfR _FL(l _ fL) _ FR(l . fR) > . (310)

Now, the system is coupled to two fermionic reservoirs, and in order to support a current, the dot
level € must be within the transport window, see Fig. 3.1. This also explains the name single-

1L

kT \ —a N
- \ kpTr o

Figure 3.1: Sketch of a single resonant level (QD at energy level €) coupled to two junctions with
different Fermi distributions (e.g. with different chemical potentials or different temperatures. If
the dot level € is changed with a third gate, the device functions as a transistor, since the current
through the system is exponentially suppressed when the the dot level € is not within the transport
window.

electron transistor, since the dot level € may be tuned by a third gate, which thereby controls the
current.

Exercise 28 (Pseudo-Nonequilibrium). Show that the stationary state of Eq.(3.10) is a thermal
one, i.e., that

Determine f in dependence of T, and f..

3.2 Phenomenologic definition of currents

Strictly speaking, a conventional master equation only tells us about the state of the system and not
about the changes in the reservoir. For a system that is coupled to a single reservoir, we might from




50 CHAPTER 3. NONEQUILIBRIUM CASE I: MULTIPLE RESERVOIRS

total conservation laws and the dynamics of the system conclude how much energy or how many
particles have passed into the reservoir. This is different however for multiple reservoirs, which at
non-equilibrium may give rise to steady-state currents. However, the additive decomposition of
the Liouville superoperators allows us to phenomenologically identify contributions to the currents
from individual reservoirs.

From Eq. (3.4) we can conclude for the energy of the system

%uw=ﬂ&@ﬁ=4ﬂﬂhmwm+gﬁwﬂwWW}. (3.10)

We immediately see that the first term vanishes, and that the contributions of the individual
reservoirs is additive. This gives rise to the definition of the energy current entering the system
from reservoir v

1Y) =T {Hs(LWp)} = Tr {HsLWp} . (3.11)

Similarly, we can define a particle current. This only makes sense if the system Hamiltonian
conserves the total particle number [Ng, Hg| = 0, which leads to

d

77 (N} =Te {Nsp} = —iTx {Ns[Hs, p]} + > T {Ns(L¥p)} (3.12)

Again, the commutator term vanishes and the particle (or matter) current entering the system
from reservoir v becomes

1) = Te {Ns(L¥)p)} = Tr {NsLWp) . (3.13)

We note that in these definitions we have mixed superoperator (calligraphic) and operator
notations, which explains why we have put some brackets in the expressions. Let us first consider
the simple case where each Liouvillian £*) has block structure in the system energy eigenbasis
separating populations and diagonals, with the evolution of the diagonals being given by the usual
rate equation

paa = Z Z ’YI(ZZ,)abpbb - Z Z /YISZ?bapaa . (314>
v b v b

Representing the density matrix, particle number operator, and Hamiltonian in the time-independent
energy eigenbasis as

= pwla) ol + Y pula) 0, Ne=SNela)al,  Hs=Y Hala)lal , (315)
a a#b a a
we see that
I =3 N DA o =D A hapaa| = D (Na = N o - (3.16)
a b b ab

At steady state py, — pm, this corresponds to the traditional definition of the matter current,
given by the steady state occupation multiplied by the transition rate /yc(lll:)ab and the particle
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number difference between the new state a and the old state b. In a completely analogous fashion,
we obtain for the energy current entering the system from reservoir v

(V) Z Ea Z 7ab abeb - Z %a bapaa = Z(Ea - Eb)%gg,)abpbb . (3.17)

ab

We have defined these currents from the perspective of the system. These definitions just
require an additive decomposition of the Liouville superoperator, it does actually not need to be
of Lindblad form. But can they really be associated with the corresponding change of energy and
particle number in the reservoir? Where does e.g. in case of energy balances the energy contained
in the interaction Hamiltonian enter? This requires a more careful analysis to be provided later.
Below, we will discuss the phenomenologic thermodynamics arising from these definitions.

3.3 Nonequilibrium thermodynamics

We first phrase the necessary prerequisites. Let us assume that we have a system coupled to many
reservoirs and subject to slow driving Hg — Hg(t). This assumption is necessary to ensure that all
previous approximations are applicable, such that only the parameters in the dissipators become
time-dependent, eventually leading to a master equation of the form

p=—ilHs(t), p) + Y LY (t)p. (3.18)

Looking at the energy balance of the system, we can directly state the first law of thermody-
namics

B o= ST {HsOps(0)}
= Tr {Hs/)s} + > T {Ne(LYp)} + > T {(Hs — puNs) (LY p)} . (3.19)
Here, the first term can be identified as mechanical work rate
W= Tr {Hsps} : (3.20)
the second as chemical work rate injected by reservoir v
W) = 1, Tr {Ns(L"p)} | (3.21)
and the third as a heat current entering the system from reservoir v

QY =Tr {(Hs — pmNs)(LY p)} . (3.22)

We note that this is not a derivation of the first law. Rather, we have postulated it and used it to
classify the individual currents. These definitions remain sensible when Hg is time-dependent.

Furthermore, we assume that also in case of slow time-dependent driving one has that the
dissipators £)(¢) drag towards the time-local Gibbs state

¢~ Bu(Hs (t)=puNs)

Z

LW(t) =LY (t)=0. (3.23)
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In particular, this implies that
In p")(t) = =B, (Hs(t) — juNs) —In Z, (3.24)

where In Z is just a number, such that Tr {(ﬁ(”) p)InZ } = 0. Then, we can show the second law
in non-equilibrium as follows

Sj = S - Z/BI/Q(V)
= —Tr{plnp}+ Z Tr {[L%)(6)p(t)] In p¥) (1) }

= = T {[LY 0] pt) — (1))} (3.25)

where we have used that § = —Tr {pInp} = — >, Tr{(L¥p)Inp}, since the commutator term
does not contribute. With view on Eq. (3.23), we can for each term in the summation use Spohn’s
inequality to conclude that the entropy production rate

S o= 5= BQYV=>0. (3.26)

This denotes the second law in presence of (slow) driving and multiple reservoirs. We stress that
we have used only that the total Liouville superoperator is additive in the baths and probability
conserving, and that the stationary state of each Lindblad superoperator is the local thermal
equilibrium state, possibly depending on time.

We will now discuss some consequences of this second law.

3.4 Steady-State Dynamics

By steady-state we mean that the system density matrix has reached a stationary value, which
will in general be a complicated nonequilibrium steady state. The term steady state also means
that for the moment we neglect driving Hg(t) — Hg, and the reservoirs only perform chemical
work on the system and exchange heat with it — in other words, only matter and energy currents
determine the thermodynamics of the model. Given a finite-dimensional Hilbert space and ergodic
dynamics, the von-Neumann entropy of the system will saturate at some point S — 0 and the
entropy production rate is given by the heat flows

S‘(i — = ZBVQ(V) = - Zﬂu [I(Ey) - /”LVI](\Z)] Z 07 (327)

where [](;) and [ ](\Z) are the energy and matter currents entering the system from reservoir v, respec-
tively. Naturally, we see that the entropy production has to vanish when all the currents vanish
(e.g. at a global equilibrium state). Whereas energy and matter conservation imply equalities
among the currents at steady state

=0, Y 1¥=o, (3.28)



3.4. STEADY-STATE DYNAMICS 93

the positivity of entropy production imposes a further constraint among the currents, e.g. for a
two-terminal system

S = =By — pliy) — Br(Iy? — prlyy)
= (Br— Bu)lp + (ueBr — wrBr) I > 0, (3.29)
where we have introduced the currents from left to right Ip = +I,(EL) = —IéR) and I, = +10 =
1t

We first discuss the case of equal temperatures § = 8, = Br. The second law implies that

(ke — pr)Inw =0, (3.30)

which is nothing but the trivial statement that the current is always directed from a lead with
large chemical potential towards the lead with smaller chemical potential.

Next, we consider equal chemical potentials u;, = ur = p but different temperatures. Then,
our setup has to obey

(Br = BL)Up — ply) = 0, (3.31)

where I — ply; can now be interpreted as the heat transferred from left to right. When g >
Br, (i.e., the left lead is hotter than the right one 7, > Tg), the second law just implies that
I — ply > 0, ie., the heat has to flow from left to right. Similarly, it has to revert sign when
Br < Br. Altogether, this only tells us that heat always flows from hot to cold — another well-known
statement of the second law of thermodynamics.

An interesting scenario arises when there are both a temperature and a potential gradient
present, dragging to different directions. For a two-terminal system the second law reads

(Br — Bu) e + (pLBr — prBr)IM > 0. (3.32)

Then, it is possible to use a temperature gradient to drive a current against a potential bias,
i.e., to perform work. In case of e.g. electrons driven against an electric bias, this would be called
a thermoelectric generator. Without loss of generality we assume py, < pg and g < fg (ie.,
the left reservoir is hotter than the right one). The efficiency of this generator is then given by the
ratio of the generated electric power P = — Iy (ur — pur) divided by the heat entering the system
from the hot reservoir

_ —Iu(pr—pr)  —(Br = Bu)(pr — pr)lm
K Ip — priy (Br — Br) e — (Br — Br)urIu
—(Br = B) (ke — pr) M
(Br — Br)le + (peBr — wrbr)Iv — (1rBr — prBr)IM — (Br — Br)pclm

< —(Br = Br)(pr — pr)Im _ (Br — Br) (1L — 1ir)

= —(pBr — prBr) I — (Br— Bo)prIv (pnBr — prbr) + (Br — Br)ir

_ BL 1 E 1 Tcold o

= 1- 5_1% =1 T, =1 T = NCarnot - (3.33)

The efficiency of such a generator is bounded by Carnot efficiency, irrespective of the microscopic
details. We note that our scenario is different from the classical Carnot or Otto cycles, since our

reservoirs are coupled at all times to the system, but it is interesting to see that the same universal
law holds.
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Conversely, one may apply a potential gradient to a system and use it to let the heat flow
against the usual direction. This can be used as a refrigerator by cooling a cold reservoir or as a
heat pump by heating a hot reservoir. Keeping the previous conventions u; < ug and f; < fg,
let us take a closer look at the performance of such engines. For a refrigerator, we assume that
there exists a regime of parameters where the heat entering the system from the cold reservoir is
positive Qcold = —(Ig — pgrlIn) > 0, which can only be driven by chemical or electric work injected
into the system WCOHS = +(ur — pr)Ipr > 0. In this regime, we can compare the heat entering the
system from the cold reservoir with the chemical work rate injected into the system (alternatively,
the electric power consumed). This is commonly called coefficient of performance (COP)

—(Ig — prlwm)
COPcoohng - (,UL _ MR)IM
 —=(Br = Be) e+ (uLBr — prPr)Im) + (uLBr — prBr) v + (Br — Br)prin
B (Br — Br) (e — pr) I
< +(prBr — nrBr) I + (Br — Br)irdm

(Br — Br) (i, — per)Im
Br _ Tr _ Teola
Br—PBr Tr—Tr Thot — Teola

A similar calculation holds for the case of heating, where we compare the heat entering the hot

(3.34)

reservoir Qpoy = —(Ig — prly) > 0 with the consumed work rate Weons = +(pr — pr)Ipy >0
—(Ig —url
COPheating = ( £ HL M)
(e — pr) M
Br 17 Thot

< — — . 3.35
~ Br—0Bc Tr—Tr  Thot — Ttoua (3:35)

Exercise 29 (Coefficient of Performance). Calculate the upper bound on the coefficient of perfor-
mance for heating.

Conventional heat pumps for houses reach COPs in the order of four, i.e., with each kWh
of electric energy one pumps on average four kWh of heat into the house. This explains their
commercial use in some occasions despite the relatively hight cost of electric energy.

3.5 Example: The single-electron transistor

For the previously discussed example of the single-electron transistor with two reservoirs
H=ecd'd+ Z (tk,,dczy + h.c.> + Z ekyclycky (3.36)
ve{L,R} ve{L,R}

we had obtained that the dynamics of the populations (Fy, P1) = (poo, p11) followed a simple rate
equation, additive in the reservoirs

_( Tefo=Trfr 4Tl = fo) +Tr(l = fr)
= ( +0nfr +Trfr —To(1— fr) = Tr(1 — fr) ) ' (3.37)
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This implies for the currents from left to right

I,T
Ly=1y = =—"2(fu—fr), Ip=1Iy =y, (3.38)
I'r+Tr

where € denotes the dot level, at which the Fermi functions and tunneling rates are evaluated

1

Ih=Gimm e v=hile= 2”; |t |6 (€ — €hy) - (3.39)

We can plot the currents versus the bias voltage at pu;, = +V/2 and ug = —V/2 to identify the
regimes where the device acts as thermoelectric generator or refrigerator, see Fig. 3.2.

— — same temperatures
— €B,=0.5, B =1.5

nerator

M

tric ge

L
W
£
7
qC

thermoel

cooling of cold reservoir

matter current [y] from the left I

heat currents [ey]: I-p I, -I+p I,

-
— -

bias voltage U, -, [€]

Figure 3.2: Plot of the matter current (solid black) and heat currents entering from left (solid
red) and right (solid blue) versus bias voltage. The dashed black curve is a reference curve for
equal temperatures €8, = 1. In particular for large bias voltages, both reservoirs are heated.
However, since here the energy is mainly provided by the bias voltage across the system, it rather
corresponds to a conventional heater than a heat pump. We also see that there is a region where
—Ip(pr, — pgr) > 0, where the system acts as thermoelectric generator, and to the left of it there
is a region where the cold right reservoir is cooled while simultaneously the hot left reservoir is
heated (blue text). Here, the system acts as a true heat pump.

3.6 Example: The double quantum dot

We consider a double quantum dot with internal tunnel coupling 7" and Coulomb interaction U
that is weakly coupled to two fermionic contacts via the rates I'y and ['g, see Fig. 3.3. The
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Figure 3.3: A double quantum dot (system)
with on-site energies €4,p and internal tun-
neling amplitude 7" and Coulomb interaction
U may host at most two electrons. It is
weakly tunnel-coupled to two fermionic con-
tacts via the rates I',/r at different thermal
equilibria described by the Fermi distribu-

tions f1/r(w).

corresponding Hamiltonian reads
Hs = eadida+ epdydn + T (dadly + dpdl ) + Udlydadyds

_ T T
Hp = g €kLCLLCkL T )  €LRCLRCER
% k

HI Z (tdeAC};L + tl:LcdeTA> —+ Z (thdBCLR -+ t;;RCdeTB> . (340)
k k

In contrast to simple rate equations, the internal tunneling 7' is not a transition rate but an
amplitude, since it occurs at the level of the Hamiltonian. Furthermore, we note that strictly
speaking we do not have a tensor product decomposition in the interaction Hamiltonian, as the
coupling operators anti-commute, e.g.,

{d, CkR} =0. (341)

We may however use the Jordan- Wigner transform, which decomposes the Fermionic operators in
terms of Pauli matrices acting on different spins

da = 07 ®13®1®...01, dp=0"®0 ®1®...01,
o, = 0°R0FRIFR..®0°R ®1®...01,
~—_——
k—1
Chp = 0RIFRIER..Q0CRITX...00°RQ ®1R...01 (3.42)
Kp, k—1

to map to a tensor-product decomposition of the interaction Hamiltonian, where o* = % [0® £ i0Y].

The remaining operators follow from (0+)T = ¢~ and vice versa. This decomposition automat-
ically obeys the fermionic anti-commutation relations such as e.g. {ck, dT} = 0 and may there-
fore also be used to create a fermionic operator basis with computer algebra programs (e.g. use
KroneckerProduct in Mathematica).

Exercise 30 (Jordan-Wigner transform). Show that for fermions distributed on N sites, the de-
composition

G=0"®..Q0°R ¥1Y...®01
— T N

preserves the fermionic anti-commutation relations

{ci,c;} =0= {c;r,c;.} , {ci,c;} =0;;1.
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Show also that the fermionic Fock space basis cjci Iny,...,nNn) = mng|ni,...,ny) obeys
o7 |ny, ... ,nn) = (=) ng, ... ny).

Inserting the decomposition (3.42) in the Hamiltonian, we may simply use the relations

1 1
(0-13)2 = (0y>2 = (UZ)2 = 17 U+U— = 5 []- + o* 5 0'_0'+ = 5 [1 — O'Z] ,
ocfo” = —o o o' =40, ofot =+0", oto*=—o" (3.41)

to obtain a system of interacting spins
1 z 1 z - -+ + = 1 2 1 2
Hs = eag[L+0a]+eng[1+0p]+ T [040h +0joy] + U 1404 5 [1+ 03]

1 z 1 z
Hy = Zk:EkL§ 1+ o5 + Xk:€kR§ 1+ oip

Hi = 0,05Q® ZtkL [H Ofor| Opp +OA0E ® ZtZL [H Uli'L] 01
k

K <k k K <k

405 ® t z z + + + ® + z z -

Op kR O, OpRr|Okrr T OB kR O, Opr| OkR
k % k' <k k % k' <k

(3.42)

With this, we could proceed by simply viewing the Hamiltonian as a complicated total system
of non-locally interacting spins. However, the order of operators in the nonlocal Jordan-Wigner
transformation may be chosen as convenient without destroying the fermionic anticommutation
relations. We may therefore also define new fermionic operators on the subspace of the system (first
two sites, with reversed order) and the baths (all remaining sites with original order), respectively

dy = 0 ®0*, dg=1®0",

G, = 0®...00® ®1®...01,
k-1

Chp = 00®..00°RCFR..00°® ®1®...01. (3.43)
Kr k-1

These new operators obey fermionic anti-commutation relations in system and bath separately
(e.g. {da,dp} =0 and {¢r, &} = 0), but act on different Hilbert spaces, such that system and
bath operators do commute by construction (e.g. [da,éyz] = 0). In the new operator basis, the
Hamiltonian appears as

Hs = |eadhda + epdydn + T (dadyy + dpdly ) + Udidadydn| 2 1,

- o
E €xLCL,CkL T €kRCLRCKR
k k

My = da® ) terl, +dy @) e +dp® Y tipilp+dy ® > tipier, (3.44)
k k k k

Hg = 1®

Y
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which is the same (for this and some more special cases) as if we had ignored the anticommuting
nature of the system and bath operators from the beginning.
We do now proceed by calculating the Fourier transforms of the bath correlation functions

Ne(w) = To(=w)fu(=w),  mw) =TL(+w)[l = fr(+w)],
tauw) = Tr(=w)fr(-w),  qs(w) = Tr(+w)[l = fa(+w)] (3.45)

with the continuum tunneling rates Lo (w) = 270 32, |thal 0(w — €ra) and Fermi functions f,(exo) =
<01];;acka> = [eﬂa(eka_ﬂa) _|_ 1:|_1'

Exercise 31 (DQD bath correlation functions). Calculate the Fourier transforms (3.45) of the
bath correlation functions for the double quantum dot, assuming that the reservoirs are in a thermal
equilibrium state with inverse temperatures 3, and chemical potential i, .

Next, we diagonalize the system Hamiltonian (in the Fock space basis)

Ey, = 0, |vg) = |00) ,
E. = e~ VA 1T, |v,>o<[(A+\/A2+T2 |10)+Tyo1>},

)
E, = e+VAZ+T?, |v+>o<[<A—\/m>|10)+T|01>},
By = 24U,  |u)=]11), (3.46)

where A = (ep — €4)/2 and € = (e4 4 €5)/2 and |01) = —d}, 00), [10) = d', |00), and |11) =
J;JL |00). We have not symmetrized the coupling operators but to obtain the BMS limit, we may
alternatively use Eqns. (2.89) and (2.90) when 7 — oo . Specifically, when we have no degeneracies
in the system Hamiltonian (A? + 7% > 0), the master equation in the energy eigenbasis (where
a,b € {0,—,+,2}) becomes a rate equation (2.52), where for non-hermitian coupling operators the
transition rates from b to a are given by

Yabab = ) Vap(Ey — Ea) (a] As |b) (a] AL )" . (3.47)
af

We may calculate the Liouvillians for the interaction with the left and right contact separately
Yab,ab = 7£b,ab + ’Yﬁ;,ab ; (3.48)
since we are constrained to second order perturbation theory in the tunneling amplitudes. Since

we have d 4= A; =A = d 4 and ciB = AZ = A3 = dp, we obtain for the left-associated dampening
coeflicients

Voa = m2(By — E){al A [)* + 721 (Ey — Eo)|(a] Ay [B)]?,
Vo = V(B — Eo){al As |b)* + vas(Ey — Eo)|(al As [b)| . (3.49)

In the wideband (flatband) limit I'y/z(w) = ' g, we obtain for the nonvanishing transition rates
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in the energy eigenbasis

Yoo = Tyl — frle—=VAZHT2)],  Af  =Try_[L — fr(e— VAZ+T?)],

Wor = Tov[l—file+VAZET2)], Al o =Tavi[l — frle+ VAT £ T7)],

ey = Tl = fule + U+VATFT2)],  Afy , =Tay[l = fale + U+ VAT T2)],
Yy = Dol = frle+U— VAT T?)], AR, =Tpy [l - fale+ U — VAT +T2)],
”on,—o = Ty fole— \/m) ; 7@07_0 =Try_fr(e — \/m) 7

%{0*0 = Tuy-fule+ VA2 +T7), 'Vfo,+o = Trys frle+ VAZ+T?),

75—,2— = Ty fule+ U+ VA2 +T?), Yoo =Ty frle+ U+ VA2 £ T2),

Yoror = Toyefrle+U— VA2 +T?), Yoy oy =ry-frle + U — VA2 £ T2, (3.50)

with the dimensionless coefficients

1 A
=—-|l1£ —— 3.51
=3 1% S| (3.51)

arising from the matrix elements of the system coupling operators. This rate equation can also be
visualized with a network, see Fig. 3.4. We note that although both reservoirs drive all transitions,

2 >

Figure 3.4: Configuration space of a serial
double quantum dot coupled to two leads.
Due to the hybridization of the two levels,
electrons may jump directly from the left
contact to right-localized modes and vice
versa, such that in principle all transitions
are driven by both contacts. However, the
relative strength of the couplings is different,
such that the two Liouillians have a different
structure. In the Coulomb-blockade limit,
transitions to the doubly occupied state are
forbidden (thin dotted lines), such that — if
the doubly occupied state is initially not oc-

cupied — the system dimension can be re-
duced.

I+ >

0+ 0+
ot
'Y+0 +

’Yo+ 0+

their relative strength is different, and we do not have a simple situation as discussed previously
in Eq. (3.5). Consequently, the stationary state of the rate equation cannot be written as some
grand-canonical equilibrium state, which is most conveniently shown by disproving the relations
p—/poo = e PE=Eom) 5 [ pog = e PETEom) and gy /p__ = e PETE),

As the simplest example of the resulting rate equation, we study the high-bias and Coulomb-

blockade limit f/z(e4+U£+vVA2+1T?) = 0and fr(e£VA%2+T2) = 1 and fr(e£VA2+T?) =0
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when the onsite-energies are degenerate such that A — 0 (such that v+ — 1/2). This removes any
dependence on the internal tunneling amplitude 7. Consequently, derived quantities such as e.g.
the current will not depend on T either and we would obtain a current even when 7" — 0 (where
we have a disconnected structure). However, precisely in this limit (i.e., A — 0 and 7" — 0), the
two levels £/~ and E, become energetically degenerate, and a simple rate equation description is
not applicable. The take-home message of this failure is that one should not use plug and play
formulas without learning about their limits. Therefore, keeping in mind that 7" # 0, the resulting
Liouvillian reads

o'y, Tp Ig 0
1 r, -Tr o I, +TDg
_ 1 52
L ol I, 0 -T'x T.+Tg ’ (3.52)

0 0 0 —2(I'.+TI%R)

where it becomes visible that the doubly occupied state will simply decay and may therefore —
since we are interested in the long-term dynamics — be eliminated completely

) W A
Loz = 5| To ~Te 0 . (3.53)
r, 0 -Tg

Exercise 32 (Stationary DQD currents). Calculate the stationary currents entering the right
reSEeTVOoIT.

At finite bias voltages, it becomes of course harder to calculate steady states and stationary
currents. However, for low temperatures, the Fermi functions will behave similar to step functions,
and the transport window becomes sharp. Then, by enlarging the bias voltage, the transport
window is opened, and the currents will exhibit steps when a new transport channel is inside the
transport window, see Fig. 3.5. A further obvious observation is that at zero bias voltage, we have

Figure 3.5: Plot of matter (solid black) and en-

T ]  ergy (dashed red) currents. At sufficiently low
| ZE | ;' 1 temperatures, the steps in the currents occur
| ' for positive bias voltage at u, = V/2 € {E_ —
Y Ey,Ey—Ey,Ey,—E, Ey,— E_}. The inset dis-
, plays the configuration of these transition ener-
o gies relative to left (blue) and right (green) Fermi
2 = 1 functions taken at V' = 107". Then, only the low-
4 est transition energy (arrow) is inside the trans-

—t " | port window, such that transport is dominated
A ‘ ‘ by transitions between |—) and |0). Other pa-

2 T T T T T T T B

‘‘‘‘

dimensionless current
(=)
\ ‘ ‘
[
!

- ‘ P - ‘ ‘ ‘
330 20 -10 0 10 20 30 rameters h n chosen = — = 2
dimensionless bias voltage V/T ameters have been chosen as KL KR V/ )
FL = FR = F, €pA = 4T, €Ep — 6T,U = 5T, and

BT = 10.

vanishing currents. This must happen only at equal temperatures. The entropy production in this
case is fully determined by the matter current S; = /3 (g, — r) I, where Iy, denotes the current
from left to right. Identifying P = (u — pug)Iy with the power dissipated by the device, the
entropy production just becomes S, = BP.
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3.7 Phonon-Assisted Tunneling

We consider here a three-terminal system, comprised as before of two quantum dots. The left dot
is tunnel-coupled to the left lead, the right dot to the right, but in addition, tunneling between
the dots is now triggered by a third (bosonic) reservoir that does not change the particle content.
That is, without the bosonic reservoir (e.g. phonons or photons) the model would not support a
steady state matter current — which is in contrast to the previous model

Figure 3.6: Sketch of two quantum dots that

are separately tunnel-coupled to their adja-

npg cent reservoir in the conventional way by

rates I';, and I'gs. The mere Coulomb in-

T teraction U only allows for the exchange of

'y, RN I'p energy between the dots, but with phonons
T U - present (rounded terminals), tunneling be-

tween A and B becomes possible (dotted and
dashed). The device may act as a thermo-
electric generator converting thermal gradi-
ents into power.

The system is described by the Hamiltonian
Hg = ead'dy + epdlydp + Udldadldp (3.54)

with on-site energies €4 < ep and Coulomb interaction U. Since there is no internal tunneling,
its energy eigenstates coincide with the localized basis |n4, ng) with the dot occupations na,ng €
{0,1}. This structure makes it particularly simple to derive a master equation in rate equation
representation. The jumps between states are triggered by the electronic tunneling Hamiltonians
and the electron-phonon interaction

k k

+ (dadly + dpdly) @ 3" (hyay + ya}) | (3.55)
q

where ¢, are fermionic and a, bosonic annihilation operators. The three reservoirs

Hpg = Z ekLcLLckL + Z ech,TcRckR + Z wqanq (3.56)
k

k q

are assumed to remain in separate thermal equilibrium states, such that the reservoir density
matrix is assumed to be a product of the single density matrices. This automatically implies that
the expectation value of linear combinations of the coupling operators vanishes. In the weak-
coupling limit, the rate matrix will be additively decomposed into contributions resulting from
the electronic (L, R) and bosonic (B) reservoirs £L = L, + Lr + Lp From our results with the
single-electron transistor, we may readily reproduce the rates for the electronic jumps. Ordering
the basis as poo.00, 10,10, Po1,01, and pi1.11 and using for simplicity the wide-band limit I'y(w) = T,
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these read
—fr(ea) 1— fu(ea) 0 0
L =T +frlea) —[1— frlea)] 0 0
L L 0 0 —frlea+U) 1= frlea+0)
0 0 +frlea+U) —[1— fr(ea+U)]
—fR(EB) O 1-— fR(EB) 0
. 0 —fR(EB—l—U) 0 1—fR(€B+U)
Ce = TRl pnen) 0 —[— falen) 0  (357)
0 +fr(ep +U) 0 —[1 = fr(ep + U)]

where the electronic tunneling rates are as usual obtained via (in the wide-band limit) T, =
Fo(w)=2m)", |tkal’0(w — €ra) from the microscopic tunneling amplitudes t4,. We note that the
Fermi functions are evaluated at the energy difference of the jump to which they refer. Although
energy may be transferred between the left and right junctions without the presence of phonons,
it is not possible to transfer charges.

For the spin-boson example, we have also already calculated the correlation function for the
phonons for a spin-boson model in Sec. 2.2.4. Since the reservoir coupling operator is identical, we
may use our result from Eq. (2.107).

Y(Ww) = T(Hw)O(HW)[L + np(+w)] + T(-w)O(-w)np(-w), (3.58)

where T'(w) = 27 3", |he|*0(w—wy) was the bosonic emission or absorption rate and ng(w) denoted
the Bose-Einstein distribution function. For consistency, we just note that the KMS condition is

obeyed. With this, we may readily evaluate the rates due to the phonon reservoirs, i.e., we have
with ' =T'(eg — €4)

0 0 0 0
0 —npleg —€a) 1+4+npleg—e€q) 0
T 3.59
B 0 +np(ep —€ea) —[1+nplep—ea)] 0 (359
0 0 0 0

The rate matrices in Eqs. (3.57) and (3.59) can be used to determine all currents. We have
a three terminal system, where the phonon terminal only allows for the exchange of energy, i.e.,
in total we can calculate five non-vanishing currents. With the conservation laws on matter and
energy currents, we can at steady state eliminate two of these, and the entropy production becomes

Si = =Bl — Bl — pilyy) — BrUf — prliy)
= —Bonlp — Br(lp — prdyy) + BrUf + 15 — prly)
= (Br — Bon)IE + (Br — Bu)If + (Brpr — Brir) It (3.60)

which has the characteristic affinity-flux form. In usual electronic setups, the electronic tempera-
tures will be the same (5, = [ = g, such that the entropy production further reduces to

Si = (Ba — Bon) I + Ba(uz — nr)If; >0, (3.61)

where we can identify the term (uzp — pr)I% as a power consumed or produced by the device.
Furthermore, we note that the device obeys the tight-coupling property: Every electron traversing
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the system from left to right must absorb energy eg—e 4 from the phonon reservoir 12 = (eg—ea)IL;.
Therefore, the entropy production can also be written as

S = [(Bar = Bon) (e — €4) + Bar(pr — pr)) 137 > 0. (3.62)
We note that the prefactor of the matter current vanishes at

V' = —pp = (% - 1) (ep —€a). (3.63)
ph

Since the prefactor switches sign at this voltage, the matter current must vanish at this voltage, too
— otherwise the entropy production would not be positive. Without calculation, we have therefore

found that at bias voltage V* the current must vanish.
Noting that the total entropy production is positive does not imply that all contributions are
separately positive. Fig. 3.7 displays the current as a function of the bias voltage for different
electronic and phonon temperature configurations. It is visible that at zero bias, the matter

2
~

L
b

electronic matter currents I [I']
()

.......... I‘"‘. | | | | | |
-40 -20 0 20 40

dimensionless bias voltage Bel \Y

Figure 3.7: Electronic matter current in units of I', = I'r = I versus dimensionless bias voltage
BeaV . For low phonon temperatures Sy,(ep — €4) > 1, the current cannot flow from left to right,
such that the system acts as a rectifier (dashed red). For large phonon temperatures fpn(€p—€4) <
1, the energy driving the current against the bias (see zoomed inset) is supplied by the phonon
bath. Other parameters: [oaeg = 2, faca = 0, BaqU = 10, Jg = I', B, = Br = P, and
pr =+V/2=—ppg.

current does not vanish when electron and phonon temperatures are not chosen equal.
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3.7.1 Thermoelectric performance

We concentrate on the simple case discussed before and use 5, = Br = fa and Bon = fp. In
regions where the current runs against the bias, the power

P = —(uL — pr)ly (3.64)
becomes positive, and we can define an efficiency via

L
Qin

where Q;, is the heat entering the system from the hot reservoir. The purpose of the Heaviside

function is just to avoid misinterpretations of the efficiency.

Consequently, when the phonon temperature is larger than the electron temperature Ty, > T,
the input heat is given by the positive energy flow from the hot phonon bath into the system, such
that — due to the tight-coupling property — the efficiency becomes trivially dependent on the bias
voltage

P V
nTph>Te1 = I_BG(P> = =
E

O(P). 3.66
——e(r) (3.60
At first sight, one might think that this efficiency could become larger than one. It should be kept
in mind however that it is only valid in regimes where the power (3.64) is positive, which limits
the applicability of these efficiencies to voltages within V' =0 and V = V* from Eq. (3.63). The
maximum efficiency is reached at V' = V* and reads

T
NTon>Te < Mmax = 1- T L — NCa (367)
ph
and is thus upper-bounded by Carnot efficiency
Tcold
a=1- - 3.68
e Thot ( )

In the opposite case, where Tp,, < Tg, the input heat is given by the sum of the energy currents
entering from the hot electronic leads Q;, = QY + QF = IL + [E + P = —I5 + P, such that the
efficiency becomes

P (hz — 1) !
) ) _ 7 3.69
Pon<Ta = I8P ™ (ep—ea) + (up — pin) 1+ P o

which also trivially depends on the bias voltage. Inserting the maximum bias voltage with positive
power in Eq. (3.63) we obtain the maximum efficiency

1 Ton
Mpn<Ta < 11 # =1- T, (3.70)
-

which is also just the Carnot efficiency.

Unfortunately, Carnot efficiencies are reached at vanishing current, i.e., at zero power. At
these parameters, a thermoelectric device is useless. It is therefore more practical to consider the
efficiency at maximum power. However, since the currents depend in a highly nonlinear fashion on
all parameters (coupling constants, temperatures, chemical potentials, and system parameters),
this becomes a numerical optimization problem — unless one restricts the analysis to the linear
response regime.



Chapter 4

Full Counting Statistics

Previous definitions of currents were based on balances of the system and the phenomenologic
identification of the change of the system observable (energy, particle number). This automatically
implies that e.g. there is no contribution from the interaction. Sometimes one is also interested
in more information beyond the mean values, i.e., the statistics of single jumps into the reservoir.
In Full Counting Statistics (FCS) one is interested in the probability distribution P,(t) denoting
the number of particles n transferred to a specific reservoir after time ¢. This can in principle be
generalized to full energy counting statistics.

4.1 Phenomenologic Introduction

Suppose that by some method we can identify jump terms between different states in the master
equation, i.e., we can separate the total dissipator as

L=Lo+ Ly, (4.1)

where £; denotes the jump term and Ly the jump-free evolution (containing the isolated dynamics
of the system or un-monitored jumps). We would like to have an expansion of the total propagator
P(t) = e~ that makes the number of such jumps explicit. We could go to some interaction picture,
considering L, as the free evolution and £; as the perturbation. However, for our purposes it is
more useful to consider the Laplace transform P(z) = [;° P(t)e~*'dt of the propagator

P(z) = [21—Lo— L] =[(21— L)1~ (21— L)L)
(1 — (21— Lo)"Ly) M2l — L)t (4.2)

At this time, it is useful to introduce the free propagator
Po(z) = [21 — Lo] ! = / ¢Eote—t gt (4.3)
0

Using it, we can expand the full propagator as

P(Z) = Z [Po(Z)ﬁl]n P()(Z) = ,P()(Z) + PQ(Z>£1P0<Z) + P0(2)£1P0(2)£1P0(2> + ... (44)

n=0

65
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We remark that the convolution property holds also for matrix-valued functions (provided we do
not change their order)

/0 et /0 t drA(t —7)B(r) = /O T dr TOO dtA(t — 7)e”** B(7)
— /0 h { /0 h dt’A(t')e—zt’] e B(r)dr = A(2)B(z). (4.5)

Here, we have exchanged in the first equality sign the integrals, using that the total integration
region is the same. Applying this recursively, we can indeed show that (4.4) is equivalent to a
convolution series

t
P(t) = ello(th) +/ el:o(tftl)clel:o(tlfo)dtl
0

t to
+/ dtg/ dtleco(t_tQ)El6£0(t2_t1)£1€£0(t1_0) + ... s (46)
0 0

which has the appealing interpretation that we have periods of free evolutions interrupted by single
jump events, see Fig. 4.1.

el:()(t—t())

< &
Lot —to) Ly oLolt—t1) F1gure.4.1: Illu.stramon of th.e first three
'S I > terms in the series expansion in Eq. (4.6).
t Periods of free evolution (lines) are inter-
1 d by i j ks). T
) ) rupted by instantaneous jumps (marks). In
gﬁo(tlf’fo) | efolta—t) eLolt—t2) o the end, one has to integrate over all times

| |

at which jumps may occur.

Exercise 33 (Jump series expansion). Show that the expansion (4.6) can also be obtained in an
interaction picture by using p(t) = e~o!p(t).

The benefit of this series expansion is that it yields a decomposition where we can readily write
down the probabilities for n jump events during time ¢

t to
P,(t) =Tr {/0 dt,, .. ./0 dtefolt=tlp Elel:O(tQ“)EleﬁO(“o)po} , (4.7)

which looks way more convenient in Laplace space

Fu(2) = Tr{[Po(2) L1]" Po(2)po} - (4.8)
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But suppose we are only given the full propagator P(t). Is there a convenient way to sort out only
those contributions that have exactly n jump events? Taking the orthonormality relation

1 ('™

— eTXe Xy = 5, (4.9)
2 ) .

into account, it becomes quite obvious that one can infer the statistics of such jumps with following
replacement

Li— Lie™, L= L(x) = Lo+ Lie™ (4.10)

in the full propagator P(x,t) = e“0* The new variable y is conventionally called counting field.
Then, we can use the orthonormality relation (4.9) to conclude

Po(t) = — /HTr{P(X,t)po}ei”de, Po(z) = — /HTr{P(X,z)po}einxdx. (4.11)

:% o :% o

The corresponding Moment-generating function is given by the Fourier transform of the probability
distribution, and we can infer the definition below.

Def. 12 (Moment-Generating function).
M(x,t) =Tr {eE(X)tpO} . (4.12)

Once this function is known, all moments can be computed by differentiation with respect to the
counting field

K\ _ k _ [ a0k
("), = ;" Fo(t) = (=10)"M ()] _ - (4.13)
The cumulant-generating function is given by
Clx,t) =InM(x,1), (4.14)

and by differentiation with respect to the counting field all cumulants are recovered <<n’“>> . =

(=10 C(x, 1)

X=

An easy way to see that moments can be obtained by differentiation with respect to the counting
field  is to consider Eq. (4.7) under the replacement £; — L£1e™X. The total momeng-generating
function (MGF) can be expanded as

M(x,t) =Y e"™P,(t), (4.15)

n

which is just the inverse Fourier transform (FT) of Eq. (4.11). This makes it quite obvious that

(n*) = (=i0y)*M(x, 1) . Cumulants and Moments are of course related, we just summarize
x—0
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relations for the lowest few cumulants

((n)) = (n),
{(n*)) = (") —(n)",
(")) = () =3(m ) +2(n
({(n*)) = (n*)—4(n)(n®) -3 <n > +12(n)* (n?) — (4.16)
Obviously, the first two cumulants are just the mean and width of the probability distribution. For
unimodal distributions, the third cumulant (skewness) and the fourth cumulant (kurtosis) describe

the shape of the distribution near its maximum. In contrast to moments, higher cumulants are
inert when a trivial transformation such as a simple shift is performed on a probability distribution.

4.1.1 Multiple jumps

So how is it then possible to count different jumps? In principle, we can base this on the already
existing expansion. By further splitting the free Liouvillian £y = Loy + L2 we would obtain the
decomposition

Z [Poo(2)La]" Ls, (4.17)
m=0

which we can insert in Eq. (4.4). The first terms of the resulting expansion would read

P(Z) == 7)00(2’) + Poo(z)ﬁlpoo(z) + Poo(Z)ﬁgPoo(Z)
+P00(Z)£1P00(Z)£1P00(2) + 7)00(2)527)00(2),627)00(2)
+P00(Z)£1’P00(Z>£2'P00(2) + POO(Z)LQPOO(Z),ClPOO(Z) + ... (418)

This becomes pretty involved very soon, and a diagrammatic representation is more useful, see
Fig. 4.2. However, we see that with the replacement £; — L;e*X and £, — Loe™¢ the probability

O O
& ® & Figure 4.2: Illustration of the first 7 terms in
< : & the series expansion in Eq. (4.18). Periods
S | | S 9f free evolutign (lines) are interrupted by
instantaneous jumps of the first (marks) or
% ® ® & second (balls) type. In practice, many dia-
<& ® : % grams may vanish as e.g. for a system host-
O : o O ing at most one electron one will not observe

two electrons jumping out subsequently.

of getting n jumps of type £, and m jumps of type L, can be obtained via

1

+m +7
Pon(2) = %/ dx—/ deTr {P(x, €&, 2)po} e "Xe ™ (4.19)
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An important special case arises when we are interested in all trajectories that only lead to a net
difference. For example, we may be interested in counting the outgoing jumps of a particle (L)
and subtract the ingoing jumps (£_) of the same particle type. Then, we can simply use the
decomposition L£(x) = Lo + e™XL, + e XL_ ie., we use £ = —y. Performing the integral over
dx now reconstructs all trajectories with the correct net number n = ny — ns.

4.1.2 Cumulant dynamics

The clear advantage of the description by cumulants however lies in the fact that the long-term
evolution of the cumulant-generating function is usually given by the dominant eigenvalue of the
Liouvillian

Cx,t) = Ax)t, (4.20)

where A(x) is the (uniqueness assumed) eigenvalue of the Liouvillian that vanishes at zero counting
field A(0) = 0. For this reason, the dominant eigenvalue is also interpreted as the cumulant-
generating function of the stationary current. We recall that the Liouville superoperator is in
general non-hermitian and may not have a spectral representation. Nevertheless, we can represent
it in Jordan Block form

L(x) = Q)L 0Q™ (), (4.21)

where Q(x) is a (non-unitary) similarity matrix and £;() contains the eigenvalues of the Liouvil-
lian on its diagonal — distributed in blocks with a size corresponding to the eigenvalue multiplicity.
We assume that there exists one stationary state p, i.e., one eigenvalue A(y) with A(0) = 0 and that
all other eigenvalues have a larger negative real part near y = 0. Then, we use this decomposition
in the matrix exponential to estimate its long-term evolution

M(x,t) = Tr {eﬁ(x)tpo} — Tr {BQ(X)EJ(X)Q*(X)tpO} - Tr {Q(X)GEJ(X)tQ_l(X)po}
eA(X)'t
0 -1
— Trq Q(x) Q™ (X)pro
0
1
0
= 2T Q(y) N Q' ()po ¢ = Vle(x) (4.22)
0

with some polynomial ¢(x) depending on the matrix @Q(x). This implies that the cumulant-
generating function

C(x,t) =InM(x,t) = Ax)t +1nc(x) = A(x)t (4.23)

becomes linear in A(y) for large times. Therefore, for large times, the cumulants can be conveniently
determined once the dominant eigenvalue of the Liouvillian is known.
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4.1.3 Example: The single-electron transistor

We will illustrate these findings with the simple rate equation of the SET with two junctions

_( Tefe +Te(l = fi) —Trfr +Tr(1— fr)
- ( +lofr —To(1—f1) ) * ( +Trfr —Tr(l— fr) > ' (4.24)

For such rate equations, we can naturally interpret the off-diagonal matrix elements as jump terms.
Counting, for example the particles entering the system from the left as positive and leaving to
the left as negative, we would get the generalized Liouvillian

_ ~Tofr +TL(1— fr)e™ —Irfr +Tr(1 = fr)
£00 = < +lpfret™  —Tp(1 - fr) ) " ( +T'rfr —Tr(1 = fr) ) ' (4.25)

The full moment-generating function can be obtained by exponentiating this matrix, but we can
also consider its dominant eigenvalue (simpler). Here we will for simplicity only discuss the infinite
bias regime f;, — 1 and fgr — 0. Then, we get two eigenvalues

1 .
Ax(x) = 3 <_FL —Tr+ /(L -T2+ 46+1XFLFR) , (4.26)

and it is visible that Ay (0) = 0, such that A(x) = Ay (x) is the sought-after generating function for
the cumulants. In the long-time limit, the first cumulants become

I'yI'g
<<n>> = FLTPR )
<<n2>> _ I''I'g F%—FF%
I +Tr(Tp+Tg)2’
<< 3>> I''T'g F‘j—21‘%113%—6@1%—QFLF?]’%JrF}{225
n =
I'n+1T'gr (FL+FR)4

(4.27)

Exercise 34 (Cumulants). Show that the above formulas hold.

Alternatively, we can count different things, e.g. the jumps over the right junction, the total
number of outgoing or ingoing jumps, the total number of jumps etc.

Exercise 35 (Total number of jumps at infinite bias). Calculate the long-term cumulant-
generating function in the infinite bias limit fr, — 1 and fr — 0 for the probability P,(t) of
measuring n jumps in total. How is the first cumulant related to the current?

For example, one may be interested in the total number of jumps when the dot is only coupled
to a single equilibrium reservoir

L) =T ( +;efi L - I);ﬂx ) | (4.28)

The dominant eigenvalue is given by

Ax) = g (—1 b /T4 (1 —er0) f(1 - f)) . (4.29)
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From it, we can determine the average value of total jumps for long times

I't

(n) = 20tf(1—f) < o (4.30)

One concludes that the average number of jumps vanishes at zero temperature (where f € [0, 1])
at becomes maximal at infinite temperature (where f — 1/2).

4.2 Derivation with virtual detectors

There exist many cases where we have some physical process that we can clearly identify on the
level of a given Hamiltonian but possibly not on the level of a Liouville superoperator. For example,
we may consider to monitor our single electron transistor with a point contact. If we only look
at jumps of the dot, we may not infer from them the statistics of the point contact particles.
However, given a microscopic model, we may phenomenologically identify terms which we might
want to count. Technically, such problems can still be handled with a quantum master equation by
introducing a virtual detector at the level of the interaction Hamiltonian. Suppose that in the
interaction Hamiltonian we can identify terms associated with a change of the tracked obervable
in the reservoir

Hi=A, @B, +A_®B_+ Z A, ® B,, (4.31)
O‘#{“”v*}

where e.g. B, increases and B_ decreases the reservoir particle number. We now artificially extend
the system Hilbert space by adding a virtual detector

Hs — Hs®1, Hg — Hp

M — +[A, @D @B, +[A_@D|®@B_+ Y [4.®1]® B,, (4.32)
a#{‘h*}

where
D=) |n)(n+1], D'=) |n+1)(n (4.33)

are the detector operators, and —oo < n < +00 is an integer number. Here |n) are the eigenstates
of the detector, and we see that DT |n) = |n + 1) and D |n) = |n — 1). This obviously also implies
that DDT = DD = 1. We see that each time a B, event occurs, the detector changes its state
from n to n + 1 and reduces it when a B_ event occurs. Such a detector is ideal in the sense
that it does not have its own energy content (its own Hamiltonian vanishes). Therefore, it will be
called virtual detector here. The detector operators in the interaction Hamiltonian can also be
viewed as bookkeeping operators that simply facilitate the correct identification of terms in the
master equation. We can now formally consider the detector as part of the system and derive the
master equation. Since there is no direct interaction between the original system and the detector,
the eigenbasis of both system and detector is now given by |a,n) = |a) ® |n), and we may derive
e.g. the coarse-graining master equation or the BMS master equation in the usual way. When we
decompose the system density matrix as

LI (434)
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we can interpret p(™(¢) as the system density matrix conditional on detector state n. By using
that

(n| DA_pA, D" |n) = A_p"* DA,
(n| DYA,pA_Dn) = A p""YVA_ (4.35)

we can reduce the resulting master equation to a form like
o = Lop™ + L p" D 4 £ pnt) (4.36)

The coarse-graining master equation in Box 11 for example shows that such conditioned master
equations can be readily derived. This form now provides a natural decomposition into no-jump
(Ly), and jumps into and out of the system (L.). We can re-introduce the counting field by
performing a discrete Fourier transform

px.t) =Y _ e Xpt(t) (4.37)

which recovers the generalized Liouville superoperator

L(x)=Lo+ L e™X 4+ LetX, (4.38)

4.2.1 Example: single resonant level

As the most trivial application we consider a quantum dot coupled to a single lead
H = edld+ Z (tkalc,TC + t}chdT) + Z ekc;ick
k k
— edd+d® B'® Z tkch +d"®@B® Z tpcr + Z ekczck , (4.39)
k k k

where we have tacitly performed the tensor-product mapping and also introduced the virtual
detector in the second line. The system coupling operators become

Ay =d® BY, A, =d'® B, (4.40)

and the reservoir correlation functions read

1
o

1
o

Cia(T) /I’(w)f(w)e“wdw, Co1(T) /F(w)[l — f(w)]e ™“dw . (4.41)

Now, we can for example consider the coarse-graining master equation from Def. 11

1 T . .
p. = —i |:—/ dtldtgsgn(tl — tg) (Clg(tl - tz)e_lg(tl_m)ddT + 021 (tl - t2)€+16(t1_t2)de) ,p:|
0

17

I . 1
+= / dt1dtsCly(ty — ta)e ") {(dT @ B)p(d @ BT) — 5 {dd", p}}
0

T

1/ : 1
+- / dtldtQCgl(tl — t2)€+1€(t17t2) |:(d ® BT)p(dT 0% B) — 5 {de, p}} s (442)
0

T
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where we have used that BBT = B'B = 1. Now, inserting a decomposition of the form

p=326"0 i) (o (4.43)

and sandwiching the equation with the states (n|...|n) we obtain a conditional (or n-resolved)
master equation for the dot alone

. [ Cie(t— ety —
p(n) = —1 |:E/‘ dtldtgsgn(tl — tg) (Clg(tl - t2>€ et tQ)ddT + 021 (tl - t2)€+16(t1 tQ)de) ’p(n)
0

1 T
+;/ dtldt2012(t1 _ tZ) —ie(t1—t2) |idTp(’n+l)d _ {ddT7 p(’n)}:|
0

17 - 1
+—/ dtldtQCZI (tl - t2)€+16(t1_t2) [dp(n—l)dT - 5 {de, p(n)}:| . (444)
T Jo
Upon discrete Fourier transformation, this yields
. : 1 ! —ie(t1— ie(t1—
pix,t) = —i {E/ dtidtysgn(t, — to) <C12(t1 —ty)e (=t qqt + Cor(t — t2)€+ “ tQ)de) ,P(X,t)
0

1" : 1
+—/ dtydtyCho(ty — to)e (i =t2) [d* (X, )elxd—§{ddT,p(X,t)}]
T Jo

1 /7 1
+;/ dtydtsCay (ty — ta)e i —12) |:dp(X7 t)etd" — §{de’P<X=t)}} : (4.45)
0

Upon using that

T

1 .
lim = [ diydtsCho(t; — ta)e M) = D(e)f(e),

T—=00 T Jo
1 /7 .
lim — dtldtgogl (tl — t2)€+16(t1_t2) = P(E)[l - f(E)] s (446)

T—00 T 0

we see that we recover the rate equation with counting fields we had phenomenologically introduced

before

d (" poo —fle) (1 — fle))et™

— =T . . 4.47

i (o) =ro (it (447)
We note that the difference in sign arises from our convention that particles entering the reservoirs
should be counted positive.

4.2.2 Example: SET monitored by a point contact

High-precision tests of counting statistics have been performed with a quantum point contact that
is capacitively coupled to a single-electron transistor [9]. The Hamiltonian of the system depicted
in Fig. 4.3 reads

Hs = edd,
Hpg = Z €I<:LC]T€LCkL + Z €I<:LC]T€RCkR + Z €kL’Y;iL’YkL + Z €kL’Y;iR’YkR )
k k k k

Z (tew + deTkk/) Vk'L%LR +h.c. |, (4.48)

Kk’

HI = Z tk‘LdCLL + Z tk‘RdCLR + h.c.
k k
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B\ b

H

ML MR

T

A
Y

Figure 4.3: Sketch of a quantum point contact (in fact, a two component bath with the components
held at different chemical potential) monitoring a single electron transistor. The tunneling through
the quantum point contact is modified when the SET is occupied.

where € denotes the dot level, ¢, annihilate electrons on SET lead a and 7, are the annihilation
operators for the QPC lead a. The QPC baseline tunneling amplitude is given by ¢z, and describes
the scattering of and electron from mode & in the left lead to mode &" in the right QPC contact.
When the nearby SET is occupied it is modified to tgr + g, where 74 represents the change of
the tunneling amplitude.

We will derive a master equation for the dynamics of the SET due to the interaction with the
QPC and the two SET contacts. In addition, we are interested not only in the charge counting
statistics of the SET but also the QPC. The Liouvillian for the SET-contact interaction is well
known and has been stated previously (we insert counting fields at the right lead to count charges
traversing the SET from left to right)

_ —Trft —Trfr 4Tl — fr) + Tr(1 — fg)etix
Femr) = ( +00fr +Trfre™  —Tp(1— f) = Tr(1 = fr) > ‘ (4.49)

We will therefore derive the dissipator for the SET-QPC interaction separately. To keep track
of the tunneled QPC electrons, we insert a virtual detector operator in the respective tunneling
Hamiltonian

H?PC == Z (tkk/l + deTkk/> BT’YkL’yZ/R + Z (tZk‘/]‘ + deT];kk/) B’yk/R’y’iL
kk’ kk'
= 1®BT®Ztkkz”YkL’7]:/R+ 1®B®Zt2k’7k’R’Y;1L
kk' kk'
‘f‘de & BJr & Z Tkk%Lv,i,R + de & B & Z TI:k”yk’R%:L . (450)
kK’ kK’

Note that we have implicitly performed the mapping to a tensor product representation of the
fermionic operators, which is unproblematic here as between SET and QPC no particle exchange
takes place and the electrons in the QPC and the SET may be treated as different particle types.
To simplify the system, we assume that the change of tunneling amplitudes affects all modes in
the same manner, i.e., Ty = Ttgr, which enables us to combine some coupling operators

HPC = [1+7d'd] @ B'® Z tek VoL Vg + [1+7dd @ Bw Z twWwrky - (451)
kk! kK’
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The evident advantage of this approximation is that only two correlation functions have to be
computed. We can now straightforwardly (since the baseline tunneling term is not included in the
bath Hamiltonian) map to the interaction picture

Bi(r) = Ztkk'%L%LRe_i(s“_Ek'R)T , By(1) = Zt}zkﬁk/Rfy,iLe“(e“_Ek’R)T . (4.52)
kk' kk!

For the first bath correlation function we obtain

012(7—) = Zztkk’tZgle_i(EkL_gklR)T <"YkL7]1’R7€/R7gL>

kk' e
= Z |t [P R RT[L — f (e41)] fr(ERR)
kK’
:5%//ﬂ%wm—ﬁ@mmw%“wwwmw, (4.53)

where we have introduced T'(w,w’) = 27 Y, |tew|*0(w — €x1)0(w — ewr). Note that in contrast
to previous tunneling rates, this quantity is dimensionless. The integral factorizes when T'(w,w’)
factorizes (or when it is flat T'(w,w') = t).

In this case, the correlation function Ci(7) is expressed as a product in the time domain, such
that its Fourier transform will be given by a convolution integral

112(Q2) = /012(T)e+imdr
— / dud! [ — fo(@)] Fr(w)d(w — o — Q)
_ / 1= fu(@)] frlw — Q)duw. (4.54)

For the other correlation function, we have

(Q) = / Ful@) [ = Frlw+ Q)] dw (4.55)

Exercise 36 (Correlation functions for the QPC). Show the validity of Eqns. (4.55).

The structure of the Fermi functions demonstrates that the shift €2 can be included in the
chemical potentials. Therefore, we consider integrals of the type

I= / (@) [1 = folw)] do. (4.56)

At zero temperature, these should behave as I ~ (1 — p2)O(p1 — p2), where O(z) denotes the
Heaviside-© function, which follows from the structure of the integrand, see Fig. 4.4. For finite
temperatures, the value of the integral can also be calculated, for simplicity we constrain ourselves
to the (experimentally relevant) case of equal temperatures (8; = B2 = f3), for which we obtain

1
/ (eBlm2=w) 4 1) (e=PAlm—w) + 1)
1 52

- }5& (eBln2=w) 4+ 1) (e=Blm—w) + 1) 62 + w? dw, (4.57)

I = dw
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— f(0)[I-f(0)]
-—- f(®)
1-£,(0)

Figure 4.4: Integrand in Eq. (4.56). At zero
temperature at both contacts, we obtain a
product of two step functions and the area
under the curve is given by the difference
{1 — fiy as soon as fi1 > fio (and zero other-
wise).

05—

where we have introduced the Lorentzian-shaped regulator to enforce convergence. By identifying
the poles of the integrand

wi = did,
* LT
wl,n = + 15(271 + 1) y

T
Wy, = M2+ 15(2n +1), (4.58)
where n € {0,£1,+2,43,... we can solve the integral by using the residue theorem, see also

Fig. 4.5 for the integration contour. Finally, we obtain for the integral

Figure 4.5: Poles and integration contour for
Eq. (4.56) in the complex plane. The in-

tegral along the real axis (blue line) closed ‘e
by an arc (red curve) in the upper complex ®
plane, along which (due to the regulator) the ® _is :
integrand vanishes sufficiently fast. °
5 5 5
[ = 2rilim {Res FW) 1= folw)] =2 + S Res f1(w) [1 — fo(w)] =
=00 0% + w? w=4i6  p—p 02 + w? w=p1+i% (2n+1)
Y R f@ - @l gl
n=0 w=p2+ig (2n+1)
_ M1 — 2
T 1 e Blmm)” (4.59)

which automatically obeys the simple zero-temperature ( — oo) limit. With the replacements
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1 — g+ Q and po — pr, we obtain for the first bath correlation function

Q-V
where V' = pp — pg is the QPC bias voltage. Likewise, with the replacements 1y — pp and
to — g — €2, the second bath correlation function becomes

Q+V

121(Q) = 57y - (4.61)

Now we can calculate the transition rates in our system (containing the virtual detector and the
quantum dot) for a non-degenerate system spectrum. However, now the detector is part of our
system. Therefore, the system state is not only characterized by the number of charges on the
SET dot a € {0,1} but also by the number of charges n that have tunneled through the QPC and
have thereby changed the detector state

p(a n)(a,n) Z Y(a,n)(b,m),(a,n)(b;m)P(b,m)(bm) [Z’Y (bym)(a,n),(b,m)( an)] P(a,n)(a,n) - (462>

bm

Shortening the notation by omitting the double-indices we may also write

paa Z ’Y(an (bym pbb [Z’Y b,m),(a,n) ] Paa) 5 (463)

where pgz) = Plan),(am) A Yian),(b,m) = V(an)(an),(bm)(bm)- 1t is evident that the coupling operators
A = (14 7d'd) ® B" and Ay = (1 + 7*d'd) ® B only allow for sequential tunneling through the
QPC at lowest order (i.e., m = n + 1) and do not induce transitions between different dot states
(i.e., @ = b), such that the only non-vanishing contributions may arise for

)(0,n| A3 [0, + 1) (0,n] AT|0,n 4+ 1)* =~
Yomon-1) = 721(0)(0,n]A;1]0,n—1)(0,n| A; |0,n — 1) =~
Yamamiy = m2(0) (1,n| Ay [1,n+1) (1,n] AL 1,0+ 1)* = 714
Yamaney = 721(0) (Ln| A [1,n— 1) (1,n| Ab|1,n— 1)" =~

Yom)om+) = Y12(0

The remaining terms just account for the normalization.

Exercise 37 (Normalization terms). Compute the remaining rates
Z 7Y(0,m)(0,m),(0,n)(0,n) 5 and Z Y(1,m)(1,m),(1,n)(1,n)
m m

explicitly.

Adopting the notation of conditional master equations, this leads to the connected system
n n+1 n—1 n
poo = (00" + 721 (0)f5 " = [12(0) + 71 (0)] )

AV = 14+ 7 Py(0)p Y 4 1+ 720 (0)p8 Y — 14 77 [112(0) + 721 (0)] p17 ) (4.64)
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such that after Fourier transformation with the counting field £ for the QPC, we obtain the
following dissipator

_ (D= 1) o (e - 1)) ’
,CQPC(g) - ( 0 |1 -+ 7~'|2 [721 (€+i§ - 1) + Y12 (6_ig - 1)} ) 7
(4.65)

which could not have been deduced directly from a Liouvillian for the SET alone. More closely
analyzing the Fourier transforms of the bath correlation functions

v
Yo = Y2(0) = tm7

1%

T2 = %2(0):t6+5v—

— (4.66)

we see that for sufficiently large QPC bias voltages V' — oo, transport becomes unidirectional: One
contribution becomes linear in the voltage 75, — tV and the other one is exponentially suppressed
Y12 — 0. Despite the unusual form of the tunneling rates we see that they obey the usual detailed
balance relations

D _ v (4.67)
712
The sum of both Liouvillians (4.49) and (4.65) constitutes the total dissipator
L(x,€&) = Lsrr(x) + Larc(§) (4.68)

which can be used to calculate the probability distributions for tunneling through both transport
channels (QPC and SET).

Exercise 38 (QPC current). Show that the stationary state of the SET is unaffected by the addi-
tional QPC dissipator and calculate the stationary current through the QPC for Liouvillian (4.68).

When we consider the case {I'r,I'r} < {tV,|1 + 7|tV'}, we approach a bistable system, where
for a nearly stationary SET the QPC transmits many charges. Then, the QPC current measured
at finite times will be large when the SET dot is empty and reduced otherwise. In this case,
the counting statistics approaches the case of telegraph noise. When the dot is empty or filled
throughout respectively, the current can easily be determined as

Io=[121(0) = 712(0)] , L1 = [1+ 7" [321(0) — 12(0)] . (4.69)
For finite time intervals At, the number of electrons tunneling through the QPC An is determined
by the probability distribution

+

1 .
Pan(At) = o~ / Tr {FOORAE (1)1 gg | (4.70)

T
where p(t) represents the initial density matrix. This quantity can e.g. be evaluated numerically.
When At is not too large (such that the stationary state is not really reached) and not too small
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(such that there are sufficiently many particles tunneling through the QPC to meaningfully define a
current), a continuous measurement of the QPC current maps to a fixed-point iteration as follows:
Measuring a certain particle number corresponds to a projection, i.e., the system-detector density
matrix is projected to a certain measurement outcome which occurs with the probability Pa,,(At)

p(m)
Tr {p(m}

It is now essential to use the density matrix after the measurement as the initial state for the
next iteration. This ensures that e.g. after measuring a large current it is in the next step more
likely to measure a large current than a low current. Consequently, the ratio of measured particles
divided by measurement time gives a current estimate I(t) =~ % for the time interval. Such
current trajectories are used to track the full counting statistics through quantum point contacts,
see Fig. 4.6 In this way, the QPC acts as a detector for the counting statistics of the SET circuit.

p=5" 0" n) (n] (4.71)

150 T | T | T | T | T I|I|I|I|I|I|I

—— finite sampling
—— infinite sampling

QPC current

0 | | | | | | | | | I|I|I|I|I|I|I
0 1000 2000 3000 4000 P (At)

time [At]

Figure 4.6: Numerical simulation of the time-resolved QPC current for a fluctuating dot occu-
pation. At infinite SET bias, the QPC current allows to reconstruct the full counting statis-
tics of the SET, since each current blip from low (red line) to high (green line) current corre-
sponds to an electron leaving the SET to its right junction. Parameters: I'y At = I'rAt = 0.01,
Y12(0) = |1+ 7*712(0) = 0, 721(0) = 100.0, |1 + 7|*v21(0) = 50.0, f; = 1.0, fr = 0.0. The right
panel shows the corresponding probability distribution P,(At) versus n = [At, where the blue
curve is sampled from the left panel and the black curve is the theoretical limit for infinitely long
times.

Finally, we note that for an SET, a QPC only acts as a reliable detector when the SET transport
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is unidirectional (large bias).

4.2.3 Example: Pure-Dephasing Model

As another example where the counting statistics cannot be deduced from the system dynamics,
we revisit the pure-dephasing limit of the spin-boson model

H=Q0 +0°®Y (hkbk + h;b,ﬂ) +3 " webibr. (4.72)
k k

If we wish to count the total number of particles radiated into the reservoir, we introduce virtual
detector operators and generalize the Hamiltonian to

H=Q0"+0"@B® Y hby+0° @B @ hibl + > wiblby, (4.73)
k k

from which we can infer the system coupling operators
Al=0"®@B', Ay=0"®B. (4.74)

We note that these are time-independent in the interaction picture A;(t) = A;. Furthermore, the
reservoir correlation functions become

Cu(r) = 5 [ T+ np@)le > do,
Cn(r) = % ’ L(—Q)ng(—Q)e “Tdw . (4.75)

From these expressions, we can read off their Fourier transforms
Vo1 (w) = O(—w)l(—w)np(—w),  Me2(w) = O(+w)I'(+w)[1 + np(+w)]. (4.76)

The coupling operators are evidently not hermitian. Therefore, we recall the coarse-graining
Liouvillian from Def. 11. With 02 = 1 we see that we can ignore the Lamb-shift contribution, and
the coarse-graining master equation becomes

P = o dtl/ dh/ dwO (W)T(@)[1 + np(w)]e ") [(0* @ B)p(o” ® BY) — p]
T

o / dt, / dts / dwO(—w)T(—w)ng(—w)e 12 [(0* © B)p(o* © B) — dh.77)

In contrast to Eq. (2.113) we have split the two terms in the dissipator since we count one as
particle-creating and the other one as particle annihilating in the reservoir. Performing the tem-
poral integrations we obtain

[ X' po® — p| +74(7) [eTXo"pa® — p]

v
/ )1+ np(w )]%sinc2 [%} dw,
- Jore

wng(—w )%smc [%] dw . (4.78)
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Eventually, we can write this as Liouville superoperator with counting fields on the diagonals

Poo = [7— (T)(e_ix - 1)+ 7+(T)(€+1X )} Poo ;

p11 = [1-(T)(e™ = 1) + 7. (n)(e™ =1)] p11,

por = —[-(T)(eX+1) + (1) (e™ +1)] pos,

poo = —[1-(M)(eX+1) +7(1)(e™ +1)] p1o- (4.79)

When setting the counting field to zero, we recover Eq. (2.113). Since this is diagonal, we can
easily exponentiate the Liouvillian, and the cumulant-generating function becomes at finite times

Clx. ) = [r-(Ne™ = 1)+ (r)(e™ = 1)] 7. (4.80)

Interestingly, the cumulant generating function does not depend on the initial state of the system
in this particular example. With this, the first cumulant becomes

(W), = (=10,) Tr{e" W} o= [a(r) == (7)] 7
= /OOO N )%smc [%] dw = %/000 %shﬁ (%) dw . (4.81)

We see that this becomes completely independent of the initial state of the system and also of the
thermal properties of the reservoir. Similarly, we get for the second cumulant

2

(), = Dalr) 497 = [T+ 2mp(e] sine? [57]

_ 2 /Oo ['(w)[1 + 2np(w)] sin? <%> dio (4.82)

T w?

Whereas the mean does not depend on the thermal properties of the reservoirs, the second cumulant
does. We should therefore try to confirm this result independently.

Exact solution

To solve the pure-dephasing spin-boson problem exactly for the evolution of reservoir observables,
we now consider the Heisenberg equations of motion. The reservoir modes evolve according to

be = +i[H, b] = —ihio® — iwpby(t) . (4.83)
Since 0* is constant in the Heisenberg picture, this is readily solved by

h*
be(t) = e “¥by, + £ (e7% — 1) 07, (4.84)
Wk

and similar for the hermitian conjugate operator. Therefore, the exact expectation value of the
particle number in the reservoir becomes

<N>t _ ZTI. { (€+iwktb}; + Z_Z (e+iwkt . 1) UZ) ( ﬂwktb + h* ( —iwpt 1) UZ> p% ®p%}
k

=, + 3 ey

(wi)]. (4.85)
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This change arises from the interaction. The change in the particle number can be compared with
our previous result

27 w2

AN(t) ! / M4sin2 {wﬂ dw, (4.86)

and we see that the coarse-graining current matches the exact solution when the coarse-graining
time is chosen dynamically with the physical time 7 = t.
Now, we consider the second moment

hi, hi

<N2>t — ZTI"{ (€+iwktb;r€ + w_k (eJriwkt _ 1) OZ) (eiwktbk 4k (efiwkt . 1) O_z) x
kq

Wk

. h . . h; .
X <€+1wqtb:; + w_q (6+1wqt _ 1) 0_2) (e—lwqtbq + w_q (e—wqt o 1) o_z) pOS ®pOB}
q q
hy | h
(N?), + Z |;2’ [2 — 2 cos(wgt)] |
kq k

2
dl

2
“q

[2 — 2 cos(w,yt)]

+2(N) Y | V;J [2 = 2cos(wit)] + Y [1+ 2np(w)] “:J’“J 2 — 2cos(wyt)] . (4.87)

Putting things together we construct the second cumulant

((N?)), = 2[1 + 2np(wy)] VS“Q‘ [2 — 2 cos(wyt)] = 2 /OOO [w) [1+ 2np(w)]sin® <%t) dw (4.88)

- H T w?

Also the second cumulant agrees with the exact solution.

4.3 Waiting times and Full Counting Statistics

We will also briefly discuss the relation between full counting statistics and waiting times, see also
Ref. [10]. Suppose we have a decomposition of the Liouville superoperator into n jump terms

L=Lo+Li+...+L,, (4.89)

where L£; describes a jump of type i. With the FCS, we can ask for the probabilities of having n;
jumps of type ¢ during a time interval A¢. In contrast, a waiting time distribution P(7) denotes the
distribution of times between two events. A trivial example of a waiting time distribution can be
easily constructed from the FCS by asking for the average waiting time for the first jump to occur.
The probability of observing no jump from ¢, = 0 up to time ¢ is given by Py(t) = Tr {e‘:otpo}.
Then, one can easily show that P(7) = —Py(7) = —Tr {Loe“Tpy} is the distribution of waiting
times. Since we always have P(1) > 0 and [;° P(7)dr = —Fy(c0) + Py(0) = 1, this is a valid
probability distribution. The starting event here is the beginning of the observation, and the final
event is the first observed jump.

However, the waiting time problem can be formulated much more generally. For example, we
can ask for the waiting time distribution between two successive jump events, i.e., for the time
between a jump of type 7 followed by a jump of type j. This will of course depend on the initial
state, such that to avoid ambiguities one usually chooses it to be the steady state py = p, obeying
Lp = 0. We also note that we assume that there exists only one steady state.
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First, to meaningfully define the waiting time distribution, we have to ask ourselves about the
density matrix after the first jump has occurred. From the probability P{(t) of observing a single
jump of type i during At

) to+At
Pi(At) = / Ty {efoltorai=t) £, eLolti=to) 51 dt, (4.90)

to

we can infer that as At — 0, the probability becomes P! (At) — AtTr{L;p}, and the corresponding
density matrix right after the jump becomes
p(z‘) _ Atﬁzﬁ _ Ezﬁ )

(4.91)

Here, we have normalized by the probability of this particular jump. We can now take this as the
initial state and ask for the probability that no second jump of any type occurs up to time ¢

Pj(t) = Tr {ecotp(i)} . (4.92)

The corresponding waiting time distribution would — in complete analogy to our previous argu-
ments — be given by P'(1) = —Tr {Loe“7p}, but our sought-after final event is not the end of
the observations, but should be the observation of a second jump. We can also write down the
un-normalized density matrix for this trajectory, defined by an initial jump of type ¢, followed by
a jump-free evolution up to time 7

PO (1) = L7 pld) (4.93)
Now, observing a jump of type j at time 7 yields the conditional density matrix
pUI () = LyetoTp, (4.94)

and the corresponding probability is given by the trace of this expression. This leads to the
definition below.

Def. 13 (Waiting time distribution). For a Liowvillian decomposition L = Lo + > - | L; with
Jump terms L; and steady state Lp = 0, the waiting time distribution between an initial jump of
type i and a successive jump of type j is defined as

Tr E'@EOTﬁiﬁ
wji(T) = {T\rj{ﬁ.ﬁ} }

(4.95)

The waiting times defined this way are positive when our probability interpretation of the
Dyson series holds. However, they are not always normalized to one, since a jump ¢ may not
necessarily be followed by a jump j.

For example, we can consider the single resonant level with the splitting £ = Ly + £1 + Lo,

where
Eozl“(_of _(10_f>>, clzr(?g), Q:P(Slgf). (4.96)
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The steady state of the full Liouvillian is given by p = (1 — f, f)T. Then, we can compute the
waiting time distributions

T efl"fq—
)= pa prone g ) (4.7

This trivially shows that it is not possible to observe two successive jumps of the same type in this
system, it can only hold a single electron. Consequently, we also observe that these waiting time
distributions are normalized.

For completeness, we also revisit the SET in the infinite bias regime with the splitting

[ -T, 0 (0 0 [0 4Tg
(0 Y ae (0 0) e (D)
The steady state is given by p = (T'r,T'1)? /(T + T'r), and the waiting time distributions become
- 0 FLQ_FLT
w(r) = ( Poetar ) . (4.99)

These are precisely the waiting time distributions that could be extracted from Fig. 4.6. Here,
I'ze'27 is the distributions for the empty dot, and I're T2 corresponds to the filled dot.

4.4 General Microscopic Derivation

Sometimes, we are interested not only in the number of particles but also e.g. in the energy
transferred into the reservoir. Then, it is less clear how one would proceed with a virtual detector
approach. Alternatively, one could be interested in other observables of the reservoir, where at the
level of the Hamiltonian it is not immediately apparent how these reservoir observables are changed
by individual terms. Therefore, we also consider another microscopic way of deriving generalized
master equations here. At this point, we only assume that the observable of interest O commutes
with the reservoir Hamiltonian [O, Hg] = 0. The observable in the reservoir can already initially
take infinite values — after all, a reservoir can contain an infinite amount of particles. To say by
how much the observable has changed, we have to define a reference, which can be done with an
initial measurement.
We therefore employ the spectral decomposition of the observable

O=> 0.0 . (4.100)

The initial measurement projects the bath density matrix to

0 psle e B
PB—> PE — Pg 3

where P, = Tr{|{) (¢{| pp} denotes the probability for the outcome ¢ to be obtained in the first
measurement. Since we only measure a reservoir observable, this does not affect the system density
matrix. The initial value O, is now our reference point with respect to which we define the change.
Since we do not only want a generating function specific to a certain initial value, we perform a
weighted average over all outcomes to define the moment-generating function

M(x.1) = > T {XO-0U @)l @ U (1)} (4.102)
Y4

(4.101)
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where we see that the probability P, has cancelled due to the weighted average. We note that
this equation has been written down in the interaction picture, where due to our assumption
the reservoir observable did not pick up a time dependence. Clearly, computing derivatives with
respect to y pulls down powers of (O — Oy) in the usual way.

We now evaluate the moment-generating function as

Mix.t) = YT OONU (D) @ U |
¢
= Z TI» {6+IOA§U(t) —10[210 ® p(e 6—1042UT( ) _l,_lOA%}
= Z Tr {e*iO%U(t)e’iO%pg ® eTi(0-003% p(f)eﬂ(O 00)% —i0% SUT(1)e +1O§}

= ST O U@ 0 o e OTT BeOt )

- Tr{U+x (Zp ) } Tr{U+x()po®EBUi%(t)} (4.103)

Here, we have used that Oy is just a number (first line) and also that e( i(0-0n)x /2,0(@ (0-00x/2 — [)g)

by construction, cf. Eq. (4.101). Instead of the usual bath density matrix, we have now used its
averaged initial value after the projection pp = >, |¢) (¢| pg |¢) (¢|. Depending on measurement
and initial state, this may or may not have any effect on the statistics. Eventually, this defines a
generalized time evolution operator

Uyx(t) = e 03U (H)e 0% (4.104)

This obeys the same initial condition as the normal time evolution operator, and from U(t) =
—iH(t)U(t) we can conclude that

. iOX —iOX . X
Upx(t) = —ie"O3 Hy(1)e " O3U, x(1) = —iH; <§,t> Uyx(t). (4.105)
This defines a generalized interaction Hamiltonian

H; (§t> — ¢HO% [y (1)e" 0% ZA © HOF B (1)e—0F (4.106)
and with an analogous calculation, we obtain
U, =+iUt  H, (%Xt) . (4.107)

In Eqns. (2.78) and (2.79) this then simply implies
t
B . X X X
U+§(t) = 1- 1/7“1 <+§,t1) dty — /dtldt2HI (+§,t1) Hi (+§7t2) Oty —ta) + ...,

0
t

Ut = 1+ i/’HI (—g,u) dt, — /dtldtQHI (—g,m) Hy (—g,tg) O(ty — t1) + (4.108)

2
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Based on this evolution, we can now follow e.g. the coarse-graining derivation of a master equation
with using only minor modifications. Using the same assumptions as in Sec. 2.2.3 (vanishing of
first order, initially factorizing state) we get

t
LY = + / dtdtyTre {Hx (+5,12) b st (<511 }
0

_ /Ot dirdtsO(t, — t2)Trs {’HI (+§,t1> Hy (+§,t2> Pl ® 53}

— /t dt dty©(ty — t1)Trp {pOS ® ppH <_§’ tl) #H <_§7t1>}

0
t
= Z/ dtldtg [Czﬁ(th tg)Aﬂ(tg),O%Aa(tl) (4109)
af 0
—ng(th tg)@(tl - tg)Aa(tl)Aﬁ(t2>pg~ - ng(tl, tg)@(tg - tl)pOSAa(tl)Aﬂ(tg)] .

In the last line, we have used that e.g. Trp {e*iéXBa(t1)e‘iéxe+iOXBa(t2)e_ioxﬁB} = Cps(ty, ta).
Furthermore, we defined the generalized correlation function.

Def. 14 (Generalized Correlation Function). The generalized reservoir correlation function is

defined as

Coplty,ta) = Tr {e‘io%Ba(tl)eJ“ié%eJriO%Bg(tg)e_io%ﬁB} : (4.110)
If in addition [Hg, pg] = 0, this simplifies with T = t; — t3
CX,(r) = Tr {e_iOXBa(T)e“OXBﬂﬁB} (4.111)

This definition can be used to complete the coarse-graining master equation to the counting-
field dependent case

Def. 15 (Generalized CG Master Eq}lation). An interaction Hamiltonian of the form H; =
Y o Ao ® B, with reservoir observable O leads in the interaction picture to the generalized master
equation

. ‘ 1 T T
Ps = —1 E/dt1/dtQZCgB(tl,tg)sgn(tl—tg)Aa(tl)Ag(tQ),ps (4112)
0 0 of
1/ r CY(ty, ¢
+1 [ [ a3 [t Ant)psAnttn) - 2 (Al Aale). ps)]
0 0 of

As with the virtual detectors, we see that the counting-field dependence only affects the terms
with the density matrix in the middle.
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4.4.1 Example: SRL energy current

Let us consider the energy current entering the single resonant level (SRL). The Hamiltonian reads
(we implicitly use the mapping to tensor products)

H=edld+d®» hef+d @) hice+ Y eche. (4.113)
k k k

We define By =), hkcL and By = BI. If we are interested in the energy entering the reservoir,
the observable obviously commutes with the reservoir density matrix, when this is held at a Gibbs
state. Furthermore, since the bath density matrix is already diagonal in the measurement basis,
we have pp = pp. The generalized correlation functions then become

Cé(’]‘) = % F(w)f(w)e—iwx€+iw—rdw _ % F(_w)f(_w)e—i-iwxe—iwr :
C’%‘l(T) = % F(w)[l _ f(w>]e+iwxefiwr _ (4.114>

From this, we can read off the Fourier transforms of the correlation functions
Mew) = T(w)f(-w)et™ 5 (w) = T(+w)[l - f(+w)]e"™x. (4.115)

When we want to evaluate the rate equation, we get for the transition rates

Yabab = ) Vas(Ey — Ea) (al Ag [b) (a| AL D), (4.116)
af

which in our case become dependent on the counting field

’73(1,01 =751 (+€) = T(e)[1 — f<€>]€+iex ) ’Yico,m = a(—€) = F(E)f(f)e_iex ) (4.117)

and our generalized rate matrix becomes

L(x) =T(e) ( ﬂ;{)(giex Hi[_l { (?(]f;]iex ) : (4.118)

These are precisely the differences we would have guessed from a rate equation representation.
The sign convention here has been chosen such that currents count positively when they enter the
reservoir. Note however, that there exist examples where a microscopic derivation is required to
obtain a consistent treatment, see below.

4.4.2 Example: pure dephasing model

We revisit the pure dephasing model

H=Q0"+0"® (hkbk + h;bL) +3 wiblb (4.119)
k k
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and consider the total energy radiated into the reservoir, such that 0= Dok wkblbk. Again we have
pB = pp, and the additional benefit is now that we can get away with a single correlation function

CX(r) = Trp {e_iHBx Z <hkbk6_iw’“7 + hzb£6+iwk7> etHinx Z (hgby + h;b;) 'OB}

k q
_ Z |hk|2 [€+iwkxe—iwm[1 4 nB(Wk)] + €_ika€+iwanB(wk)}

= o [T [ I ()] + e g ()] d
= % dwe T [O(w)T(W)[1 + np(w)]e™™X + O(—w)T(—w)np(—w)e™X] (4.120)

With 02 = 1 we can again ignore the Lamb-shift contribution, and the coarse-graining master
equation (4.112) becomes

p = 27”_ dtl/ dtg/dw@ w)[1 + np(w)]e @) [eHXgZpo — p]

1 . .
+— dtl/ dt2/dw@(—w)F(—w)nB(—w)e_lw(tl_tz) [et“Xo%po* — p| . (4.121)
0

2nT

We can also write this as

p= - )0 po” —7-(0,7)pl + [y (x, 7)o" po” — 71 (0,7)p]
_ +iwxl 2 ﬂ
Y+ (X, T) /@ w)[l 4+ ng(w)le 5 sinc [ 5 ] dw ,
_ tiwx T2 [WT
v-(x,T) = /@ w)np(—w)e 5 sine [ 5 } dw . (4.122)

As before with the particle counting in Eq. (4.79), this Liouvillian is diagonal

poo = [1-(x,7) —7-(0,7) + 74+ (x; 7) = 7+(0,7)] poo ,

pur = [-(x.7) = 7-(0,7) + 14 (x, 7) = 7+ (0,7)] p11

por = —[-07)+7-(0,7) + 7+ (x, 7) +7+(0,7)] por ,

Poo = —[1-07)+7-(0,7) + 74+ (x; 7) +74(0,7)] p10o s (4.123)

and the cumulant-generating function becomes C(x, 7) = [y-(x,7) — 7-(0,7) + v+ (x, 7) — v+(0,7)] T
When setting the counting field to zero, we also recover Eq. (2.113). The mean energy for example
becomes

2 2

E(r) = /@(w)wF(w)[l + n]_c;(w)];——wsinc2 (%) dw +/@(—w)wF(—w)nB(— );——Wsmc2 (C‘;T> dw

00 2 2 o0 F
= / wF(w)T—sinC2 (ﬂ) dw = —/ Lw) sin? (£> dw . (4.124)
0 27 2 T Jo w 2

To obtain the exact solution for the radiated energy, we can use the same approach as in
Eq. (4.84), i.e., the exact Heisenberg picture dynamics. Then, the expectation value of the reservoir
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energy becomes

. h : : h; ;
<E>t = ZwkTr{<€+lwktbL + Tk (6+1Wkt _ 1) O_Z) (6—1wktbk + %k (e—lwkt _ 1) O_z) ,005®P%}
k

Wk Wi

|h|? 2 [ T(w) . 5wt
_ <E>0+§w—kk[2—2cos(wkt)]:<E>0—|—— /0 —sin (7> dw | (4.125)

™ w

and we see that the difference agrees exactly with our previously computed mean value for coarse-
graining, derived using energy counting fields

Exercise 39 (Energetic noise). Show that also for the second cumulant of the radiated energy the
results from the generalized coarse-graining master equation and the exact solution agree

((E?)) = %/OOO ['(w)[1 + 2np(w)] sin® (%) dw . (4.126)

4.5 Symmetries

4.5.1 Mathematical Motivation

The probability distribution P, (¢) is given by the inverse Fourier transform of the moment-
generating function

+m

+7
1 : 1 :
P,(t) = g//\/l(x,t)e_mxdx = %/ec(x’t)_mxdx. (4.127)

—Tr

Accordingly, a symmetry in the cumulant-generating function (or moment-generating function) of
the form

C(—x.1) = C(+x + iav, t) (4.128)

leads to a symmetry of the probabilities

+ —in +r i
P, (t) _ L[ eCOt—inx gy _ [ COOt=inX gy
P, (t) % _+7:r eCOGt)+Hnx f_t:f eC—xt)—inx y
[T eCOut—inx gy [T Clut=inxgy
— f_t:r eCOcHat)—inxdy fj:jlf (COGH)—inlx—ia] g
f_+7r 66(x,t)7inXdX
= e—na f:r: ec(x,t)—inXdX

where we have used in the last step that the counting field always enters as a function of e*iX,

This automatically implies that C(—7 + io,t) = C(+m + io,t) for all real numbers o, such that
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we can add two further integration paths from —7 to —m + i and from +m + i to +7 to the
integral in the denominator. The value of the cumulant-generating function along these paths
is the same, such that due to the different integral orientation there is no net change. Finally,
using analyticity of the integrand, we deform the integration contour in the denominator, leaving
two identical integrals in numerator and denominator. Note that the system may be very far
from thermodynamic equilibrium but still obey a symmetry of the form (4.128), which leads to a
fluctuation theorem of the form (4.129) being valid far from equilibrium.

As example, we consider the SET. The characteristic polynomial D(x) = |L£(x) — A1| of the
Liouvillian (4.25) and therefore also all eigenvalues obeys the symmetry

D(-x)=D (+X +iln [{1“_ fL{Zﬂ) =D (x +i[(Br — Br) e+ Brpr — Brpr]) - (4.130)

Exercise 40 (Eigenvalue Symmetry). (1 points)
Compute the characteristic polynomial of the Liouvillian (4.25) and confirm the symmetry (4.130).

which leads to the fluctuation theorem

im Pia(t) — M(Br=Br)e+BLpL—BrIR] (4.131)
t—o0 an(t>

We note that the exponent does not depend on the microscopic details of the model (I',) but
only on thermodynamic quantities. Indeed, we had computed the entropy production rate for this
model before

= [(Br — Br) €+ Brur — Brier] | (4.132)

such that in the exponent, we simply have the integrated entropy production.
We would obtain the same result for a DQD coupled to two terminals. For equal temperatures,
this becomes

: P+Tb(t) _ npVvV
Jim Ponll) e (4.133)

which directly demonstrates that the average current

I= % (n(t)) = % > nPy(t) = n[Pu(t) = Poo(t)] =D nPu(t) [1—e V] (4.134)

n=—oo

always follows the voltage. We can interpret the exponent in Eq. (4.131) in terms of the entropy
that has been produced: The quantity ne describes the energy that has traversed the SET for large
times, and consequently, the term in the exponent approximates the entropy production, which is
for large times simply proportional to the number of particles that have travelled from left to right

AS; = (Br — Br) ne + (Brpr — Brir) 1 (4.135)

Therefore, we can interpret the fluctuation theorem also as a stochastic manifestation of the second
law

(4.136)
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Here, trajectories with a negative entropy production AS; are not forbidden. They are just less
likely to occur than their positive-production counterparts, such that — on average — the second
law is always obeyed.

The SET has the property of tight coupling between enery and matter currents: Every
electron carries the same energy. For more general systems, where this property is not present,
one still obtains a fluctuation theorem for the entropy production. Then, the combined counting
statistics of energy and matter currents is necessary to obtain it. Furthermore, one will for an
n-terminal system need 2n counting fields to quantify the entropy production. In the long-term
limit, one can use conservation laws, such that the maximum number of counting fields is given
by 2n — 2, which can be further reduced when one has further symmetries (like tight-coupling).

4.5.2 Microscopic discussion for multiple counting fields

In general, we can decide to count matter and energy exchanges with all N junctions of our model.
Then, our Liouvillian depends on counting fields for both matter and energy at all these junctions
L — L(x, &), where x = (x1, ..., xn) denotes the matter and & = (&1, ...,&y) the energy counting
fields. Let us further assume that our model leads to an additive rate equation

Pa = Z Z ,y((lz)e-l-i(Na—Nb)Xu€+i(Ea—Eb)§z/Pb _ Z Z VISZ)Pa ' (4.137>

v b#a v b#a

Here, 7, denotes the rate from b to a and E, and N, denote the corresponding energies and
particle numbers. We have inserted the particle counting field y, and energy counting field &,
for exchanges with reservoir v adopting the convention that contributions entering the system are
counted positively. The rates obey the detailed balance property (2.60)

&)
W

— Prl(Bo—Ea)—p (Ny—Na)] (4.138)

Writing this in matrix notation
P=W(x.€)P. (4.139)

we note that the counting fields would only enter the off-diagonal entries due to our assumptions.
Then, we can show the following symmetry relation

WE(—x —iA,—€ —iB) = W(x,€), B= (B1,...,88)" , A= —(upr, .., unBy)" , (4.140)

where T denotes the transpose. In components, this means (we do assume a # b)

,YISZ)e‘i’i(*XV*iAu)(Nb*Na)e+i(*£u*iBu)(Eb*Ea) — ,YL(IZ)6+6u(Ea*Eb)€7ﬁuﬂu(Na*Nb) X
X e_i(_XV_iAV)(Na_Nb)e_i(_&-V_iBV)(Ea_Eb)
- 7£Z?abe+ix”(]va_Nb)e+i5”(E”_Eb) . (4.141)

In the first equality sign, we have inserted the local detailed balance relation specific to reservoir
v. Now, solving for the coefficients we see that this is fulfilled when A, = —u, 8, and B, = [,
proving our relation (4.140).
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This symmetry transfers to the long-term cumulant-generating function. The eigenvalues
Ao (X, &) of the rate matrix solve the characteristic polynomial at all x and &

(WX €) — Aa(x, )| = 0. (4.142)

Evaluating this at shifted values we see that
’W(_X - 1A7 _E - lB) - )\a(_x - 1A7 _€ - IB) ’ 1|
= ‘WT(_X - lAv _E - lB> - /\a(_x - 1A7 _5 - IB) ’ 1{
— W(.€) — Aal=X — 14, —€ — iB) - 1], (4.143)

where we have used that the eigenvalues do not change under transposition for an arbitrary
quadratic matrix. Therefore, the eigenvalues and in particular the long-term cumulant-generating
function inherit this symmetry

Before, we have learned for the example that a symmetry relation of the form C(—x — ia,t) =
C(+x,t) implies a fluctuation theorem of the form P, (t)/P_,(t) = e ™*. Now, applying this to
2N dimensions, we conclude

lim P+AN,+AE(t> _ —(AE-B+AN-A) _ -5, B[AB~pu AN, (4.145)

t—00 PfAN,fAE@)
In the exponent, we recognize the integrated entropy change of the reservoirs, which in the long-
term limit becomes the entropy production. Therefore, the interpretation of the above formula is
as follows: Each trajectory with an exchange of AN particles and an energy of AF is associated
with an entropy production of AS = =3 B, [AE, — 1, AN,]. Then, the fluctuation theorem
corresponds to a stochastic formulation of the second law

Def. 16 (Crooks fluctuation theorem). A stochastic formulation of the second law is given by
Crooks fluctuation theorem

Deas _ vais (4.146)

M
P_ps

where AS is the total entropy production.

The Crooks relation [11] is more quantitative than the average statement of the second law
discussed before.

4.5.3 Symmetries in the coarse-graining master equation

Assume that we are given a generalized coarse-graining master equation as in Def. 15.

. ' 1 T T
ps = i | / dt, / dtQZC’gB(tl,tQ)sgn(tl—tQ)Aa(tl)Ag(Q), ps (4.147)

/ 2 / dtQZ{ (1.12) Anlt2)os Aalt) — ) (Ao (1) Ag(0), ps)
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We further assume that the reservoir density matrix commutes with the bath Hamiltonian and
that the tracked observable is the energy of the reservoir O=H B, such that £ denotes an energy
counting field of the reservoir. This does imply that pp = pp, and the generalized correlation
function can be written as the conventional correlation function

Ciﬂ(t17t2> == Ca/g(tl - tg - 5) . (4148)

We can evaluate this equation in the basis where the time-dependent density matrix is diagonal
p = >_; P;|j)(jl. This basis will for finite 7 in general not coincide with the system energy
eigenbasis. Then, the transition rate from j to ¢ at coarse-graining time 7 is only given by the
jump term

I | . |
Rz'Tj(f) = ;/dh /dtg ZCaﬁ(tl —ty — &) (i| Ap(t2) |7) (j] Aalti) |7)
0 0 of
= [ oS vuatwre= [ [ e 0 i A 1) (] Aalt) 1)
af 0 0
— / R e dw . (4.149)
The rate R]; |, describes at coarse-graining time 7 the processes fro a system transition from j — ¢

that go along with a reservoir energy change +w.

To allow for the description of particle exchange processes, we can generalize this by a particle
counting field for the reservoir

(X 5) / 7, +we+i(Nj_Ni)X€+iw§dw . (4150)

Here, we have assumed that the total particle number is conserved, such that a process 7 — 1
in the system must imply the opposite particle change N; — N; in the reservoir. This is not a
severe restriction, as |7) still does not need to coincide with the energy eigenbasis of the system.
Conservation of the total particle number [H;, Ng+ Ng| = 0 implies that the eigenstates of system
and reservoir can be grouped in blocks with a defined particle number. For reservoirs with a
chemical potential and interactions supporting conservation of the total particle number, we had
found before that the KMS relation generalizes, see Eq. (2.59)

ZA Cos(T ZeW“NSA e PN Co (=1 — if) . (4.151)

Simply Fourier-transforming this equation yields

ZAOXYM Ze*ﬁ“NSA e PNs o (—w)e ™ (4.152)
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From this, we can conclude

P 2o Vap(w %f dtlf dtze™ 171 (i] Ag(t2) |7) (1] Aal(ty) [2)
17, Fw .
Rz—w B . .
a 20 Yap(—w %f dtlf dizetti=t2) (j| Ag(ts) [i) (i| Aal(tr) |7)
Yoas Yas(w) [ dty [ dtse™ 71 (i] Ap(ts) |) (] Aa(tr) |i)
0 0

o Voa(—w) f dty f dtye=ti=t2) (j| A (1) |i) (i| Ap(t) |7)

>ap Yap(w) [ dty [ dtze™ 1) (i] Ag(ts) |j) (5] Aa(ts) |i)
_ 0 0
€Y s Vap(w f dty f dtge= i =12) (j] et PuNs Ag (tr)e=P1Ns [i) (i] Ag(t2) |])
— o tBl—p(N;=Ni)] (4.153)
We stress again that N; — N; = —(N; — N;) is the reservoir particle change when the system

undergoes the transition j — ¢. This is similar to our detailed balance relation used before. We
can therefore conclude the symmetry relation

RE(—x —iBu, =€ +iB) = RL(x,€), (4.154)

which implies the fluctuation theorem (now for multiple counting fields and multiple reservoirs,
assuming an additive decomposition of all rates such that the symmetries prevail)

lim P+AN,+AE _ €+ > Bu(AE,—pu ANY) ' (4155>
9o P AN_AE

Comparing this to Eq. (4.145), we see that there is a different sign in the exponent. This comes
from our different way of counting. Making the fluctuation theorem explicit e.g. for two terminals

. PLAN, 4AE, +ANg +AE
lim —alNetabp, #aNr +AER  _ Br(AEL—pL ANL)+BR(AER—1HRANR) (4.156)
t=oo P_AN, “AE, —~ANp,—AEg

we can consider the limit where AN, ~ —AN =~ +ANgi and AE; ~ —AFE ~ +AFER to conclude

for these trajectories (counting positive when transfers from left to right occur)

Praniap _y oBrR=BL)AE+(BLur—Brur) AN

, 4157
P_AN-AE ( )

which agrees with our previous results.



Chapter 5

Periodically driven systems

In the previous chapters, we have treated mainly undriven systems, and if driving was considered,
we assumed it to be so slow that the previous approximations would go through. This resulted
in trivial time-dependencies: In the Liouvillian, simply the time-dependent Hamiltonian had to
be used. In general, time-dependent systems are notoriously difficult to solve already for closed
quantum systems. There are only the treatable cases of an adiabatic evolution (this one also
includes Hamiltonians obeying [H (¢1), H(t2)] = 0) and the case of periodic driving, where H (¢ +
T) = H(t) with period T'. Here, we will investigate how the master eqution for a periodically driven
system Hamiltonian should be derived. Thereby, we will allow for driven system Hamiltonians and
driven interactions, but will leave the reservoir time-independent. The latter constraint comes
from the fact that we would like to keep the reservoirs at equilibrium states throughout, which
would be incompatible with fast driving.

5.1 Floquet treatment of closed systems

For a closed system ‘\IJ> = —iH(t) |¥) with periodic H(t) = H(t + T) we can write the time
evolution operator U = —iH(t)U(t) from initial time #; to final time t always as a product of
operators

U(t, tl) _ e—iKtO (t)e—thO-(t—tl)e-‘riKtO (t1) ’ (51)

where the kick operator K (7)) inherits the periodicity of the Hamiltonian and vanishes at
Ky, (to + nT) = 0 for integer n. Note that the kick operator is a function of time, we will try to
mark products with a dot. This implies that the stroboscopic evolution between full periods is
just given by the Floquet Hamiltonian U(ty + nT,t;) = e """ We note that both Floquet
Hamiltonian and kick operator depend on the initial time t, which should therefore be specified.
Furthermore, they are both not uniquely defined, adding integer multiples of 271 does not change
the dynamics. Here, we will be interested in ¢y, = 0 and also take the initial time to be the same
t; = 0. With this choice (and by dropping the indices we conventionally refer to this choice), we
have

U(t,0) = U(t) = Ukac(t)e 1, (5.2)

where we have that the kick operator is unitary, periodic Uye(t) = Uyier(t + T'), and vanishes at
multiples of the period Uy (nT) = 1. In what follows, we will only need the properties of the

95
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decomposition above, for a more general discussion see Ref. [12]. To illustrate these concepts, we
will consider simple examples below.

5.1.1 (General properties

From the periodicity of the kick operator we can conclude that the transformation into the Heisen-
berg picture (which for an open system becomes the interaction picture) can be written in a special
form

+o0

Ut AU(t) = e UL (1) Algac(t)e = > et A, emfte it (5.3)

n=—oo

where we have used that U]l (t)AUgec(t) has the periodicity of the original driving and can
therefore be expanded in a Fourier series

~ Q +T/2 -|- B 27T

Ul () AUga(t)e ™ Mdt, T Q- (5.4)

"oow —-T/2

Inserting the eigenbasis of the Floquet Hamiltonian H |a) = E, |a), we can further write

Ul AU(t) = Y ) AsbelFamFatn)t (5.5)

ab

The energy differences E, — FE, are also called Bohr frequencies of the Floquet Hamiltonian, and
the operators in the sum are given by

A = la) (al Ay [b) (] - (5.6)

5.1.2 Train of d-kicks

Here, we consider a simple time-dependence of the form

2n+1

o
H(t)=Hy+ VY 6t T), (5.7)
n=0
with some constant Hamiltonian H, and a periodically acting perturbation V', which is ultrastrong
and ultrashort acting at 7'/2,37/2,5T/2,.... We have chosen the kick to act in the middle of the
observation interval in order to avoid ambiguities. To get the time evolution during a d-kick, we
can integrate

X T/2+e T/24e 1/ '
Us = lim T exp —i/ H(t)dt' p = limexp —i/ —dt' =V (5.8)
e—0 T/2—€ e=0 T/2—¢ 2e

Here, we have approximated d(z) = lim.,0 O(z+¢€)O(e —x)/(2¢), and for small enough e the influ-
ence of Hy can be safely neglected. The time-dependence can therefore be modelled as piecewise-
constant, we can construct the time evolution operator from

e~ 1Hot o 0<t<T)/2
e Ho(t=T/2) g=iV g—iHoT/2 . T/2<t<3T)/2
U(t,0) = o~iHo(t-3T/2) iV p—iHoT ,~iV ,—~iHoT/2 . 37/2 <t <5T/2 - (5.9)
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This form arises since during the kick operation we can completely neglect the influence of Hy,
and the J-function can be approximated by a very fast time-dependent turning on and off of
V — Vg(t), which does of course commute with itself. We can therefore conclude for the Floquet
Hamiltonian for the initial time ¢y = 0

U(T) — o 1HOT/2,—iV —iHoT/2 — efiHT. (5.10)

From this form we already see that H is some sort of average Hamiltonian that has to act for the
full period to obtain the same result as the time-dependent one. Note that the terminus average
should not be used literally as in general H # 7 fOT H(t)dt. However, when [V, Hy] = 0 we do
indeed see that the average Hamiltonian can be computed by the conventional average.

From comparing the time evolution at arbitrary time (note that At < 7'/2 though)

UnT + At) = e~ ioAt [efiHoT/QefivefiHoT/Z}” _ p—iHoAt +iHAL ,—iH (nT+At) (5.11)
we conclude that the kick operator is for 0 < At < 7'/2 defined by
Ukick(nT + At) = Ukick(At) = eiiHoAteJriHAt . (512)

From this expression we can already see that Uy (0) = 1. Similarly, we can look at the evolution
during the second half of the period

UnT+T/2+At) = e 1HOAL =iV —iHoT/2 ,~iHnT

—iHoAt ,—iV —iHoT/Qe—i-iH(T/Q—i-At)e—iH(nT+T/2+At) : (5‘13>

= € (&

which defines the kick operator during the second half
Ukick(+T/2 + At) _ e—iHoAte—iVe—iHoT/2e+iH(T/2+At) . (5'14)

This expression tells us that Uya (T) = 1 as well.
To make the example more explicit, we consider in the following

w

HO — EO_Z , V — )\O—x . (5.15)
This implies that
e*iaHo _ COS(%):[ N iSiH(%)U'Z : e—iV — COS()\)l — isin()\)a‘” X (516)

The exponential of the Floquet Hamiltonian is then given by
e AT — o HOT/2 =1V (=iHOT/2 — (o5 \) cos(wT/2)1 — icos(A) sin(wT'/2)0” —isin(A)o®. (5.17)

To obtain the Floquet Hamiltonian, we have to take the logarithm of that matrix, which demon-
strates the difficulties. Even more specific, when w71 = 7, some terms cancel and we obtain for
the Floquet Hamiltonian

_ w w

Hor—r = 5 cos(A)o® + 5 sin(A)o® . (5.18)
It is interesting to see that by the application of a diagonal Hamiltonian and a d-kick we obtain an
effective evolution that is rotated. The kick operator would then be calculated in a similar fashion.

To sum up, we can for this example calculate the Floquet operators because we can write down

the full time evolution operator. Already for simple systems, finding the Floquet Hamiltonian and
kick operator is quite involved.
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5.1.3 Driven two-level system

Another popular example that is simple to treat is the driven two-level system

H(t) = ga"’ + Pote ¥ 4 proetit (5.19)
We can use the rotation
V(t) = e7i¥207 (5.20)
on the complete Hamiltonian to move into a time-independent frame.
Then, we get
Vi) V(L) = o*, Vi) otV (t) = o (5.21)

Therefore, applying this to the Schrodinger equation |V) = V(¢) ‘\I/> transforms it into a time-

independent frame
9] ~ =z ~
~ig oV (1) ‘\1/> V@) ‘\1/> — iHV() ‘\p> , (5.22)
which we can rewrite as

‘(1?> - [—ivf(t)HV(t) + i%ﬁ]

\If> = i K“;Q) aZ+Pa++P*a—] ‘\I/> . (5.23)

In this frame, the Hamiltonian is time-independent, and by exponentiating it we obtain the corre-
sponding time evolution operator. Inserting the original transformation, therefore time evolution
operator in the original frame is given by

U(t) = e_igazteii[(%)02+P0++P*0_]t . (524)
Correspondingly, the Floquet Hamiltonian can be obtained by looking at times t =T = %’r Then,
we get

ur) = eXP{—iWZ}eXp{—in;Q> UZ+PU++P*U} %T}
= —eXp{—iK—w;Q> JZ+P0++P*J_} %ﬁ}

-0 2
= exp{—i {(%) o+ Po™ +P*a_} ﬁﬂ +i7r1}

) w— ; " .~ Q|27
= exp{—lKT)o + Pot + P*o —51} ﬁ} (5.25)

From this, we can directly read off the Floquet Hamiltonian
_ —Q Q
H: <WT> UZ+PU++P*O'7—§1. (526)

Clearly, this is not the conventional average Hamiltonian (which would not have terms proportional
to P and P*). To find the kick operator, we proceed with this result

U(t) — V(t)e—l%le—lgt — e—iQt/2(0z+1)€—th , (527)
which leaves us with
. . —iQt
Ui (1) = e 1%/20*+1) — ( € 0 (1) ) , (5.28)

from which we can clearly see the periodicity.
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5.1.4 Driven cavity

Let us consider the example before with bosonic operators

H(t) = wa'a + Pe™q + Pre™ql (5.29)
As before, we can find a unitary transformation that moves into a frame |U) = ¢1%a'at ﬁ/> =
V(t) ‘\if>, where the Hamiltonian becomes time-independent
‘\i> = iVIO[H(E) - Qala]V (t) ‘xp> = —i[(w — Q)ala + Pa+ P*a] ‘\p> . (5.30)
We can therefore write the full time evolution operator in the original frame as
U(i) _ efiQaTatefi[(wa)aTa+Pa+P*aT]t . (531>
Therefore,
U(QW/Q) _ e—i27raTae—i[(w—Q)aTa—i-Pa-l—P*aT]T _ e—i[(w—Q)aTa—i-Pa—&-P*aT}T _ e—if_IT’ (532)

where we have used that e=27'® = 1. This can be seen e.g. by evaluating the operator in the

Fock space basis. Then, we can read off the Floquet Hamiltonian

H=(w—Qa'a+ Pa+ Pa (5.33)
and the kick operator

Uik (t) = eaTat (5.34)

5.1.5 Application: Generalized RWAs

The RWA neglects rapidly oscillating terms in a suitable regime. Let as assume we are given a
driven system of the form

H(t) = Hy + H; cos(§2t), (5.35)

where Hy denotes the undriven (static) part of the Hamiltonian and H; is periodically modulated.
The naive RWA approximation would simply average over one period T' = 27 /), which would
yield

H(t) O ;;F / " H = H,. (5.36)

This is the brute-force RWA approximation that we have used e.g. in the derivation of the quantum-
optical master equation, where it was called secular approximation. However, if the driving fre-
quency is finite, we can improve on this estimate by transforming into an interaction picture with
respect to Hy. In this picture, the relevant Hamiltonian becomes

g(t) — 6+i fot COS(Qt’)dt’Hl Hoe—ifot COS(Qt/)dt’Hl — e—l-i Sin(Qt)/QHl Hoe—i Sin(Qt)/QHl (537)
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where we have used that the driven part of the Hamiltonian commutes with itself at different times,
such that the time ordering need not be applied. The Hamiltonian is thus still time-dependent,
but by performing the RWA approximation in this frame

A(t) - /0 " A, (5.38)

we would get a time-independent approximation. Then, the total time evolution operator could
be approximated as

U(t) ~ exp {—ismgzt) HI} exp {—i {% /O ' ﬂ(t’)dt’} t} , (5.39)

and the quality of this truncation depends on the microscopic details. From the periodicity of the
first term, we can identify this as the first approximation to the kick operator

Ukick(t) ~ exXp {—iSHl;)Qt) Hl} R (540)

and consequently, we have found an approximation to the Floquet Hamiltonian

i~ %/OT F(t)dt (5.41)

as a conventional average over the Hamiltonian in the interaction picture (but not the original
picture).
We can exemplify this for a simple two-level system

H(t) = ggz + A\o® cos(Q) . (5.42)

Since this has a small Hilbert space, we can solve it numerically exact. But for now, we calculate
the Hamiltonian in the transformed frame

H(t) = etisn@0/QH [ o+isin@)/QH
sin (€2t . sin ({2t - sin ({2t . sin (€2t "
= |:COS (A#) +isin (A%) o ] H [COS (/\ 52 )> — isin ()\ S() )) o }
- 22 sin(9) ) “o* + sin (22 sin(@r) ) Lo (5.43)
= cos | 2@ sin 50 tsin | 2@ sin 50" .

The zero-frequency component of this Hamiltonian becomes

1 [T A\ w

where Jy(z) denotes the Bessel function of the first kind, defined by the differential equation
2T(2) + 2T(2) + (22 — n?)Tn(2) = 0. Our improved version of the time evolution operator
would therefore read

U(t) ~ exp {—mm(m)%ax} exp {—ijo (2%) go—%} . (5.45)
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To compute the full numerical solution technically, we use the Heisenberg picture, where

d

7 (o) =T {U' (1) [iH (), 0| U(t)po} - (5.46)

to obtain a closed set of differential equations for the operator expectation values

d

o (0) = —w(o"),

d Yy o z x

- (0¥) = —2Xcos() (¢°) + w (") ,

C o) = +2hcos(0) 0¥) (5.47)

This set can be solved numerically and thereby yields the true solution of the dynamics in terms
of all relevant expectation values. For most real-world problems we will not be able to calculate
such an exact benchmark solution.

We can compare the effects of performing the RWA in the original frame and in the frame defined
by the driving with the exact solution, see Fig. 5.1. We see that the naive RWA approximation

Alﬂﬂﬁnnnnnﬁﬁwnnw
3 A I {]\
éog%UMUUUUUMMuUUU

I Eame

— RWA in rotating frame

| | | | | | | | |
0 1 2 3 4 5

dimensionless time M t

Figure 5.1: Expectation value for 0% versus time for the exact solution (black), the RWA approxi-
mation in the original frame (red), and the RWA approximation in the comoving frame (green).

leaves the (o) constant. In contrast, by applying the RWA approximation in the comoving frame,
the dynamics of the exact solution is reproduced much better. However, we also see that it is
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still far from perfect. Therefore, we could gain further improvements by switching to yet another
comoving frame, applying the same methodology as before in the original Schrodinger frame. This
would require to include at least the first non-vanishing Fourier components

- . . . 1 (T . o . 1 (T . .y .
Hileflflt + H+1€+19t — _/ H<t/)e+1ﬂt dt/eflﬂt 4+ = / H(t/)eilﬂt dt/€+1Qt
T 0 T 0
2\ .
=N v sin(Qt)o¥ (5.48)

in the next transformation.

5.2 Floquet treatment of open systems

Now we imagine our driven system coupled to a bath, where we allow also for driven interactions
H(t) = Hg(t) + H;(t) + Hp in general, but let us first review the standard case.

5.2.1 Standard Floquet treatment

In the standard treatment, we only consider a periodically driven system
H(t) = Hs(t) + Hr + Hp, Hg(t+T) = Hs(t). (5.49)

Essentially, the derivation of the master equation follows conceptionally the same steps as in
Sec. 2.2.1, see e.g. Ref. [13] The only difference is that for a driven system, the transformation
into the interaction picture is much more involved

AL(t) = [T@—if(f HS(t/)dt/TAa [Te_ifot HS(t’)dt’]

_ Z Z A ti(Ba=Eptn@)t _ Z Z A etilwtnt (5.50)

n ab

where the w are the Bohr frequencies of the Floquet Hamiltonian, which we have only introduced
to shorten the notation. Here, we have implicitly used the Floquet decomposition by applying
Eq. (5.5). We see that the transition frequencies of the system are no longer relevant, but rather
the transition frequencies of the Floquet Hamiltonian, supplemented by integer multiples of the
driving. Floquet theory essentially just tells us that such a decomposition does exist, but it does
not provide help to obtain this decomposition. In this section, we will assume that we have found
the operators A2*. We can perform the Born and Markov approximations as usual and can
therefore directly start with Eq. (2.30)

o

ps = — / Tep {[Ha(t), [Ha(t — 7). ps(t) © ps]]} dr (5.51)

0
o /Ooo S T { [Ae B 1), [ A5 M Bt 1), (1) 3 7]

af nn' ww!

The standard way to perform the secular approximation is now to assume in addition that the
driving is fast, keeping in the equation above only the terms where the resonance conditions
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w' = —w and n’ = —n are fulfilled separately. This yields

ps = = [ 330> T ([ Bal), [  By(t 1), ps(t) @ ]} dr
0 ‘o8 n @

= SN [ e A A s (0)Cas )
af  n w
— AT pg(t) A" Opa(—T) — Ag™ ps(t) AT Cop(+7)
+ps () A" AT C(—7)|

= + 253 SN[ A AT ps (D s (4w + )

n w

AL () 45" T — 1) £ A5 pa(D AL T (40 4 1)
—ps () A" AL~ — nQ)} , (5.52)

where we have introduced as in standard discussions our half-sided Fourier transforms and used that
Cop(—7) = C}5(+7) for hermitian coupling operators. Expressing them as before in hermitian and
anti-hermitian parts via I'yg(w) = 1/279,p(w) + 1/204.5(w), we eventually get the Floquet master
equation.

Def. 17 (Floquet master equation). For a decomposition of the (hermitian) system coupling op-
erators Ag(t) = >, 3 AnwetitnOt the Floguet master equation becomes

1 —n,—w
ps = —i E E E Eaaﬁ(w-l-nQ)A;‘”’*“Aﬁ’ ,pS]
af n  w
= iy=t n,+w 1 n,4w A—Nn,—w
TS vl 49 [ 4" gl = LA ] (559)
af n  w

Here, w are the Bohr frequencies of the Floquet Hamiltonian.

We see that we can not in general expect the system to thermalize, not even in the Floquet
Hamiltonian basis, since the KMS relations encoded in the correlation functions involve transitions
with an additional shifts n{2 [14]. In order to derive this master equation, we had — on top of the
usual Born, Markov, and secular approximation — a fast driving assumption {2 — oo (to motivate
the separate cancellation of phase factors). Finally, when the coupling operators are hermitian, we
can relate AV = (A;"’_W)T. For such a system, it is less obvious how one should define the energy
counting. Indeed, there is ample evidence that microscopically-derived counting fields need to be
used to obtain a consistent thermodynamic description [15].

5.2.2 Coarse-graining treatment

To avoid the aforementioned fast-driving assumption, we recall the coarse-graining method from
Def. 15, using that [Hp, pg] = 0 and that we count the energy of the reservoir with the counting
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field &
S N P S0, (1 — ta)sen(ts — £2) Aa(t) Ap(ts) (5.54)
pPs = 1217‘ 1 2 ap\ll — 12)5gN(l1 — 12) Aall1)Ag(l2), Ps .
0 0 af
1 f f 0 Cgﬂ(tl_tQ)
+— [ dh dty» Oaﬁ(tl_t2_§)A,8(t2)pSAa(tl)_T{Aa(tl)Aﬁ(tZ)apS}
0 0 af

Here, we did not use any assumption on the system coupling operators, i.e., the whole scheme is
applicable also when we drive our system or our system coupling operators (i.e., the interaction
Hamiltonian) periodically. Indeed, for a static system Hamiltonian with a periodically driven
coupling to the system

HS+ZA W)+ Hp, At +T) = Au(t), (5.55)

we could also switch to the interaction picture, where the system coupling operators would assume

the familiar form
— Z Z AZ,LD€+i((D+nQ)t . (556)

Then however, the @ would be the transition frequencies of Hg. We therefore simply start from
the above general decomposition, leaving at present open whether we drive system or interaction
Hamiltonian. We can insert the inverse Fourier transforms

1 , 1 .
€N = 5 [l o, Clyrsan(r) = o [ oty ay (657
to perform the temporal integrals. As before, we hereby employ
o / / ettt et s iy = T sine (0 — w) T | sine [(8 - )] (559)

which eventually yields

— —l/dWZO'aﬁ 4WIZZQ+1 (O+nQ—&'—n' )7'/2

nn’ ww

xsine [(JJ +nQ — w)g} sinc [(w +n'Q—w)= ] [AJF” +“’A_" e ,ps}

/de’yaﬁ Py ZZ@“ (@A =" V72650 [(w+nQ w)Q] sinc [(w +n/Q — w)2]
m

X |:e+iw£Aﬁn/’&lpSA;rn’+d) _ 5 {Ain7+&ABn/’&/,ps}‘| . (559)

For fixed 7, we can consider the asymptotics of this master equation. When the driving is very fast
2 — oo, we will only keep the terms where n’ = n, and subsequently taking 7 — oo reproduces
the Floquet master equation (5.53). In contrast, when the driving is very slow Q — 0, we can
neglect the 2-dependence in the sinc- and exponential functions and absorb the dependence via
A2 =3 A" which would reproduce our previous coarse-graining master equation, but now
with @ denoting the transition frequencies of the Floquet Hamiltonian. However, for slow driving
2 — 0, the Floquet Hamiltonian falls back to the original system Hamiltonian, such that we
reproduce the known dynamics of an open two-level system. The general dynamics for finite €2 is

hard to estimate, we will therefore discuss only specific cases here.
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5.2.3 Commuting driving

We consider the case where the driving commutes with the interaction

H(t) = gaz + PoTe ¥ 4 prom et
+ (PO‘+6_iQt + P*O_—e+iQt) ® Z(hkbk + thL) + Z wkbzbk . (560)
k k

Here, both the system part and the interaction are driven, but in a completely synchronous way,
such the system part of the driving and the interaction part commute at the same times. In
addition, it has the advantage that we can compute the Floquet Hamiltonian exactly without
approximation. The time evolution operator for the system was found to be (5.24)

U(t) — efi%ozte—l[(%)oz—i—Pa*—&-P*a*]t (561)

Y

such that it is not difficult to transform the system coupling operator into the interaction picture
Aty = U'(t) (Pote ™+ P'o ™) U(1)
(5o pet st oty pro-) o l(S5)e P epa s

= M (Pot 4 Prom) e I (5.62)

From this expression we see that the time-dependence of the coupling operator in the interaction
picture is trivially given only by the transition frequencies of the Floquet Hamiltonian, such that in
our general expansion (5.5) only the n = O-term survives. For such a case, we can follow the usual
derivation of the master equation, with the coupling operator in the Schrodinger picture replaced
by A — (Po™ + P*0~) and the system Hamiltonian replaced by the Floquet Hamiltonian (5.26)

, —Q Q
7= (“’ 5 >0Z +Pot +Plo — 1. (5.63)

These will then assume the form of a simple rate equation in the energy eigenbasis of the Floquet
Hamiltonian H |a) = F, |a) instead of the system Hamiltonian

paa = Z Yab,abPbb — Z Yba,baPaa (564)
b b

with the transition rate
Yavas = V(Ey — E,)| (@l (Po* + P*o™) [B)]”. (5.65)

Since the reservoir correlation function for this model v(w) = I'(w)[1 + np(w)] obeys the KMS
relations, the steady state of this master equation will be a Gibbs state in the Floquet basis. This
result can be shown to hold [14] when first, the Hamiltonian of the system is bounded and second,
the driving Hamiltonian commutes with itself at different times, and third, the driving commutes
with the interaction. Although our example does not support the second condition, it also yields
thermalization in the Floquet eigenbasis. Below we will see that this case is very specific.
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5.2.4 Example: Open driven Two-Level system

We revisit our example of a driven two-level system, which is now coupled to a reservoir of bosonic
oscillators

H(t) = %az + Pote @ 4 Promem 0" " (hyby + hibl) + ) wiblby . (5.66)
k k

We have already derived the time-evolution operator for the system in Eq. (5.24), which yields

ao(t) = U'(t)e"U(t)
— Hl(#3
[

)UZ+PU++P*U’]t

) 4+ Pot+P*o ]t +ilo to-ze_lzozte [( 7

%ot Pt Pt [cos(Q2t)o” + sin(2t) o] e (2
)Uz—&-PU*—i—P*U’]t [ +1Qto_+ +€—1Qto_ } e 1[(“’ Q)O’ +Pot+P*o ]

| m

(
_ €+1 (“’ Q)O"Z+PO’++P*O’7]t

— i3

_ tiflt [6+1Qto_+ _i_e—iQtO_—} o it (5.67)

Here, the phase factors resulting from the shift of the Floquet Hamiltonian in Eq. (5.26) and kick
operator would cancel in any case, and we also see already that only the n = 41 terms contribute.
The transition energies of the Floquet Hamiltonian become

o€ {O,:l:\/(w _Qp 4 4|P|2} {0, w7} | (5.68)

and we again note that both Bohr frequencies and eigenvectors are invariant with respect to
trivial shifts of the Hamiltonian. We can now proceed by representing the coupling operators in
eigenstates of the Floquet Hamiltonian H |a) = E, |a), which we do directly in Eq. (5.54)

T T

. 1
ps = ™ 217/dt1/dt200<t1_tQ)Sgn(tl—tQ)”m(tl)U“’(tz),ps (5.69)
0 0
L COt, —t
+;/dtl/dt2 |:Co(t1 _t2 —§)O'w(t2)psa$(t1) — —( 12 2) {o-w(tl)o.:c(tQ)’pS}
0
= /dwa /dtl/dtge w(t1—t2) +i(Ea—Eb)t1€+i(Eb—Ec)t2 %
71'17'

abc

><( +iQty ab+€—1ﬂt1 ab)(eﬂﬂtzagrc_i_e 1Qt20bc> Ha> <c| PS]

/dw,y +1w§ /dtl/dt e 1w(t1 tz Ze+lE Eb to +1(E Ed)tl

abed

X( +1Qt20_(;2+6 1Qt20_ab)(e+lﬂt1 —l;l+€ th10. )| ><b| ps| ><d|

T

/dW’y /dtlfd —iw(t1—t2) Ze-i-l (Ea—Ep)t1 +1(Eb Ec)ta %
0

abc

x (e Mgt 4+ e_‘mlaab)(eﬂﬂmai +e 2y La) {c|, ps} (5.70)
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Here, we recall again that
L T dtl /T dtZe_i(w—ozl)ne+i(w—a2)t2 _ le—i-i(al—ag)r/QsinC [(w . al)Z] sine [(w . O@)Z}
2T Jo 0 2m 2 2
T Gy and(w — ) . (5.71)

For finite coarse-graining times 7, we simply have to keep all terms, but for large 7 we only need
to keep those satisfying the resonance conditions

ps = —i [ duolw)y Yl (el ps]

abc

X [5EafEb+Q,chErﬂ5(w — B, + By — Q)o 0y

+0p,—B+0.B.—B,+00 (W — E, + Ep, — Q) :fbab_c
+05,—EBy—0,B—E-00 (W — Eqy + By + Q)o, 0,

+(5Ea,Eb,Q,EC,Eb+Q(5<w —E,.+ FEy+ Q)O';bO'Z;:

/dwv TN " a) (Bl ps ) (d]

abed
|:5EC Ed+Q Eb Ea Q(S(w —I— E Eb + Q) abUCd

0B, B+ Q.B—E.+00 (W + By — By — Q) Jbgfd
+0B,—By—,By—Ea—00 (W + Eq — By + Q)00

+05.~Fy-0,5,-Fa+00 (W + By — Ep — Q)U;bac_d]

=5 [ @)Y (1) (el ps)

abc
X [5EafEb+Q,chErﬂ5(w — Eo + By — Q)o 0y,
+0p,—B+0.B.—B,+00 (W — E, + E, — ) C—E)Ob_c
08, By -0.E—By-00(w — Eo + By + Q)0 4,04,
+5Ea_Eb_Q’EC_Eb+Q(5(w —E,+ By + Q)O-;bo-l;: , (572)

which can be further simplified. Let us look at the interesting case of fast driving 2 > w*. We
furthermore use that the spectrum of the Floquet Hamiltonian is non-degenerate, e.g. dg, g, = dac
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to obtain
. . 1
ps = —i [ duolw)y Y ll) (el ps) x
abe
X [+ 6acd(w — By + Ey — Q)ot oy, 4 8acd(w — E, + Ep + Q) ab%]

+ [ dor(@)et Y Ja) bl pse) (d]

abed

x [+ 0B.~FaBy-F0(W + Bo — By — Q)00 + 05,5, —B, (W + Ea — By + Q) abacd]
1
—5 dwy(w %{] (c|, ps} x
x|+ 0acd(w = Eo + By = Q)50 + 8ucd(w — Ba + By + Qo] (5.73)

Evaluating this in the eigenbasis of the Floquet Hamiltonian, we get with p; = (i| ps|i) a simple

rate equation of the form
pi = Z Rij(§)p; — Z R;i(0)pi (5.74)
J J

where the rates are given by
R;;j(§) = O'Z-;U;;")/(Ej —E;, + Q)e+i£(Ej_Ei+Q) + azgaj_i’y(Ej - F, - Q)e+i§(Ej_Ei_Q) . (5.75)

Note that these are actual rates, as 050 ﬁ = [(i| ¥ |)|° > 0 and for this coupling we had previously
computed y(w) = T'(w)[1 + nB( )] with spectral coupling density I'(—w) = —I'(+w) and Bose
distribution np(w) = [e’ —1]71. This rate equation can now be treated with our usual formalism.
We observe however a few non-standard things.

First, we see that to evaluate the energy current, we need to consider the energy differences of
the Floquet Hamiltonian instead those of the original one and furthermore, they become shifted by
multiples of the driving frequency (here just £). In particular, the diagonal entries of this rate
equation may carry counting fields. Therefore, in short, a microscopic treatment of the counting
field derivation is absolutely necessary.

Second, we see that the usual detailed balance relations do not even hold in the Floquet basis
Rij<0) E;,—E;
UL A PEIED (5.76)
R;i(0)
Consequently, the steady state is not a Gibbs state in the Floquet basis, which can be related to
the fact that the Hamiltonians of the driving Pote ! + h.c. and the coupling to the bath o ® B
do not commute [14].
Third, we see that the generalized relations we demonstrated generally for the coarse-graining
method do hold also in this specific case
Ri(—€+i8) = o5057(E; — By + Q)eHCSHIEEAD) | ot omn([ | - ) H-6HA(E-E;-9)
— O-UO-JZ/Y(E E + Q) B(E;—Ei+Q) +1( E+iB)(Ei—E;—9Q)
+Uz‘j0jﬂ(Ej — E; — Qe —B(Ej—Ei—Q) o +Hi(—E+18) (B —E;+4)
— Ry(+€). (5.77)
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where we have used the simple KMS relation (without particle exchange) v(—w) = y(w)e .
Therefore, with the energy exchange correctly defined, we again obtain a fluctuation theorem in
presence of periodic driving

= et (5.78)

where w denotes the energy of the bath.
Finally, we note that due to energy conservation (first law), the work rate done on the system
due to the driving must be given by minus the heat current entering the system from the reservoir.

5.2.5 Upgrade: Two-terminal driven Two-Level system

We can couple our driven system to two reservoirs v € {L, R}

H(t) = gaz + Pote ™ 4+ Prom e 4+ 0" (hibry + i bL) + Y wioblbr . (5.79)
kv kv

All previous calculations go through, we just get additive rates
=D R)&)p =D Y RO, (5.80)
v J v.oJ
where the rates are now explicitly given by

RI(E) = |og|'Tu(B; — Bi + Q)L+ n,(E; — B + Q))eti& BBt
+\ag|2r,(Ej — B — Q)1 +n,(E; — B; — Q))etEi-Eim0) (5.81)

The currents into the individual reservoirs however are now no longer conserved. Instead, the first
law reads at steady state

W=—1" 1% (5.82)
In contrast, without driving, the energy currents would approach

7 _ R _ ACLNIC)
E E I'p(w)[142ng(w)] + Cr(w)[l + 2ng(w

)]w[nL(w) —ngr(w)]. (5.83)

This is illustrated in Fig. 5.2, exemplified for a spectral coupling density of the form

B 4T ,wé?e,
w4+ 2w2(8, —€,)(6, +€,) + (62 + €2)2

I, (w) =-T,(-w). (5.84)

One can see that finite driving strength implies a mismatch between the energy currents. From
the individual symmetry of the generalized rates R;;(E1,&r) = Rgf) (&) + REJR) (€r),

Rji(=¢&0 +iBr, —&r +iBr) = Ri(+&0, +ER) (5.85)

we do thus get a fluctuation theorem, which can however not be expressed by only looking at the
heat exchanged with one reservoir.
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Figure 5.2: Plot of the energy currents entering the system from the left (black) and right (red)
reservoirs for different values of the driving amplitude P (legend). Without driving (P = 0,
solid), the currents reproduce Eq. (5.83), such that their sum must cancel. For finite driving, the
observed mismatch P = —ISEL) — IJ(ER) denotes the work performed on the system (inset taken at
T, — Tr = w, vertical dash-dotted line). Parameters: T', = I', (T + Tr)/(2w) = 1, ¢, = 10w,
€ER = 20w, 5L = (53 = W, Q = 100w.

5.2.6 Driven cavity master equation

Let us consider the example before with bosonic operators

H(t) = wa'a + Pe™a + P + (a4 a') ® Z(hkbk + hibl) + Z wibl by, .
K K

(5.86)

In Eq. (5.31), we had already derived the time evolution operator of the system, such that now,
we want to investigate how the coupling operators transfer into the interaction picture

i[(w—Q)at ot _+iQatat  —iQatat —i[(w—Q)at st
a(t) — e+1[(w Q)a'a+Pa+P*a }t€+1ﬂa at e iQa at, i[(w—Q)aTa+Pa+P*a't

e—iQte—i—i[(w—Q)a*a-{—Pa—&—P*a*]t —i[(w—Q)ata+Pa+P*al]t

= e UG(t).

ae

For the new operator we get the differential equation

a=—i(w—Q)a(t) —iP*1,

which we would like to solve with the initial condition a(0) = a. Eventually, we get

P*

w —

d(t) — efi(wfﬂ)ta o a9 (1 - e*i(wfﬂ)t) )

(5.87)

(5.88)

(5.89)
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Exercise 41 (Check). Reproduce the solution above.

Combining this with our previous calculations we eventually get

—i —i(w— P —i(w— —iw P —i —iw
a(t) = e Qf[e ( Q)ta—w_Q(l—e ( Q)t) =e ta——w_Q(e G gmien)

: P P -
—iwt —iQt
= e a—+ - €
[ w— Q} w
P .
e—th ,
w—
which can be expressed by a displaced annihilation operator b, which obviously satisfies the same
commutation relations. We note that this remains well-defined also at resonant driving 2 — w,
but then a(t) grows linearly in time. Therefore, perturbation theory is no longer applicable for
(near) resonant driving. The Bohr frequencies of the Floquet Hamiltonian are integer multiples of
(w — ), such that we have reproduced the usual Floquet representation of the coupling operator.

e—lwtb _

(5.90)

Exercise 42 (Bohr frequencies). Compute the transition frequencies of the Floquet Hamiltonian
H = (w—-Qa'a+ Pa+ P*al.

Therefore, our total coupling operator becomes

P o P
—6 _——_—
w— ) w—

These are the ones we need to use in our coarse-graining master equation

A(t) = e Wih 4 eTipl — e (5.91)

gs — —i % / dt, / dt,C0(ty — t2)san(ts — t2) A(t1) A(ta), ps
+% /dt1 /dt2 [Co(tl —ta = §A(t2)psAlty) — w {A(tl)A(%),Ps}}

i |2 [ azo@ym(n). ps| + [ dov@) |5 ps) - S i) ps}| . (5.92)
5/ |+ @] ;

Here, we have defined

1 T . . . P* . P .
= | dtidtye @it |emiwhy ottt T it ion |
m(T) 27 J, 1atae e +e w—Qe w—Qe
. . P* . P .
—1wt2b +iwto bT . —iQty +iQto
x{e +e —w—Qe —w—Qe }
1 T - . . P* ) P .
772(7_7 Ps) — 5 dtldt2€f1w(t1ft2) [elwtzb + e+1wt2bT o — Qeletg _ - Qe+19t2:| ps X

0

. : pP* ~ P -
|i€1wt1b + €+IWt1bT _ o Q_eflﬂtl _ me+lﬂt1:| (593)
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Very fast driving

To obtain a simple discussion, let us first consider the limit of very fast driving 2 > w and large
coarse-graining times 7 — oo, where we can directly neglect many terms in n;(7) and ny(7, ps),
namely all those that are of O{Q~'}. This yields by invoking the relations (5.71) for the coefficients

m(rT) = T sinc? [(w +w)= ] bbt + sinc? [(w w)= ] b'b,
2m 2m
no(T, ps) = 2lsinc2 [(w + w)= ] b psb + —smc2 [(w w)= } bpsb' . (5.94)
™
Eventually, we get for 7 — 0o and using that in this limit b ~ a the simple master equation
: !
ps = —i [Z [o(—w)aa + 0(—|—w)aTa,ps]}

‘ 1 . 1
+7(+w) [eJ““’SapsozT ~ 5 {d'a, ps}} + 7(—w) {e_wgcﬁpsa ~3 {aa, ps}} . (5.95)

Upon neglecting the Lamb-shift o(w) — 0 and considering the zero-temperature limit vy(w) — I'(w)
and y(—w) — 0, this reduces to

; 1
ps = I'(w) [e*“’%pwT b {d'a, ps}] . (5.96)

Finally, we can switch back to the Schrodinger picture (using the same fast driving assumptions that
we have already used, this only amounts to adding the commutator with the system Hamiltonian,
and we get

) ) 1
ps = —ilwa'a+ Pe™™a+ P*e " al, ps] 4+ I'(w) {e*‘“g(zpscﬁ —3 {a'a,ps}| . (5.97)

Up to the necessary replacements P — P/2 and I'(w) — 7 (compare the different system Hamilto-
nians), we recover the phenomenologically introduced master equation from our introduction (1.38)
when in addition & — 0.

Let us in this simple case compute the microscopically derived energy current, adopting the
convention that it counts positively when leaving the reservoir

d
[E(t) _ _{_laxaTr {6 po} ‘ +18 Tr {;C tpO} ‘XO

= HiTr {L"(O)ec(o)tpo} +iTr {E(O) <3Xe£(’<)t 0) pg}
=

— HT{L(0)p(t)} = —w(w)Tr {alap(t)} . (5.98)

For large times, we have shown that this will approach a stationary value.
Alternatively, we could have computed the energy current entering the system with the phe-
nomenologic approach of Eq. (3.19)

) — Tr{HS(t)F(w) {apsaf—%{am,ps}”

. : 1
= [(w)Tr { [wa'a + Pe™™a + P*e7 4] [a,osaT b {d'a, ps}} }

PI'(w) P*T(w)

= —wl'(w Tr{aap } 5 5

e Uy Lap(t)} — e " Tr {alp(t)} . (5.99)
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The expectation values of a and a' do not vanish (see one of our early exercises), such that the
two currents do not agree Ig(t) # I2'(t). This should not be too surprising, as the basis of the
first current was the negative energy change in the reservoir, whereas the basis of the second is
the positive energy change in the system. Their long-term integral however should not differ (the
interaction Hamiltonian should not host ever-increasing amounts of energy), and indeed we see
that by averaging over one period the two currents would coincide, since all expectation values in
the above equation approach stationary values.

Very slow Driving

Now, we consider the limit of very slow driving {2 < w, where we get approximately

: P+ P*)?
m(r) = —smc2 [ W+ w) } bb' + %smc2 [(w w)= } b'b + %smc [wa ﬁ,
ne (T, ps) = —smc2 (0 +w) } b psb + 2—81110 [(JJ — w)ﬂ bpgh'
T ine? [oT] B P
2Fsmc [w2] o — ) Ps - (5.100)

All the terms proportional to the identity vanish in the master equation for large coarse-graining
times 7, and we obtain

ps = —i {@blﬂ + M()Ta psl
1

21

, 1 : 1
+y(4w) [e+lw€bpst -3 {v'0, ps}] +y(~w) [e“"ngpsb -3 {bb", ps}| . (5.101)

In the limit of slow driving, we can approximate b ~ a + %, and we see that the resulting master
equation is not the same as the one that we used phenomenologically. The full transformation into
the interaction picture was given by

U(t) — e—iQaTatefi[(wa)aTa+Pa+P*aT]t 7 (5102>

from which we get for the inverse transformation

U(t)&UTOf) — e*lQaTat {aeﬂ(wﬂ)t + (w — Q) (e+1(w79)t _ 1)1 e+19afat
P .
— +iwt +i(w—0Q) 1
+ (w—19Q) <6 ) ’
U(t)bUT(t) — et g4 ieqm ~ et | 4 ﬁeqm . (5.103)
w— 0 w
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This implies that in the original Schrédinger picture, we get (neglecting the Lamb-shift o(+w) — 0)

ps = —i [waTa + Paet¥ 4 prqle ¥ ,OS]

[ P . P . 1 P P
+y(4w) [ett (a + —elm) ps (aT + —e*‘m> -3 { (aT + —e*‘m) <a + —elm) ,PSH
w w w w
[ P . P . 1 P . P .
+y(—w) [e7* <aT + ;e“m) ps (a + Uelm) -3 { (a + Uelm) <aT + Ze“m) ,PSH

= —i [wc*(t)_c(t) ps] (5.104)

+y(Hw) [eT S e(t) pscl( ——{c t)’Ps}} + 7 (—w) {6“"5 T(t)psc(t ——{c (), ps}

where we have defined ¢(t) = a + £Z-¢7 (in the Hamiltonian, the commutator with the identity
will always vanish). We note that ¢(t) obeys the canonical commutation relations. We further see
that for slow driving, the master equation always tends to equilibrate in the time-dependent Gibbs
state of the system, i.e., p(t) e~ Puel (De®) ig a time-local stationary state of the master equation,
and the framework of Sec. 3.3 applies.

We can now compare the microscopic and phenomenologic currents. The microscopic energy
current of the reservoir becomes (we use the convention that it counts positive when leaving the
reservoir)

Ig(t) = 1Tr {L(0)ps(t )}
= wy(—w)Tr {c(t)c (t)ps(t)} — wy(+w)Tr {c(t)e(t)ps(t)} - (5.105)

Similarly, the phenomenologic energy current entering the system yields
120 = ot {00 [ - 5 {001 |
+wy(—w)Tr {CT(t)c(t) l Ypsc(t) — = { T(t), ps}} }

= —wy(+w)Tr {c'(t)e(t)ps} + wy —w)Tr{c( c(t)ps} . (5.106)

Therefore, we see that for slow driving, the microscopic energy current out of the reservoir and
the phenomenologic energy current entering the system coincide I2'(t) = Ip(t).



Chapter 6

Feedback control

6.1 External feedback

In this section, we will first discuss theoretical approaches to continuous feedback control schemes.
Repeated measurements are performed on the system, and conditioned control actions are then
applied. The presented schemes are by far not complete but already cover some quite useful
overview of feedback schemes.

6.1.1 Piecewise-Constant feedback

Closed-loop (or feedback) control means that the system is monitored (either continuously or at
certain times) and that the result of these measurements is fed back by changing some parameter of
the system. Under measurement with outcome m (an index characterizing the possible outcomes),
the density matrix transforms as

m MmPM;;L

p— o {anMmp} , (6.1)

and the probability at which this outcome occurs is given by Tr { M M,.p} = Tr { M,,,pM; }. This
can also be written in superoperator notation (M,,p=M,,pM] )

o Mpp
Tr {Mp}
Let us assume that conditioned on the measurement result m at time ¢, we apply a propagator

for the time interval At. Then, a measurement result m at time ¢ provided, the density matrix at
time t + At will be given by

(6.2)

Mp

() (¢ 4 AL) = £l
pM(t+ At) =e T (M, 0}

(6.3)
However, to obtain an effective description of the density matrix evolution, we have to average
over all measurement outcomes — where we have to weight each outcome by the corresponding
probability

Mp

plt + At) = ; T {Monplt) 278 e

= eFm A Moup(t) . (6.4)
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Note that this is an iteration scheme and not a conventional master equation. More generally —
not constraining the conditioned dynamics to Lindblad evolutions — one could also write

p(t + At) = Zlc(m (A Mopp(t) (6.5)

where K™ (At)p=3", KE™ (A pK ™ (AL) with Y KYTKS™ =1 is a conditioned Kraus map.
Furthermore, the conditioned Liouvillian £™ or the Kraus map K™ may well depend on the time
t (at which the measurement is performed) as long as it is constant during the interval [t,t 4+ At],
and on the width of the time interval At.

Continuous feedback limit

Expanding now the exponential of the Liouvillian in the limit of a continuous feedback control
scheme At — 0, we obtain

plt+ At) = Mup(t) + ALY L Mpp(t). (6.6)

In particular, when ) ~M,, = 1 holds, we can form a difference quotient on the Lh.s., which as
At — 0 yields an effective Liouvillian under feedback control

Lpp = lim (t+At Zﬁ M., (6.7)

At—0

Def. 18 (Weak measurement feedback Liouvillian). For measurement superoperators obeying
Y M =1 the effective continuous feedback master equation reads

Ly =Y LnM,y, (6.8)

where L,, is the conditional Lindblad evolution and M,, describes the measurement action corre-
sponding to outcome m.

Unfortunately, the condition ) M,, = 1 will only hold for special cases. Physically, this
results from the fact that a quantum measurement always has an effect on the system — independent
of whether conditioned control actions or not take place. When it does not hold, an effective
Liouvillian under feedback control does not exist, and the evolution is described rather by an
iteration of the form (6.4) or (6.5). However, very often a weaker condition can be fulfilled, namely
that the measurement superoperators have projector properties

MMy, = My, - (6.9)
From this, we can conclude that
2 im Mmp(t+ At) — 32, Mmp(t)
N ZM Zc Mop(t) (6.10)
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which we can turn into a master equation for the projected part of the density matrix

plt) = Myup(t). (6.11)

We can furthermore again insert this sum of all superoperators at the right of each superoperator
M,,, since M,,, = M,, > M, without changing the dynamics. This defines an effective feedback
master equation for projective measurements.

Def. 19 (Feedback Liouvillian for projective measurements). For projective measurements
MM, = My0pn, the projected density matriz p =Y M,p obeys the feedback master equation

p=Lup, Lun=Y My> LuM,y,. (6.12)

We note that Lg, typically only acts in a particular subspace. When considered for the full sys-
tem, it will become multistable. For example, considering projective measurements M, p=|m) (m| p |m) (m|,
and one particular stationary state Lgp = 0, we see that we can add arbitrary coherences
Pl =D+ > zm Qnm n) (M|, and will obtain another stationary state Lgp" = 0, since these addi-
tional terms will vanish under the projective measurements.

6.1.2 Wiseman-Milburn feedback

A special case of the weak measurement feedback discussed before arises when we consider bipartite
systems, composed of subsystems A and B, where we perform strong projective measurements only
on the subsystem B. From the perspective of the total system, such measurements will not be fully
projective and will therefore appear as weak measurements. Let us therefore denote the density
matrix of the compound system by

o(t) =) p"(t) @ |n) (m] , (6.13)

where the |n) label a particular basis in the Hilbert space of subsystem B, and correspondingly,
p"™(t) is a conditional density matrix in subsystem A. Furthermore, we will assume that the
diagonal conditional density matrices p(™ (t) = p{"(t) follow a conditional master equation

PU(E) = Lop™ (8) + Lap" D (t) + Lop" I (2), (6.14)

which occurs, for example, quite naturally in problems of Full Counting Statistics, cf. Sec. 4. In
this case, n actually denotes the excitations counted in a detector, which may be, for example,
the number of photons emitted by a cavity or the number of electrons that have passed through a
quantum dot system or a QPC. We recall that given a decomposition in terms of counting fields,
such an n-resolved master equation may be obtained by performing an inverse Fourier transform

1 i —in
P(t) = = / p(x. e ™y, (6.15)

2m J_,
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and by tracing over the ancilla (detector) states we recover the density matrix of the system
p(t) = Trp {o ()} = 3 o™ (1) (6.16)

We assume that at time ¢, we can write the total density matrix as o(t) = p(t) ® |0) (0], i.e.,
plmm) (t) = 6nodmop(t), which simply means that we reset our counting variable to zero after each
measurement or that we use a new ancilla variable after every measurement. Then, we write the
total density matrix at time ¢ + At as (neglecting terms of order At?)

o(t+At) = —I—Ath”m ) @ |n) (m|
= p(t)®0)( 0|+Ath"> ) @ [n) (n] + At Y p () @ [n) (m]
n#m

= p(t) ®10) (0] + At Z Lop™ () + Lyp" D (t) + L p" D (1)] @ [n) (n|

+ALY () @ [n) (m]

n#m
= p(t) ®10) (0] + At [Lop(t) © |0) (O] + Lp(t) @ |[+1) (+1] + Lp(t) @ |-1) (—1]]
+At Z P () @ |n) (m] . (6.17)
n#m

Here, the neglect of higher-order terms means that we consider times At that are so short that at
most a single particle can be detected in the detector. Now, we perform a projective measurement
of the ancilla (the particles counted by the detector) and compute the effective action of this process
(dissipation plus subsequent measurement) on the reduced density matrix

Po(At)p(t) = Trp {|0) (0] o(t + At)[0) (O]} = [1 + LoAt] p(t),
PA(AD(t) = Tep{1-1) (~1]o(t + Af)[~1) (~1]} = £_Atp(t),
Pa(At)pt) = Trp{|+1) (+1]o(t+ At) |[+1) (+1]} = LI Atp(t). (6.18)

We see that the effective propagation superoperators only approximately add up to the identity.
Here, this occurs as they also contain effects of dissipation.

The basic idea of Wiseman-Milburn feedback is now to perform an instantaneous unitary
rotation right after the measurement outcome =+:

Uy, = U pUL (6.19)

which can be implemented as a d-kick on the Hamiltonian U = e~V see Sec. 5.1.2. Upon not

measuring any change of the ancilla variable (the particle detector), no control action is performed.
Consequently, the feedback iteration for the density matrix becomes

plt+ A = [Po(At) +U-P_(At) + U Py (AL)] p(t)
= L+ A(Lo+ UL +UL) p(t), (6.20)

which yields the Wiseman-Milburn feedback Liouvillian [3].
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Def. 20 (Wisemen-Milburn feedback Liouvillian). The Wiseman-Milburn Liouvillian reads
Efb = £0 +U+£+ + Z/{_L_ 5 (621)

where L{ipﬁUipUl denotes the unitary control action and Ly the jump terms associated with
particle increase (+) or decrease (-) in the detector.

The major difference in the derivation in comparison to the previous section was that we
assumed that the measurement could take finite time to complete. During this time, dissipation
acts on the measured system even in absence of any control actions.

6.1.3 Application: Stabilization of Fock states
We start from the master equation of a cavity coupled to a thermal bath
p = —i [QaTa, p}
. 1 . 1
+T(1 +np) |e™apa’ — 5 {d'a, p}} +I'ng [e_lxcﬂpa ~3 {aa',p}| . (6.22)

which we have already presented in Sec. 1.3.1, and which is here just equipped with an additional
counting field x for the number of emitted or absorbed photons. Without any measurements
and feedback, the stationary state of this master equation is just a statistical mixture of energy
eigenstates. In particular at large temperatures, this is not a pure state but highly mixed.

Now, acting with different unitary operations whenever a photon is emitted U, (simple detec-
tion with a click of a photo-detector) or absorbed from the system (this is more difficult, we would

need to shine light on the system and then infer the absorption from the absence of a click in a
photodetector placed on the other side), we would obtain the effective feedback master equation

p = —i [QaTa, p}
+I'(1 + np) U+a,0aTUl — % {aTa, p}} +I'ng [U_OLTanT — % {aaT, p}
= —iHup+ipH's + T(1 +np)Usapa’ UL + TnpU_a’pal_ (6.23)
where we have defined the effective non-Hermitian Hamiltonian
Heg = Qa'a — ig(l +np)a'a — igngaaT . (6.24)
Clearly, the Fock states are eigenstates of Hog
Heglm) = Qm — ig(l +np)m — ignB(l +m),
(m|Hly = Qm—i—ig(l—l-ng)m—kigng(l—l—m). (6.25)

We can now ask what unitary operations one needs to apply to stabilize a particular particle
number eigenstate p = |m) (m/|. Inserting this in the master equation yields the condition

0 = [-T(1+4+ng)m —Tng(l+m)]|m) (m|
+0(1 + ng)mUy |m — 1) (m — 1| UL 4+ Tnp(m + 1)U_|m +1) (m+ 1| U, (6.26)
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which can be fulfilled by unitary control operations obeying
Uilm—1)=|m), U_lm+1)=|m) . (6.27)

There are many unitaries fulfilling this condition, but their actual implementation may be hard.
Generally, the decomposition into an effective non-hermitian Hamiltonian and its eigenstates may
be helpful to find suitable control actions for obtaining pure stationary states [16].

6.2 Maxwell’s demon

Maxwell invented his famous demon as a thought experiment to demonstrate that thermodynamics
is a macroscopic effective theory: An intelligent being (the demon) living in a box is measuring
the speed of molecules of some gas in the box. An initial thermal distribution of molecules implies
that the molecules have different velocities. The demon measures the velocities and inserts an
impermeable wall whenever the the molecule is too fast or lets it pass into another part of the box
when it is slow. As time progresses, this would lead to a sorting of hot and cold molecules, and
the temperature difference could be exploited to perform work.

This is nothing but a feedback (closed-loop) control scheme: The demon performs a mea-
surement (is the molecule slow or fast) and then uses the information to perform an appropriate
control action on the system (inserting a wall or not). Classically, the insertion of a wall requires
in the idealized case no work, such that only information is used to create a temperature gradient.
However, the Landauer principle states that with each bit of information erased, heat of at least
kgT In(2) is dissipated into the environment. To remain functionable, the demon must at some
point start to delete the information, which leads to the dissipation of heat. The dissipated heat
will exceed the energy obtainable from the thermal gradient.

6.2.1 Phenomenology of an electronic setup

An analog of a Maxwell demon may be implemented in an electronic context: There, an experi-
mentalist takes the role of the demon. The box is replaced by the SET (including the contacts),
on which by a nearby QPC a measurement of the dot state (simply empty or filled) is performed.
Depending on the measurement outcome, the tunneling rates are modified in time in a piecewise
constant manner: When there is no electron on the dot, the left tunneling rate I';, is increased
(low barrier) and the right tunneling rate I'g is decreased (high barrier). The opposite is done
when there is an electron on the dot, see Fig. 6.1. Thus, the only difference in comparison to the
previous chapter is that now information of the system state is used to modify the tun-
neling rates. Very simple considerations already demonstrate that with this scheme, it will be
possible to transport electrons against an existing bias only with time-dependent tunneling rates.
When one junction is completely decoupled F?}I}% — 0, this will completely rectify the transport
from left to right also against the bias (if the bias is finite). In the following, we will address the
statistics of this device.

The first step is to identify an effective evolution equation for the density matrix accounting for
measurement and control. A measurement of a low QPC current will imply — compare Eq. (4.71)
— that the system is most likely filled, whereas a large QPC current indicates an empty SET dot.
In the idealized limit of no measurement errors, this simply corresponds to a projection

Mg =10)(0],  Mp=|1)(1 (6.28)
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Figure 6.1: Sketch of the feedback scheme: For a filled dot (low QPC current), the left tunneling
rate is minimal and the right tunneling rate is maximal and vice-versa for an empty dot. The dot
level itself is not changed.

onto the empty and filled SET dot states, respectively. In the full space (ordering the density
matrix as (poo, P11, Po1, P10)’ these have superoperator representations (defining M,p=M,pM]) as

00

Mg = , (6.29)

O O =

0
0
0
0

)
o O O
o O O

and we see that Mg + Mp # 1. Similarly, the dissipators for the SET exhibit the same block
structure separating the evolution of coherences and populations

Lpr 0O
Lpir= < 0/ ECEo}jF ) . (6.30)

Therefore, due to the common block structure of the individual dissipators and the measurement
superoperators we can reduce the dynamics to the populations only, where with

/\?lE:((l]g), MF:<8(1)) (6.31)

we indeed have Mp + Mp = 1. Therefore, for a continuous measurement and feedback control
loop, the effective population Liouvillian under feedback control becomes

Lo = LO Mg+ LY My (6.32)

Note that this can be performed with and without counting fields. Taking into account the diagonal
structure of the projection superoperators, this simply implies that the effective Liouvillian under
feedback has the first column from the Liouvillian conditioned on an empty dot and the second
column from the Liouvillian conditioned on the filled dot

_ —TLfr—TEfr +T7(1 = fr)et™ + TR(1 — frlet™r
£eH(XLa XR) - ( +F€fL€_iXL + PIE%fRe—iXR —Ff(l i fL) . Fg(l i fR) . (633)
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Evidently, it still obeys trace conservation but now the tunneling rates in the two columns are
different ones.

Exercise 43 (Current at zero bias). (1 points)
Calculate the feedback-current at zero bias fr, = fr = [ in dependence on f. What happens at zero
temperatures, where f — {0,1}?

The effective Liouvillian describes the average evolution of trajectories under continuous mon-
itoring and feedback. The validity of the effective description can be easily checked by calculating
Monte-Carlo solutions as follows:

Starting e.g. with a filled dot, the probability to jump out e.g. to the right lead during the
small time interval At reads PO(QR =T'E(1— fr)At. Similarly, we can write down the probabilities
to jump out to the left lead and also the probabilities to jump onto an empty dot from either the

left or right contact

Pitn = TRO—fr)At,  PUD =TL(1— fr)At,
P = ThfeAt,  PY) =TFpAt. (6.34)

Naturally, these jump probabilities also uniquely determine the change of the particle number on
either contact. The remaining probability is simply the one that no jump occurs during At. A
Monte-Carlo simulation is obtained by drawing a random number and choosing one out of three
possible outcomes for empty (jumping in from left contact, from right contact, or remaining empty)
and for a filled (jumping out to left contact, to right contact, or remaining filled) dot. Repeating
the procedure several times yields a single trajectory for n(t), np(t), and ng(t). The ensemble
average of many such trajectories agrees perfectly with the solution of the effective feedback master
equation

(n), = Tr {deeLCH(O’O)tpO},
(np), = (=i9,) Tr {efrxO py |
(nr), = (=i8y) Tr {10 gy}

x=0"’

(6.35)

x=0"’
see Fig. 6.2. To compare with the case without feedback, we parametrize the change of tunneling
rates by dimensionless constants

P =eir,, TE=e%Tg, TP=e%D,, Th=¢*hTy, (6.36)

where 67 — 0 reproduces the case without feedback and 67 > 0(< 0) increases (decreases) the
tunneling rate to contact o conditioned on dot state . The general current can directly be
calculated as

_ (A= fR)TETR — (1 — fo)fRTITR
TEf +TE(1 — fr) + TEfr +TE(1 — fr)’

(6.37)

which reduces to the conventional current (3.38) without feedback when I'? — T',. For finite
feedback strength however, this will generally induce a non-vanishing current at zero bias, see
Fig. 6.3. In our idealized setup, this current is only generated by the information on whether the
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Figure 6.2: Comparison of a single (thin red curve with jumps, same realization in all panels) and
the average of 100 (medium thickness, green) and 10000 (bold smooth curve, turquoise) trajectories
with the solution from the effective feedback master equation (thin black) for the dot occupation
(top), the number of particles on the left (middle), and the number of particles on the right
(bottom). The average of the trajectories converges to the effective feedback master equation
result. The reference curve without feedback (dashed orange) may be obtained by using vanishing
feedback parameters and demonstrates that the direction of the current may actually be reversed
via sufficiently strong feedback. Parameters: I';, = T =T, f = 0.45, fr = 0.55, 6% = 5k = 1.0,
6E = 6 = —-10.0, and TAt = 0.01.

dot is occupied or empty — hence the interpretation as a Maxwell demon. When the contacts are
held at equal temperatures 3;, = Br = [3, this raises the question for the maximum power

P=-1IV (6.38)

generated by the device.
In what follows, we will consider symmetric feedback characterized by a single parameter

6F =6k = —6F = =65 =49, (6.39)

where § > 0 favors transport from left to right and § < 0 transport from right to left and also
symmetric bare tunneling rates I' = I'y, = I'g. With these assumptions, it is easy to see that for
large feedback strengths § > 1, the current simply becomes

s fu(l—fr)
e = fo)

To determine the maximum power, we would have to maximize with respect to left and right
chemical potentials p;, and pg, the lead temperature S and the dot level e. However, as these

I— . (6.40)
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Figure 6.3: Current voltage characteristics
for finite feedback strength 6 = 1 (red curve)
and without feedback 6 = 0 (black curve).
For finite feedback, the current may point
in the other direction than the voltage lead-
ing to a positive power P = —IV (shaded
region) generated by the device.
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parameters only enter implicitly in the Fermi functions, it is more favorable to use that for equal
temperatures

)= BV = M}
Blpr — pr) = BV =1n [(1 vl (6.41)
such that we can equally maximize
_ v Yo e’ [ ful = fr) (fL(l—fR)ﬂ
P = IV—ﬁ( IgV) — 5 { fL+(1—fR)ln =ik (6.42)

The term in square brackets can now be maximized numerically with respect to the parameters

fr and fgr in the range 0 < fr,r < 1, such that one obtains for the maximum power at strong
feedback

P < kgTTe0.2785  at  fp=02178  fr=0.7822. (6.43)

The average work extracted from the SET circuit between two QPC measurement points at ¢ and
t + At is therefore given by

(W) < kgTTe’At0.2785 . (6.44)

We can contrast this with the heat dissipated in the QPC circuit to perform the measurement.
Naively, to perform feedback efficiently, it is required that the QPC sampling rate is fast enough
that all state changes of the SET are faithfully detected (no tunneling charges are missed). This
requires that I'e® At < 1. Therefore, we can refine the upper bound for the average work

W < kpT0.2785. (6.45)

This has to be contrasted with the Landauer principle, which states that for each deleted bit in
the demons brain (each QPC data point enconding high current or low current) heat of

Q > ksTIn(2) ~ kpT0.6931 (6.46)

is dissipated. These rough estimates indicate that the second law does not appear to be violated.
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Finally, we use our knowledge of Full Counting Statistics to investigate the fluctuation theorem.
The conventional fluctuation theorem for the SET at equal temperatures

Pyn(t) BV
P, (t)
is modified in presence of feedback. Since the Liouvillian still contains the counting fields in the
conventional way, simply the factor in the exponential, but not the dependence on the number
of tunneled electrons n is changed. To evaluate the F'T, we identify symmetries in the cumulant-
generating function (or alternatively the eigenvalues of the Liouvillian)

PR fo(l — fR)})
PITE (1= fo)fr

= 1ln e+45—fL(1 _ fR) = iln [et49eBY

B A(*“1 [ <1—fL>fRD APt [eeT])

= AM+x+1i(40+BV)). (6.48)

(6.47)

A(—x) A (+X+iln {

Exercise 44 (Fluctuation theorem under feedback). Show the validity of this equation.

From this symmetry of the cumulant-generating function we obtain for the fluctuation theorem
under feedback

Pin(t) _ o(BVH48) _ nB(V-V7) (6.49)

oo P (1) !
where V* = —46/ denotes the voltage at which the current (under feedback) vanishes.

If our previous investigations we had found that the fluctuation theorems are related to the
entropy production. Now, in addition to the expected entropy production A;S = ngV we find
an additional contribution, which one could — lacking a microscopic description of the feedback
mechanism — interpret as an information term modifying the entropy balance of the system in
presence of feedback.

Exercise 45 (Vanishing feedback current). (1 points)
Show for equal temperatures that the feedback current vanishes when V. =V* = —4§/p.

The fact that the estimates concerning the second law are rather vague result from the missing
physical implementation of the control loop. In our model, it could be anything, even represented
by a human being pressing a button whenever the QPC current changes. The entropy produced
by such a humanoid implementation of the control loop would by far exceed the local entropy
reduction manifested by a current running against the bias. Below, we will therefore investigate
these questions in greater detail.

6.2.2 Conventional entropy production in rate equations

In this section, we will mathematically treat rate equations of the form

P=Y Y wyn, (6.50)
v b
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where Wé;/) is the transition rate from state b to state a and v denotes a reservoir which triggers

the particular transition. Naturally, conservation of probabilities implies that ) chb'/ ) =0 for all
a and for each reservoir v, such that the diagonal elements are fixed via

W == "W (6.51)
b#a

Having in mind that each reservoir is kept at a certain equilibrium, we also postulate the
existence of a local detailed balance condition for each reservoir. This implies that the ratio of
forward and backward transition rates between states i and j that are triggered by reservoir v
obey

)
Wit _ BB (M) (6.52)

W(V)

)

where 3, and u, denote inverse temperature and chemical potential of the corresponding reservoir,

and F; and N; denote energy and particle number of the state i, respectively. The above relation

follows naturally from the extension of the KMS condition to systems with chemical potentials and

is — as we have seen — automatically fulfilled for a large number of microscopically derived models.
Then, the Shannon entropy of the system

Z P;(t) In Py(t (6.53)

obeys the balance equation

S = —%ZBIDB:—ZRIHR»

W(V) P'W(V)>

J 17
( - w1
= WVPI —
o ( 7)-poven (i)

7t 2 )
) Wy
. v J?
. Z > WP W@ p)T Z Z W'l In{ o - (659
i v v}
>0 —Bul(EBj—Ei)—pu (N;—Ny)]

In the above lines, we have simply used trace conservation ), VVi(jV) = 0 and finally the local
detailed balance property (6.52). This property enables us to identify in the long-term limit the
second term as energy and matter currents. When multiplied by the inverse temperature of the
corresponding reservoir, they would combine to an entropy flow, which motivates the definition
below.
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Def. 21 (Entropy Flow). For a rate equation satisfying detailed balance, the entropy flow from
reservoir v is defined as

S = ng.”)le ﬂ = +Z [=B(E; — Ei) — i (N; — N3]
ij
.y <I(”) I )) ) (6.55)

where enerqy currents Ig’) and matter currents I](\Z) associated to reservoir v count positive when
entering the system.

The remaining contribution corresponds to a production term [17]. We note that it is always
positive, which can be deduced from the formal similarity to the Kullback-Leibler divergence of
two probability distributions or — more directly — using the Logarithmic Sum Inequality.

Exercise 46 (Logarithmic Sum Inequality). Show that for non-negative a; and b;

n

Zailn% Zaln%

i=1 v

witha =) ,a; and b=, b;.

Its positivity is perfectly consistent with the second law of thermodynamics, and we therefore
identify the remaining contribution as entropy production.

Def. 22 (Entropy Production). For a rate equation, the average entropy production is defined as

. ) V[/"(.V)_Pj
_ j :j : v P 1)
%] v 4 ! ?

Ji

It is always positive and at steady state balanced by the entropy flow.

When the dimension of the system’s Hilbert space is finite and the rate equation approaches
a stationary state, its Shannon entropy will also approach a constant value S = 0. Therefore, at
steady state the entropy production in the system must be balanced by the entropy flow through

its terminals
=38 (1 - il (6.56)

The above formula conveniently relates the entropy production to energy and matter currents
from the termmals into the system. Evidently, the entropy production is thus related to heat
currents Q) =1 ) _ ,u,,IJ(\Z , which can be determined from a master equation by means of the
Full Counting Statlstlcs.
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Below, we will show that the above definitions are consistent with what we had before when
the Liouville superoperators £*) have a block structure separating the evolution of coherences and
populations, i.e., when in the energy eigenbasis we have

Hliy=Ei),  NJi)=N;li), Z DGl eli) - (6.57)

For this, it is helpful to note that the trace of a product of two matrices can be written as terms
only arising from products of the diagonal terms and terms composed of products from off-diagonal
terms

Tr{AB} => AyB; = Z AuBi+ Y AyBji, (6.58)
,J i#j
which also implies that traces of products of a diagonal matrix A and an off-diagonal matrix B
will always vanish.

For a full Lindblad master equation we defined the energy current entering the system in
Eq. (3.11). It can be written as (We drop for simplicity all time dependencies)

1Y = Te{H(LY)p)) = ZE (LY p) ZE )i
= Y EWYp; - ZE PnZZ(E ENW pji (6.59)

i#] i#] ij
which is the same as the energy current based on the rate equation when we identify P; = p;;. In
complete analogy, we find for the matter current defined in Eq. (3.13)
Iy =T {N(LYp)} = > (N = N)Wp;. (6.60)
]
This proves that the definitions for the currents based on the rate equation and on the master equa-
tion coincide when the master equation assumes block form separating coherences and populations
in the system energy eigenbasis.
Now, we consider the entropy production rate defined in Eq. (3.25)

— —ZTI {I")plnp —np™]} =) S (6.61)

For simplicity of notation, we 1ntr0duce the projection to the diagonal elements of the matrix A
in the system energy eigenbasis as a superoperator

PA= Z\ (i| Ali) (6.62)

From this, we can conclude that an 1nd1v1dual reservoir-specific term in the Spohn entropy pro-
duction rate Sis P > () can be written as

S = —Tr{(Pﬁ(”) YP[lnp —In g™} — Tr {((1 — P)LY
= —Tr{(PLYp)P[lnp—Inp"]} — Tr{((1 - P)L"
= ~Tr {(PLYp)PnPp—Inp™]} — Tr {(( )L
+Tr {(77[, )p)PlInPp — In ol}

(

(

(

p)(1—P)np—Inp™]}
p)(1—P)Inp}
“p)(1 = P)lnp}

= —Tr{(PLY p)P[lnPp —Inp™]}
+Tr {((1 = P)LYp)(1 = P)[InPp — Inp]} + Tr {(PLY p)P[InPp — Inp] }
= —Tr{(LYPp)InPp —Inp"]} — Tr {(LYp)[Inp — I Pp]} , (6.63)
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where in the second step we have used that p* (and its logarithm) is diagonal in the energy
eigenbasis in which we evaluate the trace. In the last step, we have used again the previous
decomposition into diagonal and off-diagonal contributions. Furthermore, we also used that PL =
LP (block form of the Liouvillian). Therefore, we see that the entropy production additively
splits into a part arising from the dynamics of the populations and another part coming from the
dynamics of the coherences.

The first term for the populations can be written as

So= —Te {(LYPp)InPp— g™} ==Y WP, [m P.—In 15}”]
]
) W) po 1y PO _ V) p B
- —ZWMlnMZWmmR P W B Y W B oG
(] ij J
PW.(.”)
= Y WPt Z —l (6.64)
ij Pz’sz‘
5(v) @)
where we have used that ), Wi(jl’) = 0 and eventually that % = % We see that it exactly
P W

J
reproduces the entropy production rate for rate equation in Def. 22.
Finally, we discuss the coherences. From the contractivity of completely positive trace-preserving
maps [7] we can show that

D(e p(t)]e“Pp(t)) < D(p(t)[Pp(1)) (6.65)

that one can as At — 0 obtain an inequality of the form

SPY = T {(,C(”)p(t))[ln p(t) —InPp(t)]} > 0. (6.66)

1

Exercise 47 (Entropy production of coherent decay). Show that under the assumptions dis-

cussed in this section, the above inequality holds. You may want to wuse that (why)
Tr {(e“A'p) In e APp} = Tr {(e2'Pp) In e~ Pp}.

This proves that for the standard quantum-optical master equation, the total master equation
entropy production Sls P=3 [Sil’” + 512 ’”] decomposes into two separately positive terms, one

describing the evolution of the populations only — with the usual entropy production for rate
equations remaining in general finite at large times — and another transient term containing the
entropic contributions stemming from the decay of the coherences.

6.2.3 Entropic analysis of rate equations with feedback

We will in this section discuss the necessary modifications in the entropy production rate in rate
equations that are subject to feedback control actions. The control actions will be allowed to
change both the tunneling rates [18] and the energies of the system [19].

We now consider a feedback conditioned on the system being in state j. Physically, this means
that some external controller monitors the state of the system, and upon detecting the system in
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state j, it immediately changes the system properties accordingly: The energies of all levels ¢ are
without delay changed to Ei(] ) and also the transition rates due to reservoir v from J to other

states are changed to W(j ) Then, the rate equation under feedback becomes
A=Y YW, oo
a

As we will see, one can distinguish between changes of bare tunneling rates and changes of the
energy levels. Whereas the first type leaves the energetics of the system invariant but changes the
entropy and is for this reason also called Maxwell demon feedback [18], changing the energy levels
modifies both the energetic and entropic balances. It can therefore also not be considered a simple
work source.

During a jump j — ¢ (where the system particle number changes according to AN;; = N; —N;),

the energy balance of the system becomes AE;; = (EZ(] ) — E](j )) + (EZ(Z) — EY )), where the first

contribution is exchanged with the reservoir and contributes to the heat via AQ;; = (El(j - EJ(.j )) —
p(N;—N;), and the second describes feedback energy A Ey, injected into the system from the control
action following immediately thereafter, see also Fig. 6.4 for an illustration. This enables us to

)
j(z') AWy, = B} — B
J
i
b b
J J
w5 w
Il l
3 a
(1) _|._ -
E 20)

Figure 6.4: Sketch of the energetic balance for the transition from from state j — i (left) and
from state i — j (right) subject to feedback control applied immediately thereafter. The initial
transition (blue to hollow circles) leads to the exchange of heat between system and reservoir
(vertical terms). Immediately thereafter, the control action changes the energy levels (hollow to
filled red circes), thereby injecting energy into the system if the level is occupied.

write the energy and particle currents entering the system from reservoir v as

1y = Y (B - B WP,
ij
D (N = NYWHE (6.68)

ij

1y

The energy injected in the system with the feedback actions can be similarly computed

h4 _ZZ — EYWE Py (6.69)
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and together we find for the total change of the system energy £ = ), Efi)P

E = ZZE( WY p;
— ZZE( JW)P ZZE )W(zy

vooi#j |2
_ ZZ — ENYwI p; = (Zﬂ”) IR
_ Z I 1P 4 > - wdi)). (6.70)

This is the first law of thermodynamics, where in the last line we can identify the chemical work
done on the system, the energy injected from the feedback, and the heat currents entering from
the reservoirs.

We can also consider the evolution of the systems Shannon entropy S = — >, P, In P,, where
we get from algebraic manipulations [2]
$ = Y BWP=S+15,

S = ZZW% P;ln (?;T)Pj)zo,
. Wi
Se = ZZW”PIH(W>. (6.71)

Here, the positivity of the entropy production rate S, follows from mathematical terms (it has the
form of a relative entropy), and the second term S, can from the conventional detailed balance
relation (6.52) in absence of feedback be identified as the negative entropy change in the reservoirs.
However, the feedback changes the detailed balance relation in a way which we phenomenologically
parametrize as

(i.v)
W(]?ll)

v

— PAED B )y (Ni=Ny)] ~AY o) (6.72)

Here, the first term is associated with the entropy change of the reservoirs, indeed we can recover
the heat flow from the reservoirs into the system from it. The second term A( ¥) parametrizes
changes of the transition rates that are not associated with energetic changes 1n the system.

Consequently, it must not depend on the reservoir temperatures. Fmally, the term 0 gathers all

remaining influences of the feedback. By distinguishing between Aij and O'Z-(j we have presupposed

that an unambiguous discrimination between these feedback effects is possible. Inserting this
decomposition into the “entropy flow” term we obtain

Se = D BQY T - T,

b= ZZV%S-”‘”J%AE?,

v

I, = Z Z W (v (6.73)
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Solving for the entropy production, we can express it as

S=85->BQV+IL+1,>0. (6.74)

This is the second law of thermodynamics in presence of a non-equilibrium environment and
feedback control.

At steady state, S — 0, and the usual inequality for the currents — > 8,Q") > 0 is modified
by two effective currents. The first one Z; is associated with feedback actions that have no direct
impact on the energetics, whereas the second one takes the energetic feedback actions into account.
We note here that these information currents are just an effective description (for example, they
can become negative), since we have not made the implementation of the feedback loop explicit in
our treatment but remain at a phenomenologic level. If that is done for a microscopic treatment
of the detector [20], it is possible to link the effective information current with the time-derivative
of the mutual information between controlled system and detector device [21, 22].

Depending on the regime, one may identify contributions to the total entropy production
rate (6.74) which are negative. These always need to be compensated by the other, positive
contributions, which enables one to define information-theoretic efficiencies that are upper-bounded
by one.

6.2.4 Our example: Maxwell’s demon

For error-free feedback the average feedback rate matrix becomes (for simplicity without counting
fields)

E(E F F
e=3 (S TR ) 679
Here, the piecewise-constant driving leads to two possible values of the SET tunneling rates I'), —
I'E/" and also of the system Hamiltonian (e — €#/F"). Since the dot parameters in the description
only enter implicitly, we described the latter by conditional Fermi functions f, — ff F With
such a feedback scheme, one will in general inject both energy and information into the system,
which can be consistently treated on the local level.

Assuming the conditioned dot Hamiltonian as Hg = eE/Fd*d, the empty dot has energies
E(()O) = 0 and Eio) = ¢€p, and when filled, the system has energies E(()l) = 0 and Efl) = €p.
Therefore, we can identify the heat entering the system from reservoir v during a jump out of
the system as AQS& = Eél) — Efl) — p(Nog — N1) = —€p + p and for a jump into the system as

AQi(I’;) = EEO) — Eéo) — (N1 — Ny) = +eg — u, leading to an overall heat current of

Q(V) = _(GF - NV)L?bLVPI + (EE - NV)ﬁg,VPO
= I - w1y (6.76)

which also defines energy I](;) and matter [ ](\Z) currents entering the system from reservoir v
1Y = gLl Py — epLU P = exTEfPPy — exTE(1 — fF) Py
Iy = LY"Py— Ly P =TEfER —TI(1 - )P, (6.77)

and we see that they are no longer tightly coupled. A similar result holds if also the energy of
the empty state is changed by the feedback. We can show that the energy change of the system is
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balanced by the energy currents entering the system from both reservoirs and the energy current
injected by the feedback

[gb = (€F—€E)Z£f1-£’up0. (678)

v

To discuss the entropic balance, we can with Eq. (6.75) write the ratio of backward- and forward
rates for each reservoir as

e 1 gt

& - () BIEE

o e gr (gt i

o - @1—f5_<1—f5){ HfF} (6.79)

where we see from (1 — fF)/fE = ethrlce=m) and fF/(1 — fF) = e=P(#=m) that the terms in
round parentheses (...) will when inserted in the “entropy flow” term

: . )
V) __ Wi J
S _Z:Wij Pjln — (6.80)

]

compose the entropy change in the reservoirs —3,Q™), compare Eq. (6.76). The terms in square
brackets [...] are a pure Maxwell-demon contribution [18] in the sense that they only affect the
entropic balance directly, and the terms in curly brackets {...} describe the influence on the
feedback energy injection on the entropic balance. We therefore define the feedback parameters

) ¥ 5
AW = N Al = _rF’
v .fF v 1- ny
oy = fE .o = lnﬁ, (6.81)

compare also Eq. (6.72). We see that the information contribution of the feedback obeys qu) =

—-A '6 and the energetic contribution obeys a[(n)aﬂ) = B,(eg — eF) With these, the “entropy flow”
term becomes modified by information currents S, = > B,QW) — T, — T, of which the first reads
explicitly

I, = ) [Ly"Pi— Ly R ln Zln—”]
e rr rErF
— (In=L —In=L I, =1yl L-RY 6.82
(HFE r) v MD{PEFE] (6:82)

Above, it is visible that the individual contributions to the information current Z; are tightly
coupled to the matter current. At steady state, we have conservation of the matter currents
Iy = Ij(\j) = —]](\f), such that also the total information current is tightly coupled to the matter
current.

Looking at the second information current we see that

Q_Zfblnf_E+fb Onl—fF' (6.83)

v
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and from the first law also conservation of the individual energy currents and the feedback

energy current ISEL) + I}SR) + I =0. ' '

Inserting these in the steady-state entropy production rate S; = —S., we find that at equal
temperatures 5 = [, = fr the second law reads
Here, the first term contains the produced electric power P = —(u; — pg)ly, which without

feedback would always be negative. The second term contains the purely informational contribution

of the feedback to the entropic balance. The third term quantifies how the difference of left and

right energy currents I}EL) + IéR) = —I® affects the heat exchanged with the reservoirs. If the

feedback does not affect the energy levels (eg = €r), this term will naturally vanish. Finally, the

last term describes the effect of the feedback level driving on the entropic balance. Since the level

driving also enters the entropic balance, we cannot interpret this simply as work on the system.
For simplicity, we can parametrize the tunneling rates using only a single parameter

I = Tet, I'E=Te™?,
P = re?, TE=rTe", (6.85)

which will for 6 > 0 favor transport from right to left. This will not change the energetics, but
the entropic balance is affected by the information current Z;. When we similarly parametrize the
changes of the dot level as

ep = et ep=ee ™, (6.86)

this will for A # 0 inject energy into the system via feedback operations. This secondary type of
feedback will not only modify the energy balance (first law), visible in an imbalance between left
and right energy currents I,(EL) #+ —IJ(ER). In addition, it also affects the entropic balance via both
a modification of the heat flow and the information current Z,. These effects are illustrated in
Fig. 6.5.

It is clearly visible that neglecting the feedback completely, one may observe an apparent
violation of the second law (dashed and solid red curves). The unconscious injection of energy
may lead to a significant increase of the overall produced power (solid red curve) but also implies
an apparent violation of the second law under Maxwell-demon feedback (solid green curve). By
contrast, the full entropy production rate (6.84) is always positive as expected (black curves).

Finally, we turn to the integral fluctuation theorem for entropy production. Formally, we get a
fluctuation theorem for the probabilities of transferred particles from left to right, since the when
we equip Eq. (6.75) with counting fields, we get

_TErFE Fr1 _ fF1,—i _TErE Frq1 _ ¢F
a0~ (rgipie Chpn i )+ (bl ST ) e

In the long-term cumulant-generating function we obtain the symmetry

fL(— fR)L7TR

C(—y,t)=C o, t =1 6.88
() =Clixtiad) . o=yl L (6.59)
which leads to a fluctuation theorem of the form
Pt
+ ( ) — 6+n01 . (689)

5o P (1)
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Figure 6.5: Plot of the matter current from left to right (top) and contributions to the total entropy
production rate (6.84) (bottom) for situations without feedback § = A = 0 (dotted), with Maxwell-
demon feedback 6 = +1.0, A = 0 (dashed), and with energy-injecting feedback 6 = A = +1.0
(solid). With feedback active (dashed and solid), we see that the matter current at equilibrium
V' = 0 becomes negative and remains negative for a small region 0 < V' < V* where the device
produces positive power P = —V [y, either using only information (A = 0) or information and
energy injection (A # 0). Red thin curves of similar style denote the naive entropy production
rate S(ur — pr)Iy = —pP that one would conjecture in ignorance of any feedback actions taken.
Green thin curves of similar style denote the naive entropy production rate —8(ur, — pr)Iy + 71
that one would conjecture when assuming that the feedback does not affect the energy levels. The
black curves denote the true entropy production rate, which is positive in all parameter regimes.
Dash-dotted lines just serve for orientation. Other parameters: fe = 1.

When fF = fF, we indeed recover our previous fluctuation theorem (6.49). In this case, we have
indeed the total entropy production in the exponent. However, when the feedback injects energy
into the system fZ # fI', we have already found that the average entropy production is no longer
tightly coupled to the matter current and can therefore not be simply proportional to the total
number of particles travelling through the system. The observed symmetry is then just a purely
mathematical one — actually a fluctuation theorem is observed for any fluctuating two-level system,
regardless of any detailed balance relation.

6.3 Coherent/Autonomous feedback

In contrast to external feedback loops, we can augment a quantum system by replacing the mea-
surement, signal processing, and control actions by a single auxiliary system, which we add to the
original quantum system. The controller and the original quantum systems are then treated in an
all-inclusive fashion. Typically, such setups are less flexible, since the control protocoll cannot just
be changed by altering classical parts of the feedback loop. However, they offer more understanding
on the thermodynamics as the complete feedback loop can be treated as part of the system.
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6.3.1 An autonomous version of a Maxwell demon

Consider a single-electron transistor as before now capacitively interacting with another quantum
dot, which is coupled to its own reservoir as depicted in Fig. 6.6. The system Hamiltonian of this

Figure 6.6: Sketch of an SET (bottom cir-
cuit) that is capacitively coupled via the

@@ Coulomb interaction U to another quantum
dot. The additional quantum dot is tunnel-

U coupled to its own reservoir with Fermi func-
tion fp. Since the associated stationary

matter current vanishes, only energy can be

—————— @ - transferred across this junction (dotted line).

three-terminal system reads
_ T T Tt
Hs = eqchca + escles + Ucleacles, (6.90)

where €, and €¢; denote the on-site energies of the SET dot and the demon dot, respectively, whereas
U denotes the Coulomb interaction between the two dots. The system dot is tunnel-coupled to
left and right leads, whereas the demon dot is tunnel-coupled to its junction only

Hi = Z (tkLcsc,tL + t,’;LckLc;r) + Z (thcscLR + t,:Rcchl> + Z (tdedCLd + tZdeLCD . (6.91)
k k 2

Furthermore, all the junctions are modeled as non-interacting fermions

Ho= > > emlhom. (6.92)

ve{L,Rd} k

Treating the tunneling amplitudes perturbatively and fixing the reservoirs at thermal equi-
librium states we derive the standard quantum-optical master equation, compare also Def. 7.
Importantly, we do not apply the popular wide-band limit here (which would mean to approxi-
mate I',(w) =~ I',). In the energy eigenbasis of Hg — further-on denoted by |po) where p € {E, F'}
describes the systems dot state and o € {0,1} denotes the state of the demon dot (both either
empty or filled, respectively) — the populations obey a simple rate equation defined by Eq. (2.52).
Denoting the populations by p,, = (po|p|po), the rate equation P = LP in the ordered ba-
sis P = (pOE,plE,pOF,plp)T decomposes into the contributions due to the different reservoirs
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L=Lp+ L+ Lr, which read

—I'pfp +I'p(l = fp) 0 0
co — | Tofo —Io(l—=fp) 0 0
’ 0 0 TUE 4T -8 |
0 0 +I%f5 —T%01 ~ fp)
—Tafa 0 +la(1 = fa) 0
_ 0 -Iofd 0 +TY(1 - fY)
Lo =l ung 0 —Tai—f) o . ac{LR}, (69)
A V(R

where we have used the abbreviations I'y, = [y(e,) and TY = [y(e, + U) for a € {L, R} and
I'p =Tp(eq) and T'Y) = 'p(eg + U) for the tunneling rates and similarly for the Fermi functions
fo = fale), fU = fales + U), fo = folea), and f§ = foleq + U), respectively. We note that
all contributions separately obey local-detailed balance relations. Closer inspection of the rates in
Eq. (6.93) reveals that these rates could have been guessed without any microscopic derivation.
For example, the transition rate from state |1E) to state |0E) is just given by the bare tunneling
rate for the demon junction I'p multiplied by the probability to find a free space in the terminal at
transition frequency €. Similarly, the transition rate from state |[1F) to state |0F) corresponds to
an electron jumping out of the demon dot to its junction, this time, however, transporting energy
of €4 + U. We have ordered our basis such that the upper left block of Ly describes the dynamics
of the demon dot conditioned on an empty system dot, whereas the lower block accounts for the
dynamics conditioned on a filled system.

As a whole, the system respects the second law of thermodynamics. We demonstrate this by
analyzing the entropy production by means of the Full Counting Statistics. In order to avoid
having to trace six counting fields, we note that the system obeys three conservation laws, since
the two dots may only exchange energy but not matter

{2 (A0 R £ 2R Y {2y (S (6.94)

where [ SEV) and ]](\Z) denote energy and matter currents to terminal v, respectively. Therefore, three

counting fields should in general suffice to completely track the full entropy production in the
long-term limit. For simplicity however, we compute the entropy production for the more realistic
case of equal temperatures at the left and right SET junction 5 = §;, = Sr. Technically, this is
conveniently performed by balancing with the entropy flow and using the conservation laws

S = SEe= R 000 —uD)

= B — ISP + 15V — prly) — ppl
= (B- /BD)I,(E ) Bpr — MR)I](\f) . (6.95)

Thus, we conclude that for equal temperatures left and right it should even suffice to track e.g.

only the energy transferred to the demon junction and the particles to the right lead. Therefore,
we introduce counting fields for the demon () and for the particles transferred to the left junctions
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(x), and the counting-field dependent rate equation becomes

~I'nfp +Tp(1 — fp)eticed 0 0
r . —|—FDfD€_i§€d —FD(l — fD) 0 0
0@ = 0 0 TGS AT et |
0 0 +TG fhe eeatt) T3~ fp)
—I'rfr 0 +TR(1 — fr)et™ 0
_ 0 ~TRf% 0 +TR(1 = fr)et™
ER(X) - "‘PRfRe_iX 0 —FR(l . fR) O (696)
0 +Tg fre ™ 0 TR0~ f7)

These counting fields can now be used to reconstruct the statistics of energy and matter transfer.
The currents can be obtained by performing suitable derivatives of the rate matrix. For example,

the energy current to the demon is given by [ﬁjD) = —iTr {8§£(§ ,0)[e—o ,5}, where p is the steady

state £(0,0)p = 0.
To test the fluctuation theorem, we calculate the characteristic polynomial

D& x) = [L(&x) — AL

= (L1 = A)(Laa — A)(Lsz — A)(Laa — A)
—(Lin = A)(Laz — A) L3a(§) Laz(§) — (L1r — A)(Laz — A) Laa(x) Laz(X)
—(La2 — A)(Laa — A)L1z(x) La1(x) — (Laz — A)(Laa — A)L12(€) L1 (€)
+L12(8) L1 (&) L3a(§) Laz(§) + Las(x) Ls1(x) Laa(x) Laz (x)
—L12(5)L24(X)L31(X)L43(f) - L13(X)L21(5)L34(5)L42(X)

= (L11 — A)(La2 — A)(Laz — A)(Las — A)
— (L1 — )\)(L22 — A)L34(0) Ly3(0) — (L11 — A)(Lsz — A) Laa(x) La2(x)

—(Laa — A)(Laa — M) L13(x) La1(x) — (Laz — A)(Laa — A)L12(0) L21(0)

+L12(0)L 1(0) 4(0)La3(0) + L1z(x) L1 (x) Laa(x) La2(x)
—L12(8) Laa(x) L1 (x) L13(§) — L1z (X) La1(§) L3a(§) Laa(X) (6.97)

where L;; simply denote the matrix elements of the rate matrix £. We note the symmetries

Liz(—x) = ! ;LfL L3 (-I-X +iln {f(_l ;J?}i) = ! ;LfL L (+x +1B8(pr — pr))
U 1— U

Los(—x) = foL Ly (+X +1iln {f(_ fg{?é) = foL Lo (+x +1iB(pr — pr))

Lix(—=€) = Lo (+§ + éln ! _DfD) = Lo (+§ + ;@D(Ed — HD)) ,

- U
L3s(—§) = Lus (—i‘f +——n ! UfD) = Ly3 (‘1‘5 +—
€4+

€a+U s UﬁD<€d+U_FLD)> , (6.98)

which can be used to show that the full characteristic polynomial obeys the symmetry

D(—¢,—x) =D(E+i(Bp — B)/U, x +1B8(pr — 1)) - (6.99)

This symmetry implies — when monitoring the energy current to the demon ep and the number of
electrons transferred to the right junction ng — for the corresponding probability distribution the
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fluctuation theorem

lim P Ang +2ep — oBo=B)Aep+B(pL—pr)Ans (6.100)
t—o0 P—A’ns,—AeD

Instead of determining the continuous energy emission distribution, we could alternatively have
counted the discrete number of electrons entering the demon dot at energy ep and leaving it at
energy ep -+ U. Since this process leads to a net energy extraction of energy U from the system, the
corresponding matter current is tightly coupled to the energy current across the demon junction,
i.e., their number would be related to the energy via Aep = npU. Comparing the value in the
exponent of Eq. (6.100) with the average expectation value of the entropy production in Eq. (6.95),
we can also — roughly speaking — interpret the fluctuation theorem as the ratio of probabilities for
trajectories with a positive and negative entropy production.

In addition, we identify P = (u — ,uR)[](\f) = —(ur — uR)I](\f) as the power generated by the
device, which — when the current flows against the bias — may yield a negative contribution 5P
to the overall entropy production. In these parameter regimes however, the negative contribution
Bur — ;LR)IZ(\?) must be over-balanced by the second term (8 — BD)]SED), which clearly requires —
when the demon reservoir is colder than the SET reservoirs fp > (s — that the energy current
flows out of the demon I}(ED) < 0. As a whole, the system therefore just converts a thermal
gradient between the two subsystems into power: A fraction of the heat coming from the hot SET
leads is converted into power, and the remaining fraction is dissipated as heat at the cold demon
junction. The correspondmg efficiency for this conversion can be constructed from the output
power P = —(up — ,uR)IM and the input heat Q; + Qp = —I( ) — (g, — ,uR) = Quiss + P,
where less = —ISED) is the heat dissipated into the demon reservoir. Using that S > (0 we find
that the efﬁ(nency which of course is only useful in parameter regimes where the power is positive
B, — LLR)IJ(V[ > 0 — is upper-bounded by Carnot efficiency

P Tp
e <1- 2 = e 6.101
less + P T ( )

For practical applications a large efficiency is not always sufficient. For example, a maximum
efficiency at zero power output would be quite useless. Therefore, it has become common standard
to first maximize the power output of the device and then compute the corresponding efficiency
at maximum power. Due to the nonlinearity of the underlying equations, this may be a difficult
numerical optimization problem. To reduce the number of parameters, we assume that f5 = 1—fp
(which is the case when ep = pup — U/2) and fY =1 — fr as well as fY = 1 — f; (which for
fr = Br = P is satisfied when eg = 1/2(ur + ur) — U/2), see also the left panel of Fig. 6.7.
Furthermore, we parametrize the modification of the tunneling rates by a single parameter via

oto . o0
L cosh(9)’ L cosh(9)
o—? . oto
' =T I',="r 102
f cosh(d)’ R cosh(9) (6.102)

to favor transport in a particular direction. We have inserted the normalization by cosh(d) to keep
the tunneling rates finite as the feedback strength ¢ is increased. Trivially, at 6 = 0 we recover
symmetric unperturbed tunneling rates and when § — oo, transport will be completely rectified.
The matter current from left to right in the limit where the demon dot is much faster than the
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SET (I'p — oo and I'Y) — co) becomes

r
Iy = §[fL—fR+tanh(5) (fo+ fr—2fD)] . (6.103)
Similarly, we obtain for the energy current to the demon

ny = [fL + fr—2fp+ (fo — fr)tanh(0)] , (6.104)

which determines the dissipated heat. These can be converted into an efficiency solely expressed
by Fermi functions when we use that

Blpr —pr) = In (M) :

(L= fo)fr
fr(1 = fR) frIL
pU = In ( — In , 6.105
- Ffh 0= I~ 1) (6:105)
which can be used to write the efficiency of heat to power conversion as
P 1 1

= , (6.106)

Qus +P 1+ % - 14 (B ) (f+ r—2fp+(fL—[R) tanh())
In (5B ) (F~fr+(fu+Fr—2fp) tanh(5))

which is also illustrated in Fig. 6.7.

Beyond these average considerations, the qualitative action of the device may also be under-
stood at the level of single trajectories, see Fig. 6.8. It should be noted that at the trajectory level,
all possible trajectories are still allowed, even though ones with positive total entropy production
must on average dominate. As a whole, the system thereby merely converts a temperature gradient
(cold demon, hot system) into useful power (current times voltage).

6.3.2 Local View: A Feedback-Controlled Device

An experimentalist having access only to the SET circuit would measure a positive generated

power, conserved particle currents [](V];) + I](\f) = 0, but possibly a slight mismatch of left and
right energy currents ]](EL) + I](ER) = —II(ED) # 0. This mismatch could not fully account for the

generated power, since for any efficiency n > 1/2 in Fig. 6.8 we have ’ISED)‘ < P. Therefore, the

experimentalist would conclude that his description of the system by energy and matter flows is
not complete and he might suspect Maxwell’s demon at work. Here, we will make the reduced
dynamics of the SET dot alone more explicit by deriving a reduced rate equation.

We can evidently write the rate equation defined by Eqs. (6.93) as P, = LonP,y. Here,
a € {E0, E1,F0, F1} labels the energy eigenstates of the total system composed by the single
dot and the demon dot. Resolving these two degrees of freedom a = (ij), where i € {E, F'} and
j € {0,1}, we can equivalently write PZ] = L;; 7y Pyj, where i and j label the system (i) and
detector/demon (j) degrees of freedom, respectively. If we discard the dynamics of the demon
dot by tracing over its degrees of freedom P; = Z 5> we formally arrive at a non-Markovian
evolution equation for the populations of the SET dot

Py
P ZZ‘CZ]’L]/P// Z Z‘cij,i/j’?'j
JJ’

!
. (2
ZI

Py =W (t)Py . (6.107)
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Left: Sketch of the assumed configurations of chemical potentials, which imply at 3,
relations between the Fermi functions.
Right: Plot of current (solid black, in units of I'), dimensionless power SV I (dashed red, in
units of I'), and efficiency 7 (dash-dotted blue) versus dimensionless bias voltage. At equilibrated
bias (origin), the efficiency vanishes by construction, whereas it reaches Carnot efficiency (dotted
green) at the new equilibrium, i.e., at zero power. At maximum power however, the efficiency still
closely approaches the Carnot efficiency. Parameters: 6 = 100, tunneling rates parametrized as
in Eq. (6.102), fp = 0.9 =1— fY, Bes = —0.05 = —B(es + U), such that the Carnot efficiency
becomes Neamot = 1 — (BU)/(BpU) ~ 0.977244.
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Figure 6.8: Level sketch of the setup. Shaded
yellow regions represent occupied levels in the
leads with chemical potentials and temperatures
indicated. Central horizontal lines represent
transition energies of system and demon dot,
respectively. When the other dot is occupied,
the bare transition frequency of every system
is shifted by the Coulomb interaction U. The
shown trajectory then becomes likely in the sug-
gested Maxwell-demon mode: Initially, the SET
is empty and the demon dot is filled. When
I'% > TY the SET dot is most likely first filled
from the left lead, which shifts the transition fre-
quency of the demon (1). When the bare tun-
neling rates of the demon are much larger than
that of the SET, the demon dot will rapidly equi-
librate by expelling the electron to its associated
reservoir (2) before a further electronic jump at
the SET may occur. At the new transition fre-
quency, the SET electron is more likely to escape
first to the left than to the right when I'y, > I'g
(3). Now, the demon dot will equilibrate again
by filling with an electron (4) thus restoring the
initial state. In essence, an electron is trans-
ferred against the bias through the SET circuit
while in the demon system an electron enters at
energy €4 and leaves at energy €¢; + U leading
to a net transfer of U from the demon into its
reservoir.



6.3. COHERENT/AUTONOMOUS FEEDBACK 143

This equation is non-Markovian, since to solve for the time-dependent rates W;; we would need to

integrate over the solution of the full rate equation, which implies that they depend on the values
Py
I
demon being in state j' provided the system is in state 7'.

of the system of the past. However, we may identify as the conditional probability of the

Direct inspection of the rates suggests that when we assume the limit where the bare rates of the
demon system are much larger than the SET tunneling rates, these conditional probabilities will
assume their conditioned stationary values much faster than the SET dynamics. In this limit, the
dynamics is mainly dominated by transitions between just two mesostates instead of the original
four states. These mesostates are associated to either a filled or an empty system quantum dot,
respectively. We may hence arrive again at a Markovian description by approximating

P'/ -/ P‘/ -/
P i = L — L) 1
( P, B, (6.108)
which yields the coarse-grained rate matrix
Wir =Y Lijay Puy (6.109)
jj/ ]7 .7 PIL‘/

For the model at hand, the stationary conditional probabilities become in the limit where

A
P P
Do = ﬂ—l—fD, P1|E—%:ny
E E
P P
P = TRoiogh =g (6110)

and just describe the fact that — due to the time-scale separation — the demon dot immediately
reaches a thermal stationary state that depends on the occupation of the SET dot. The temper-
ature and chemical potential of the demon reservoir determine if and how well the demon dot —
which can be envisaged as the demon’s memory capable of storing just one bit — captures the actual
state of the system dot. For example, for high demon temperatures it will be roughly independent
on the system dots occupation as fp ~ f5 ~ 1/2. At very low demon temperatures however, and
if the chemical potential of the demon dot is adjusted such that ¢; — up < 0 and ¢+ U — pup > 0,
the demon dot will nearly accurately (more formally when SpU > 1) track the system occupation,
since fp — 1 and fY — 0. Then, the demon dot will immediately fill when the SET dot is emptied
and its electron will leave when the SET dot is filled. It thereby faithfully detects the state of
the SET. In the presented model, the demon temperature thereby acts as a source of error in the
demon’s measurement of the system’s state. In addition, the model at hand allows to investigate
the detector backaction on the probed system, which is often neglected. Here, this backaction is
essential, and we will now investigate it by analyzing the reduced dynamics in detail.

The coarse-grained probabilities Pr and Pr of finding the SET dot empty or filled, respectively,
obey the rate equation dynamics

—Lrg +Lgr
L= 6.111
( +Lrg —Lgr ) ( )
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with the coarse-grained rates

Pro Pp,
Lir = Lporo—al + Ly —t
EF BO.FOF + LE1F1 P,

= [Tp(l—fo)+Tr(l— fR)] (1= fp)+ [FL(1— f1) + TR(L—= )] /D,
Lrg = LFOEO%JEE(]+LF1E121

[Tofr+Trfrl (1= fp)+ [TLfL + T3] fo- (6.112)

We note that a naive experimenter — not aware of the demon interacting with the SET circuit —
would attribute the rates in the coarse-grained dynamics to just two reservoirs: £ = L + L with
the rates L) = (1 — f)Ta(l = fa) + FETY(1 = f¥) and LE} = (1 = fp)Tafa + fol'f7. Thus,
when the SET is not sensitive to the demon state Fg/ r ~ I'p/r and fg/ r ~ fr/r, local detailed
balance is restored, and we recover the conventional SET rate equation.

We note that the matter current

11 = LY Pp — W) Py (6.113)

is conserved I](\f) = —Ij(\f), such that the entropy production becomes

. £W) p £ pg
S = 2 Liphrhn (EE?PE>+£FEPE < 7

ve{L,R} FE ﬁ(El)vPF

_ (L ) Pp— L) PE>1n<£g}pF>

v)
ve{L,R} ‘CFEPE

(L) p(R)
_ w, [ Lerfre ) _ )
FE~FEF

and is thus representable in a simple flux-affinity form. Similarly, we note that if we would count
particle transfers from the left to the right reservoir, the following fluctuation theorem would hold

Py
Pin = A (6.115)

and the fact that these fluctuations could in principle be resolved demonstrates that the affinity
in the entropy production is a meaningful and measurable quantity. Without the demon dot, the
conventional affinity of the SET would simply be given by

o (LR gy e
Ao =t (oI e ) e~ ) (6.116)

and ignoring the physical implementation of the demon, we can interpret the modification of the
entropy production due to the demon as an additional information current that is tightly coupled
to the particle current

Si=IP A+ 1A — A) =59+ 1. (6.117)
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When the demon temperature is lowered such that SpU > 1 and its chemical potential is
adjusted such that fp — 1 and f5 — 0, the affinity becomes

(T = fO)TREN . (TR fofy
A=1In <FEfEFR(1 — fR)) =1In <F%FR> +In ( ng) + A (6.118)

The last term on the right-hand side is simply the affinity without the demon dot. The first two
terms quantify the modification of the affinity. The pure limit of a Maxwell demon is reached,
when the energetic backaction of the demon on the SET is negligible, i.e., when fY ~ f; and
fY =~ fgr, which requires comparably large SET temperatures f3r, /rU < 1. Of course, to obtain
any nontrivial effect, it is still necessary to keep non-flat tunneling rates I'Y R # 't /g, and in this

case one recovers the case discussed in the previous section — identifying I'® with T, and T'Y with
T

6.4 Further feedback applications

6.4.1 Suppression of Noise

The simplest model to study the suppression of noise in counting statistics [23] is that of a single
junction. Such a junction could be physically implemented by a QPC

H = Z Ek:LCLLCkL + Z ekRCLRckR + Z [tkk’CkLCLR + tl:klck/RCLL s (6.119)
k k kk’

where ¢, are fermionic annihilation operators for electrons in mode k£ and lead «. The tunneling
process from an electron of the left lead in mode k to the mode &’ of the right lead is described by
the term tppcy LCL, r» Whereas the inverse process is described by the hermitian conjugate term. We
have treated this model before — as a detector measuring the charge of a single electron transistor,
compare Sec. 4.2.2. We can therefore simply consider the limit where the single-electron transistor
is empty throughout, such that the QPC dynamics is not affected by it. Then, one as in the small
tunneling limit the equation

Py = +yPui(t) +7Pu1 — [y +3] Pa(t). (6.120)

where P,(t) denotes the probability to have n particles passed the junction after time t. Here, the
forward and backward tunneling rates are microscopically linked to the QPC parameters, compare
Eq. (4.66)

where t denotes the bare transition function of the QPC, 3 its inverse temperature, and V the
bias voltage applied accross the QPC. We see that for V' > 0, we have transport from left to right,
whereas for V' < 0 the current is reversed. Thereby, all the microscopic information contained
in the tunneling amplitudes tg and the lead occupations f,(w) is compressed only in the two
tunneling rates v and 7, see Fig. 6.9. Thus, one may be changing the bias voltage modify these
tunneling rates.



146 CHAPTER 6. FEEDBACK CONTROL

Figure 6.9: Sketch of a single junction be-

tween two reservoirs, characterized by their

Fermi functions f, and tunneling amplitudes

trr. The time-dependent microscopic pa-

rameters just enter into the time-dependent

left-to-right and right-to-left tunneling rates
o te® v(t) and (t), respectively. The piecewise-
constant time-dependence may either follow
a predefined protocol (open-loop control) or
can be conditioned on a measurement result
(feedback control). The system in this case
is given by a virtual detector that counts the
net number of particles transferred from left
to right.

Dynamics in absence of control

First let us consider the time-independent case. After Fourier transformation P(x,t) = Y., P,(t)e™"X,
the n-resolved equation becomes

P(x,t) = [y(e™ = 1) + 3(e™ = 1)] P(x,t). (6.122)

This is thus in perfect agreement with what we had for the QPC statistics in Eq. (4.65). With the
initial condition P(x,0) = 1 it is solved by

P(x,t) =exp{[y(e™ = 1) +5(e X =1)] t} . (6.123)

Exercise 48 (Cumulants). Show that the cumulants of the probability distribution P, (t) are given
by

((n*)) = [y + (=1)*9] ¢,

and can thus be understood as two counter-propagating Poissonian distributions.

This initial condition is chosen because we assume that at time ¢ = 0, no particle has crossed
the junction P,(0) = d,0. The probability to count n particles after time ¢ can be obtained from
the inverse Fourier transform

Pu(t) = / exp { [y(e™™ — 1) + 3(e X — 1)] £} e ™dy. (6.123)

:27r

—T

This probability can for this one-dimensional model be calculated analytically even in the case of
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bidirectional transport

o0 a (= b
P,(t) = e 0t Z (vt)* (71) l/eﬂ(abn)xdx

n <0

78
2
B
o
=
|

n/2
e~ (Nt (%) Tn(2v/7) (6.124)

where J,(z) denotes a modified Bessel function of the first kind — defined as the solution of
2T"2) + 2T(2) — (22 4+ n?)T.(2) = 0. In the unidirectional transport limit, this reduces to a
normal Poissonian distribution

n!

lim P,(t) = 0 : "< 0

—yt ()" .
1 { ¢ : nz0 (6.125)
¥—0

Exercise 49 (Poissonian limit). Show that a Poissonian distribution arises in the unidirectional
transport limit.

We further note that the moment-generating function just trivially given by M(x,t) = P(x,t),
and correspondingly the cumulant-generating function assumes the simple form

C(x,t) = yt(et™X — 1) +yt(e ™ — 1), (6.126)

which now also holds for finite times and not only for large times. We see that this is just the
independent superposition of two counter-propagating Poissonian processes with cumulants vt and
~t.

In the following, we will — mainly for simplicity — consider only the unidirectional transport
limit by demanding that the bias voltage is always large enough such that the reverse tunneling
process is negligible 7 — 0.

Open-Loop Control

Now we consider the case of a time-dependent rate v — ~(t) with a piecewise-constant time
dependence. Just for simplicity, we will constrain ourselves to unidirectional transport ¥ = 0 as
shown in Fig. 6.10, where the time-dependence of v(t) is well approximated by a piecewise-constant
protocol. We assume that the parameter v is changed at regular time intervals At, such that the
control protocol is fully characterized by the sequence {71,7s,...}. The fact that the model is
scalar (has no internal structure) implies that the system has no internal memory, and the initial
state for each interval is therefore just that no particle has crossed the junction. Consequently, the
probability distribution of measuring particles in the a-th time interval is completely independent
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A Tswitch K At

Figure 6.10: Time-dependent tunneling rate
which is (nearly) piecewise constant during
the intervals At. In the model, we neglect
- the switching time 7yyiten completely.

from the outcome of the interval o — 1. If we denote the cumulant during the interval At in the
a-th interval by <<nk >>a, we find for the average over all time intervals

(k) = %Z () = %Z%At — ()AL (6.127)

i.e., all average cumulants are simply described by the time-averaged tunneling rate Regardless
of the actual form of the protocol, one therefore always obtains a Poissonian distribution. In
conclusion, piecewise-constant open loop control applied to a single junction will not substantially
alter its dynamics.

Closed-Loop control

For simplicity, we again consider here the unidirectional transport limit, which is described by

P,=~P,.1 —~P,. (6.128)
The parameter v describes the speed at which the resulting Poissonian distribution

e—'yAt (yAH)™ -n Z 0

P,(At) = { )" " (6.129)

moves towards larger n. This however, also goes along with a spread of the distribution: Its

width o = /Cy = 1/ (n2) — (n)? increases as o o t'/2. When we arrange the probabilities in an

infinite-dimensional vector, the rate matrix appears band-diagonal

d P'—l T _ P'_
— n = - 7 [ ) = 6.130

For the initial state P,(0) = 0,0 we have written the solution to the above equation explicitly in
terms of a Poissonian distribution (6.129). Using the translational invariance in n and linearity of
the equations, we can therefore write the general solution explicitly as

Py(t + At) 1 Py(t)
Pi(t + At) vAL 1 Pi(t)
Py(t + At) 080 At 1 110
: = A : : : = FAP(t),  (6.131)
P, (t + At) R Pu(t)
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which takes the form P(t+At) = P(At)P(t) = e“A' P(t) with the infinite-dimensional propagation
matrix P(At).

Exercise 50 (Probability conservation). Show that the above introduced propagator
P(At)preserves the sum of all probabilities, i.e., that >, P,(t+ At) =" P,(t).

We have found previously that an open-loop control scheme does not drastically modify the
probability distribution of tunneled particles. We do now consider regular measurements of the
number of tunneled particles being performed at time intervals At. The major difference to our
previous considerations is now that we modify the tunneling rate v dependent on the measured
number of tunneled particles. Measurement of n tunneled particles can be described by a projec-
tive measurement of the density matrix. In super-operator notation, the matrix elements of the
corresponding projector just read

(Ma)ij = 0injm - (6.132)

j
Conditioning the following propagator on the measurement result P(At) — P,(At) via switching
the tunneling rate dependent on the measurement outcome, the effective propagator under feedback

control becomes

Pu(At) =) Pu(AHM,, . (6.133)
Making everything explicit, the propagation matrix becomes
e~ V0Al
e 0 (v At) e NAt
e—%At (’Yo?’f)2 e—wAt (’ylAt) 6—72At
Pp(AL) = : : : . ) (6.134)
o0 (Voﬁt)" oAt % ewAt%

The vector of probabilities under feedback evolves according to the iteration scheme P(t + At) =
P (At)P(t). Formally, every column thus corresponds to a different Poissonian process with
tunneling rate 7,.

Exercise 51 (Effective Feedback Propagator). Show the validity of Fq. (6.134).

One could now calculate even the full dynamics of cumulants for very large measurement
intervals At [2]. However, here we will mainly only discuss the continuous feedback limit as
At — 0. Using that ) M, =1, we get the effective feedback Liouvillian

—70

- +% —mn
Ly =Y LoM,= = : (6.135)

n=0
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which can also be written in the form
P, = 4+Yp-1Po1 — Py . (6.136)

We see that translational invariance is broken, such that simply using a discrete Fourier transform
P(x,t) = >, P,(t)e™™ will not lead to a simple generalized master equation as in absence
of feedback. Instead, it will lead to partial differential equations that can only be solved with
significant effort.

The feedback protocol is now defined when one decides what action to perform in response to
measuring a certain number of particles at time ¢, i.e., in allowing for time and particle-resolved
tunneling rates v,(¢). We first define the time-dependent first two cumulants

=3 nP(t), Gty =Y nPPu(t) - CX(1), (6.137)

which yields for the first cumulant the differential equation

¢y = Zn [Yn-1Poo1 — 1Pl = Z [(n 4+ 1)y P — nyn P Z% = (1), . (6.138)

n n

From a similar calculation, we get the time derivative of the second cumulant

Cy = > a1 Poy =P = 2C1(H)C =Y (204 1) 7, P, — 2C1(1)C)

n

= G L= 20 0)] + 2 (), (6.139)

Below, we discuss different feedback realizations.

Linear Feedback

Linear feedback of the form

Yu(t) =7 [1 = g(n —~1)] (6.140)

with the feedback parameters g > 0 and v > 0 is much simpler to evaluate analytically. It can be
thought of an approximation of a general feedback scheme. Of course, the above scheme formally
allows for negative rates when n > 7ot. In reality however, the probability for such a process is
exponentially suppressed for sufficiently large times, since for large times the width of a Poissonian
process is sufficiently smaller than its mean value o/p = 1/4/7t. The objective of the feedback
is to increase the tunneling rate when the number of particles is below ¢ and to decrease the
tunneling rate when it is above yt. Thereby, slow trajectories are sped up, and fast trajectories
are slowed down.

The linear feedback scheme has the advantage that the equations for the cumulant evolutions
close. In particular, the first cumulant evolves according to

Cr = y[1+g7t] — g7Ci(1), (6.141)

which for the initial condition C}(0) = 0 has the particularly simple solution C}(¢) = ~t. Inserting
this in the evolution equation of the second cumulant, we get

Co = A1 =29t] 4+ 2 (nyn), = Y[1 — 29t] + 2 [(n) v(1 + gt) — g7 (n*)]
= Y1 = 29t] + 2 [yt(1 + gyt)y — g7(Ca(t) + (11)%)]
= [l —29Cs(t)]. (6.142)
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This coupled set of differential equations admits for the initial conditions C7(0) = 0 and C5(0) =0
the simple solution [23]

1 — e 297t

i) =t,  Oolt) = 5 — (6.143)

which shows a continuous evolution towards a constant width of ¢ =  /lim Cy(t) = \/%
t—00 9

Freezing the second cumulant of otherwise stochastic processes has many interesting applica-
tions. For example, many processes with a stochastic fluctuating work load might profit from a
smoothed evolution if control may be applied. In an electronic context, a stabilized width of the
electronic counting statistics could help to improve the standard of the electric current [24].

Exponential Feedback

The linear feedback is simple to treat but has the disadvantage that negative rates may in principle
occur. Next, we consider an exponential feedback scheme

Y (t) = et (6.144)

This for a > 0 also tends to slow down fast trajectories (n > ~t) and to speed up slow trajectories
(n < ~t) by decreasing or increasing the tunneling rate. However, we see that in contrast to the
previous scheme the rate is always positive. We cannot solve the general dynamics anymore, but
we can start from a Gaussian distribution

1 _(n—w?

P,(t) = e 2 (6.145)

2ro

and then look how the feedback affects the distribution. We stress that at present, p and o are
unknown. When vt > o, we can replace the summation over n by an integral over x = n, where we
see immediately that the distribution is properly normalized. Evaluating everything by integrals,
we get

. aliesy 1 _@=w? o 9
Cr = () =~ /ye (ot )—2_7“76 202 dxr = yexp {5 (aa + 27t — 2#)} . (6.146)

Therefore, demanding that the first cumulant grows linearly with C; = v we obtain the constraint
p=t+o’a/2. (6.147)

The solution for the first cumulant could with the appropriate initial condition then be C;(t) =
p =t + oa/2. We can insert this in the evolution equation for the second cumulant

. . 1 (z—w)?
Cy = C1[1=2C,(1)]+2(nvy), =~v[1—2C:(1)] + 2/ et 7502 dr
2 al (O] + 2 (nyn), =7 1(1)] gl Norh
= v[1-=20,(t)] + 2v°t — yao® =4[l — ac?]. (6.148)

Therefore, in order to stabilize a Gaussian with width o, we need to adjust the feedback protocol
parameter as

o= (6.149)
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6.4.2 Qubit stabilization

Qubits — any quantum-mechanical two-level system that can be prepared in a superposition of its
two states |0) and |1) — are at the heart of quantum computers with great technological promises.
The major obstacle to be overcome to build a quantum computer is decoherence: Qubits prepared
in pure superposition states (as required for performing quantum computation) tend to decay into
a statistical mixture when coupled to a destabilizing reservoir (of which there is an abundance in
the real world). Here, we will approach the decoherence with a quantum master equation and use
feedback control to act against the decay of coherences.

The system is described by

Q
Hs = EJZ, HY) = gwmbllbkl, HE = ;me;zbkﬁ
WY = ey [hklbkl N hzlbll} W= ey [hmb,ﬂ + hZQbLQ] . (6.150)
k k

where 0 represent the Pauli matrices and b, bosonic annihilation operators. We assume that
the two bosonic baths are independent, such that we can calculate the dissipators separately. We
have already calculated the Fourier-transform of the bath correlation function for such coupling
operators. When we analytically continue the spectral coupling density to negative frequencies as
J(—w) = —=J(4w), it can also be written as

J(w) [1 +nw)] . (6.151)

¥(w)

Since it obeys the KMS condition we may expect thermalization of the qubits density matrix with
the bath temperature. Note that due to the divergence of n(w) at w — 0, it is favorable to use an
Ohmic spectral density such as e.g.

J(w) = Jowe /e | (6.152)

which grants an existing limit «(0). For the two interaction Hamiltonians chosen, we can make

the corresponding coefficients explicit

coefficient | A: pure dephasing A = ¢* | B: dissipation A = ¢”
00,00 +7(0) 0
V00,11 —(0) 0
V11,00 —v(0) 0
V11,11 +7(0) 0
V01,01 0 Y(+$2)
710,10 0 (=)
oo o(0) o(-9)
% %
o1 Ué?) 0(;9)

and rewrite the corresponding Liouvillian in the ordering poo, p11, po1, P10 @s a superoperator (fur-
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ther abbreviating yo,+ = v(0/ £Q), ¥ = 0g9 — 011)

0 0 0 0
s |00 0 0
AT 100 —29—i 0
0 0 0 — 20 + Q2
e A o 0 0
N B e e Y 0 0
Lp = 0 0 —-==_iQ+Y) 0 (6.153)
0 0 0 e (VDY)

Both Liouvillians lead to a decay of coherences with a rate (we assume € > 0)

Ji
Ya = 290=2lm J(w) [1+nw)] = 250 = 2JoksT,

vy = -+ 1
B 9 2

= %J(Q) coth [

[JE)[1+n(@)] + J (=1 +n(=Q)]] = 5 [J D[ + n(Q)] + J(Q)n(Q)]

N | —

%BT} : (6.154)

which both scale proportional to T for large bath temperatures. Therefore, the application of
either Liouvillian or a superposition of both will in the high-temperature limit simply lead to
rapid decoherence. The same can be expected from a turnstyle (open-loop control), where the
Liouvillians act one at a time following a pre-defined protocol.

The situation changes however, when measurement results are used to determine which Liou-
villian is acting. We choose to act with Liouvillian £4 throughout and to turn on Liouvillian Lg in
addition — multiplied by a dimensionless feedback parameter o« > 0 — when a certain measurement
result is obtained. Given a measurement with just two outcomes, the effective propagator is then
given by

P(AL) = 548 My 4 elFatalnldipg, | (6.155)

where M; are the superoperators corresponding to the action of the measurement operators M; pM,;r
on the density matrix. First, to obtain any nontrivial effect (coupling between coherences and
populations), the measurement superoperators should not have the same block structure as the
Liouvillians. Therefore, we consider a projective measurement of the % expectation value

1 1
M1=§[1+Ux] ; M2:§[1—UI] : (6.156)

These projection operators obviously fulfil the completeness relation Mf My + M2T M; = 1. The
superoperators corresponding to Mz-p]W;r are also orthogonal projectors

1 1 -1 -1
1 1 1 -1 -1
Me=cl 7 1| (6.157)

-1 -1 1 1

Jal

I
—_ = =
= = ==
—_ = = =
—_ = =
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Exercise 52 (Measurement superoperators). (1 points)
Show the correspondence between M; and M; in the above equations.

However, they are not complete in this higher-dimensional space M; + My # 1. Since the
measurement superoperators do not have the same block structure as the Liouvillians, we cannot
expect a simple rate equation description to hold anymore.

Without feedback (o = 0), it is easy to see that the measurements still have an effect in contrast
to an evolution without measurements

1 1 0 0
1111 0 0
21 0 0 e @0HDAL o= (20 Q)AL = P8 (M + My) #
0 0 e 2w-iAt  —(290-iR)AL
10 0 0
0 1 0 0
=10 0 e 0 (6.158)
0 0 0 e~ (270—i)At

This may have significant consequences — even without dissipation (79 = 0) and without feedback
(a = 0): The repeated application of the propagator for measurement without feedback (79 = 0
and a = 0) yields

0 0

0 0
e I cos"H(QAL) e I cos™ L (QAY)
e HiAL COSnil(QAt) e HQAL (gn—1 (QAt)

[e“a8 (M) + My)]" = % (6.159)

O O = =
O O = =

Exercise 53 (Repeated measurements). (1 points)
Show the validity of the above equation.

In contrast, without the measurements we have for repeated application of the propagator
simply

[e£aBi]" = efanat, (6.160)

When we now consider the limit n — oo and At — 0 but nAt = t remaining finite, it becomes
obvious that the no-measurement propagator for 79 = 0 simply describes coherent evolution. In
contrast, when the measurement frequency becomes large enough, the measurement propagator in
Eq. (6.158) approaches

[e“48 (M + My)]" = % (6.161)

OO = =
OO = =
= _ o O
=)
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and thereby freezes the eigenstates of the measurement superoperators, e.g. p = 1 [|0) + [1)] [(0] + (1]].
This effect is known as Quantum-Zeno effect (a watched pot never boils) and occurs when measure-
ment operators and system Hamiltonian do not commute and the evolution between measurements
is unitary (here 79 = 0). When the evolution between measurements is an open one (7o > 0), the
Quantum-Zeno effect cannot be used to stabilize the coherences, which becomes evident from the
propagator in Eq. (6.158).

With feedback (v > 0) however, the effective propagator P(At) does not have the Block
structure anymore. It can be used to obtain a fixed-point iteration for the density matrix

p(t+ At) = P(At)p(t). (6.162)

Here, we cannot even for small At approximate the evolution by another effective Liouvillian, since
Alimo)/V(At) # 1. Instead, one can analyze the eigenvector of W(At) with eigenvalue 1 as the (in
t—

a stroboscopic sense) stationary state. It is more convenient however to consider the expectation
values of (o'), that fully characterize the density matrix via

1+ {o%) 1—{o%) (0") —i{0") {o") +i{0")

_ _ _ (6.1
5 ; pi1 5 ; Po1 5 ; P10 5 (6.163)

Poo =
Note that decoherence therefore implies vanishing expectation values of (¢*) — 0 and (¢¥) — 0 in
our setup. Converting the iteration equation for the density matrix into an iteration equation for
the expectation values of Pauli matrices we obtain

672’70At

0 ear = — {(1+(07),) cos (QAL) — (1 = (0%),) ™01 2 o5 [(Q 4 a(Q + 52)) At]}
67270At

(@ ar = {(14(07),) sin (QA) — (1 = (o)) e~ O A2 6in [(Q 4 a (2 + X)) At]}

S (74 —2 (77-_) 1171 )(0”‘">t) (1 — e~O=+rast) (6.164)

which (surprisingly) follow just the expectation values (¢®), on the r.h.s. The first of the above
equations can be expanded for small At to yield

<Jw>t+AAtt_ @) _ _i 870 + a (7_ + 72)] {o®), + %a (= +74) + O{At}. (6.165)

When At — 0, this becomes a differential equation with the stationary state

<5_x> — O‘(’V— + ’V—i—)
8y + a(y- +74)’

which approaches 1 for large values of o. Taking into account the large-temperature expansions
for the dampening coefficients

(6.166)

Yo = JoksT, oy~ 2Jge” M kg T (6.167)

we see that this stabilization effect also holds at large temperatures — a sufficiently strong (and
perfect) feedback provided. An initially coherent superposition is thus not only stabilized, but
also emerges when the scheme is initialized in a completely mixed state. Also for finite At, the
fixed-point iteration yields sensible evolution for the expectation values of the Pauli matrices, see
Fig. 6.11.
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Figure 6.11: Expectation values of the Pauli matrices for finite feedback strength a = 10 and finite
stepsize At (spacing given by symbols). For large At, the fixed point is nearly completely mixed.
For small At, the curve for (¢”), approaches the differential equation limit (solid line), but the
curve for (o), approaches 0. For 7_ = ~,, the iteration for (¢*), vanishes throughout. Thin dotted
lines only serve to guide the eye, i.e., the expectation values between measurements (symbols) may
be different. Parameters: v_ = v, =y, =TI, QAt =€ {1,0.1}, and XAt € {0.5,0.05}.

6.5 Feedback as back-action: Relaxation Dynamics

So far, control has only affected the interaction (e.g. tunneling rates) or the system (projective
measurements or time-dependent system parameters). A direct change of the reservoir parameters
would normally be hard to describe (and to achieve experimentally), since here fast changes would
usually drive the reservoir out of equilibrium. A third possibility that is usually not explored is to
force the reservoirs into a maximum entropy state subject to the side constraint of varying energy
and matter content. In our master equation, this would simply mean that the reservoir inverse
temperature 3, and chemical potential u, are allowed to be time-dependent

oA O [HE NG|

1 [T o]

pp = (6.168)

To determine the value of the inverse temperature (5, and the chemical potential u,, one can
determine these consistently from calculating the energy and matter currents between system and
reservoir v. We will call such reservoirs that are actually influenced by the presence of the system
meso-reservoirs to stress that they are not supposed to be infinitely large.
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For a thermal reservoir state, the total particle number in the reservoir v is represented as
1
_ T — -
N, = Ek (chew) = Ek flwn) = 5 / D, (W) f(w)dw, (6.169)

where f,(w) (depending implicitly on inverse temperature 3, and chemical potential p,) can be a
Fermi or Bose distribution — depending on the type of the reservoir. Here, the quantity

Dy(w) =21 §(w—wp) (6.170)

is the spectral density of the reservoir, it should not be confused with the spectral coupling density
I'y(w) =27, |tk|0(w — wky), as the latter is also influenced determined by the coupling between
system and reservoir, whereas the former is a pure reservoir property and remains well-defined
in absence of any coupling. In an analogous fashion we can obtain the energy contained in the
reservoir

1
E, = g/Dy(w)wfy(w)dw. (6.171)

Total conservation of charge and energy implies that given charge and energy currents into the
reservoir

. s ON, . ON, df, -
NV - _-[](\4): Mu—f—_i v
a,uy aﬁu dTV
. s O0F, . oE, dj,
El/ = _I(E): /Lzz—i__i v
aﬂu 861, dTu
one can calculate the change of reservoir charge and energy. Here however, we will be interested in
the change of reservoir temperature and chemical potential, for which we can obtain a differential
equation by solving the above equations for ji, and 7T,. For example, in case of fermions, we can
first solve for

(6.172)

s = 5 [ DA - flldos, = Ti8,,
ON,, 1
98, = Tor DV(w)fV(w>[1 - fu(w)](w - MV)dw = —1,,
0B, _ 1 D 1 d = (Z. T
8MV = % ,,(w)wf,,(w)[ - fu(w)} wﬁu — ( 2 1 Ky 1)51/7
OE,
o = 3 | DRl - Al - e = -T-pT. (6173)
Here, we have defined three integrals
L= o [ D@D - A, D= [ D) - m) )~ folw)lds,
L = o [ D)o m ) hl@)ll - f@)de, (6.174)

which in the wide-band limit D, (w) = 27D, can be solved exactly

D, 2p, 2
DT, T,=0, Ti=—2r_Tp73 (6.175)

I:—:
"B, 33 3
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Exercise 54 (Fermi integrals). Show validity of Eq. (6.175). You might want to use that

/°° In*(z) _ 7 (6.176)

(z+1)2 3

From these, we obtain a simple relation between currents and thermodynamic parameters

o ( . ) ( i )
=D, . . 6.177
(—Ié”)) w5 )\ T (O177)

We can directly invert the matrix containing the heat and charge capacities to solve for the first

derivatives
ey L ) ’ Iy (6.178)
T, ) D, \ —=2% =7 1) '

Although we have represented this using a matrix, we stress that the resulting ODE is highly
nonlinear, since the currents may themselves depend in a highly nonlinear fashion on the reservoir
temperature. Any reasonable two-terminal setup should realistically obey particle conservation
I + I, = 0 and also energy conservation 12 + I4 = 0. This will in general lead to conserved
quantities respected by the system of coupled differential equations.

A useful example is the single-electron transistor that has been treated previously. Here, we
have two reservoirs with temperatures 77, Tk and chemical potentials p; and ug, respecively.
When these are connected via a single quantum dot, the current (counting positive if directed
from left to right) reads

JM =7 [fL(E) - fR(E)] y JE = EJM, (6179)

where + encodes details of the coupling strength to the respective reservoirs into a single factor
and where € was the on-site energy of the quantum dot. The so-called tight-coupling property
Jg = eJy follows from the fact that a single quantum dot only has a single transition frequency e.
This can be compared with a more complicated structure, e.g. two quantum dots connecting the
two reservoirs in parallel without direct interaction. Then, the currents have the structure

Ju = mlfole) — frle)] + 72 [fre2) — fr(e)] ,
Je = eamlfila) — frla)] + e [file) — frle)] . (6.180)

These do not exhibit the tight-coupling property Jg # €Jy; — unless the ¢; are equal. Nevertheless,
also here global equilibrium pu;, = pgr and g = Br will evidently lead to vanishing currents and
therefore to fixed points. Now, by initializing the system e.g. with a temperature gradient in the
absence of a charge gradient it is possible to generate (at least temporally) a voltage, i.e., to extract
work. The temporal evolution of such a system is depicted in Fig. 6.12. It is visible that in the tight-
coupling limit, it is possible to convert e.g. an initial temperature gradient into work (a persistent
voltage). However, it should realistically be kept in mind that the tight-coupling property is never
exactly fulfilled and relaxation into final equilibrium may thus be expected. Nevertheless, even
these more realistic systems show a distinct timescale separation between initial charge separation
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Figure 6.12: Temporal evolution of the bias volt-
age V(t) (black) and the temperature difference
Ty, — Tg (red) for different ratios of channel ener-
gies €3 = ae = ¢€; (solid, dashed, and dash-dotted,
respectively). After an initial evolution phase the
system reaches a pseudo-equilibrium that is per-
sistent only for €; = €5 (solid curves). Whenever
the channel energies are different, the pseudo-
equilibrium eventually relaxes to thermal equilib-
rium. During the pseudo-equilibrium phase (in- i EUETVERYE
termediate plateaus), part of the initial tempera- time t [a.u.]
ture gradient has been converted into a voltage.
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and discharging of the system. It should be noted that the proposed equilibration dynamics for
a meso-reservoir would at steady state be similar to a Biittiker probe [25]. There however, such
probe reservoirs are attached to systems to enforce dephasing behaviour, with temperatures and
potentials fixed to yield vanishing local energy and matter currents. They would correspond to
the steady-state dynamics of the meso-reservoir presented here.

Clearly, such equilibration processes are observed in many classical objects of finite size: A cold
and a hot object (possibly also differently charged) will — when being put into contact — after some
time assume a common temperature and common potential, i.e., the behaviour predicted by these
phenomenologic equations is not unreasonable. One may therefore ask what kind of microscopic
processes could actually induce the situation enforced by postulating Eq. (6.168). One possibility
could be the existence of a super-bath enforcing the time-dependent equilibrium state on the meso-
reservoir. However, such a coupling would have to be comparably strong and should be strange in
the sense that it must not exchange energy and matter with the meso-reservoir — otherwise it would
lead to additional terms in our balance equations. An interaction type that would not change the
energy- and matter balance for the meso-reservoir would be a pure-dephasing interaction. This
would safely remove all off-diagonal elements from the meso-reservoir density matrix. However,
it remains questionable then how the proper Boltzmann distribution can be generated along the
diagonals, as slight perturbations induced by the system would immediately be damped away from
the super-reservoir.

Alternatively, we could imagine the reservoir to be given by an interacting Hamiltonian H%. In
computing correlation functions, we could then approximate the true dynamics as e 77 B! p%e*iHJIBt =
eszZB , which means that the dynamics of the interacting system could be approximately interpreted
as thermal, similar to principles of canonical typicality [26].
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Chapter 7

Non-equilibrium beyond leading order

To understand the limit within which master equations are valid, it is quite instructive to compare
the master equation results against exactly solvable models. Unfortunately, such models are quite
rare. With a formal exact solution, one can study non-equilibrium setups and transport in a regime
where the coupling between system and reservoir becomes strong and/or non-Markovian. They
are therefore quite useful to define the limits of our perturbative appraoches.

In the lecture, we have already treated an exactly solvable variant of the spin-boson model:
The pure dephasing limit, cf. Sec. 4.4.2. However, to obtain a pure non-equilibrium setting at
steady state, it is necessary to go beyond pure-dephasing limits.

In this chapter, we will discuss representatives of exactly solvable models: First, we consider a
non-interacting fermionic transport model, where the Hamiltonian can be written as a quadratic
form of fermionic annihilation and creation operators. We note that when the fermionic operators
are replaced by bosonic ones, we again end up with a bosonic transport model that also allows for
a non-perturbative solution of a nonequilibrium steady state [27].

7.1 Quantum Dot coupled to two fermionic leads

As one of the simplest fermionic models, we consider a single electron transistor (SET): The system,
bath, and interaction Hamiltonians are given by

Hs == Ede, HB = Z ekLCLLCkL + Z ekRCLRCkR s
k k

HI = Z (tdeCLL + tZLCdeT> + Z (thchR + tzRCdeT> s (71)
k k

where d is a fermionic annihilation operator on the dot and ¢, are fermionic annihilation operators
of an electron in the k-th mode of lead v. Obviously, this corresponds to a quadratic fermionic
Hamiltonian, which can in principle be solved exactly by various methods such as e.g. non-
equilibrium Greens functions [28] or even the equation-of-motion approach [29]. Such quadratic
models are useful to study exact transport properties [30] or exact master equations [31].

7.1.1 Heisenberg Picture Dynamics

To be as self-contained as possible, we here simply compute the Heisenberg equations of motion
for the system and bath annihilation operators (we denote operators in the Heisenberg picture by

161
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boldface symbols)

d = —ied+1i) _[ti kL + tircrnr] |
k
C];,L = _iﬁkLCkL + itde, C];,R = —inRCkR + 1thd . (72)

Surprisingly, this system is already closed and we obtain its solution by performing a Laplace
transform [32]

wd(z) —d = —ied(2) +1Y [t (2) + thater(2)] |
k
ZékL(Z) — CrL, — —iékLékL(Z) + ltkLCi(Z) 3 Z&kR(Z) — CkR — —iEkRékR<Z) + lthJ(Z) . (73)

In the above equations, we can eliminate the operators ¢r(z) and ¢xr(z). This yields for the dot
annihilation operator

e (e
d(z) = < - tkL 3 - thz f(z)d + Z (Grr(2)err + Grr(2)err) . (7.4)
z+ie+zk(M+M> k

z+i€gr, z+i€exRr

where we have introduced the functions g, (z) and f(z). This expression also yields the solution
for the operators of the right lead modes

1 ity, =
y —d(z). 7.5
z + 1€y, Chy & z + 1€y, (2) (7.5)

ék,,<2) =

Inverting the Laplace transform may now be achieved by identifying the poles and applying the
residue theorem. In the wide-band limit discussed below, this becomes particularly simple.

7.1.2 Stationary Occupation

The time-dependent occupation n(t) = (d'(t)d(t)) is found by inverting the Laplace transform.
For the moment we do it formally and already perform the expectation value

n(t) = < [f “Hd +) (gZL<t)CLL + gZR(t)CITcR>] [f ()d+ Y (ger(D)ers + QkR(t)CkR)] >
= |f(®)’no + Z (lgez 1 frens) + lgrr ()] frlerr)) (7.6)

where we have used a product state as an initial one

o e BL(HL—pLNL) o—Br(HR—pRNR)
I Zr, ZR

(7.7)

with the lead Hamiltonians H, = ), ekl,cLVc;w and the lead particle numbers N, = >, CLVckV.
These eventually yield the only non-vanishing expectation values ny = <de> and f, () =

<CLVC]W>. Inverse lead temperatures (3, and chemical potentials u, thereby only enter implicitly in
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the Fermi functions. Therefore, to find the exact solution for the time-dependent dot occupation,
we have to find the inverse Laplace transform of
~ 1

fle) = z+ie+), <M+M>7

Z+iEkL Z—‘ri&kR
ity,,
[z +ieg] |2z +ie+ > liel® | P V]
kv k Z+iEkL Z—‘ri&kR

which heavily depends on the number of modes and their distribution in the reservoir. Any system
with a finite number of reservoir modes, for example, will exhibit recurrences to the initial state.

Only systems with a continuous spectrum of reservoir modes can be expected to yield a sta-
tionary system state. To obtain that limit, we for simplicity assume /N + 1 modes in each reservoir
—N/2 < k < +N/2. These are distributed over the energies as €, = k§2/ V/N and assumed to
couple weaker to the dot as their momentum increases

Q r,s2
27V N (KON + 02

Letting the number of reservoir modes N go to infinity, we can replace the summation in the
denominators by a continuous integral

Iti|* = (7.9)

N 1 1
f(Z) ~ ) 1 Ipé2 T'ré% L g - : 1 (Trér Trog )

z+ie+ [ 5 ror T 2er ) medw A Tiet g (5 T

3 iy,

g (2) ~ .02 | Tpol
(z +i€ry) [2 +ie+ [ % (wQLHL% + wif}%) ziiwdw]

1

o iew] |2 e+ § (D + S )|

We note that this transfer from a discrete to a continuous spectrum of reservoir modes is commonly
performed formally by introducing the energy-dependent tunneling rates

Ty(w) =21 ) [t [*6(w — ) - (7.11)
k
Here, we have thereby assumed a Lorentzian-shaped tunneling rate [33]
r,o2

The simple pole structure of such tunneling rates renders analytic calculations simple. Superpo-
sitions of many Lorentzian shapes with shifted centers may approximate quite general tunneling
rates [34].

To obtain sufficiently simple results, we assume the wide-band limit §, — oo (within which the
tunneling rates are flat), where one obtains the simple expression

~ 1
/) z+ie+ (I'p+Tg)/27
ity,,
(Z—i‘iﬁky) [Z+16—|— (FL +FR)/2] '

Jro(2) — (7.13)
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Inserting the inverse Laplace transforms of these expressions

f(t) N e*ietefpt/Z ’
t]: (e—iete—Ft/Q - e—iekyt)
v

v(l : 7.14
g(t) = €y —€+10'/2 (7.14)

wit =1+ 1g) nto Eq. (7.6) we obtain by switching to a continuum representation

ith'=T [g)i Eq. (7.6 btain b itchi i i
1 — 2e7 M2 cos[(ep, — €)t] + e
t = -t 1759 2 v\Ckv
o) = ot 303 et
4 1—2e "2 cos|(w — €)t] +e

= e dwl, f, (W) — : 7.15
: no+§Vj/w e e s (7.15)

The long-term limit can — due to I' > 0 — be read off easily, and the stationary occupation becomes

1
= Z/dwafV B T (7.16)

With the above formula for the stationary occupation valid for the wide-band limit, one can easily
demonstrate the following:

At infinite bias fr(w) = 1 and fr(w) = 0, the stationary occupation approaches n — I'y, /(I' +
I'r), regardless of the coupling strength. A similar result is of course obtained for reverse infinite
bias where n — I'r/('y + 'g).

When the quantum dot is coupled weakly to a single bath only (e.g. T'g(w) = 0), the stationary
occupation approaches the Fermi distribution of the coupled lead, evaluated at the dot energy (e.g.
n = fr(e) + O{T'L}). This implies that for weak coupling to an equilibrium reservoir, the system
will equilibrate with the temperature and chemical potential of the reservoir, consistent with what
one expects from a master equation approach.

When the dot is coupled weakly to both reservoirs, the stationary state approaches

_  Trfi(e) + Trfr(e)
" I'p +Tgr 7

(7.17)

which is also obtained within a master equation approach, compare Sec. 3.5.

Exercise 55 (Weak Coupling Limit). Show that Eq. (7.16) reduces in the weak coupling limit to
Eq. (7.17 by using a representation of the Dirac-Delta distribution

d(z) = lim — L_c

e—0 242’

In contrast, for the strong-coupling limit, the stationary occupation will be suppressed n — 0,
as the exact solution for the stationary state is no longer localized on the dot.
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7.1.3 Stationary Current

The stationary current from left to right through the SET can be defined as the long-term limit
of the change of particle numbers at the right lead

. d t
I= tlgonoa <zk: cchkR> : (7.17)

which we can evaluate in the Heisenberg picture as we did for the stationary occupation. Using
Eq. (7.5), the right lead modes can be written as

itkr d+ 1
(z+iekR)(z+ie—|—F/2) z + i€kg

Cer(2) CkR

- (2 + iegr) (2 +i€qn) (2 + i€+ F/2)

S L (7.18)
q

(z + iexr) (2 +i€gr) (2 + i€ + F/2)

Now, performing the inverse Laplace transform and neglecting all transient dynamics, we obtain
the asymptotic evolution of the annihilation operators in the Heisenberg picture

thefiEth . .
crr(t) — | — . d+ e R
kR( ) ( EkR—€+lF/2> kB
thtZL eiiﬁth e*leth
+ . - . c
Zq:ekR_GqL EqL—€+1F/2 EkR—6+1F/2 ok
tk‘Rt;R e_leth e—leth
+ . — : CyR - 7.19
zq:EkR_eqR eqr—€+1'/2 e —e+1il'/2 " (7.19)

The occupation of the right lead therefore becomes

ter|? 0
Np — N
R Z ooyt Ve

efiEth efiEth

- ) - 0 + h.c.
Z |:€kR—EqR eqR_€+iF/2 EkR_€+1F/2 kqu(EkR)
+ Z |th| |th| e+iEth €+ieth

(ekr — €q)% \ € —€—1'/2  ep —e—1iI'/2

eileql‘t 671€th
X —
<€qL—€+iF/2 EkR—E-i-iP/Q) Jrlear)

+Z |th|2|th|2 6+ieth B 6+ieth
ka (EkR—GqR)Q EqR—E—iF/Q EkR—E—iF/Q

e_iEth e—ieth .
" <€qR_6+iF/2_€kR—e+iF/2) Trlean) - (7.20)

The first term is just triggered by the initial occupation of the dot, and the second term corresponds
to the initial occupation of the right lead. These terms are just constant and cannot contribute to
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the current, which however is different for all other terms. Introducing the tunneling rates in the
wide-band limit T, ~ [',(w) = 3>, [trw|*0(w — €r,), We can represent the right lead occupation by
integrals

1 I'r 1 4 4 diwt — 2t(T" + 2ie)
N e N — = [ dwr h.c.
R‘*zw/‘%w—&+r%ﬁ“%R 2w/°’ﬁﬂm{ (2w + il — 2¢)? C]
+ 1 [ dwde (DT fo() + T2 fal()) —— e i
— waw w w — .
472 LRI RIR (w—w)|w —e+il'/2 w—e+il'/2

Whereas the first two terms are constant and do not contribute to the current, all other terms
yield a non-vanishing contribution. The long-term limit of the time-derivative of the very last term
is a bit involved to determine. It can be found, for example, by using properties of the Laplace
transform. To evaluate the current, we therefore consider the limit

R s 2
e iw’'t e iwt

F( —
() w—e+il'/2 w—e+il/2

. d 1
i gy | (=)’
o d 1
= limz/ dte”—/dw
=0 Jo dt (w—w')?

= 7.22
T2 4w — o) (7.22)

T ) 2
e w't e 1wt

W —e+il/2  w—e+il/2

which with its Lorentzian shape converges for small I' towards a Dirac-Delta distribution. The
current becomes

I = _% /dwFRfR(w) (w . 6)];/5 (P/2)2 + % / dw (FLPRfL(w) + F?%fR(w» (w _ 6)];/—5 (F/2)2
I.lx 1 /2
T, 1 T» /dw [fr(w) = fr(w)] TRt (T/27" (7.23)

Alternatively, this expression can also be derived by evaluating the expectation value of the current
operator directly I =1, tyr <CLR(t)d(t)> + h.c.. The integrals in the above expression can be

solved analytically by analysis in the complex plane, but here we will be content with the above
integral representation, which can also be found using non-equilibrium Greens functions [28]. For
consistency, we note that the current is antisymmetric under exchange of left and right leads as

expected.
In the weak-coupling limit I' — 0, the current reduces to
AN
_ 7.24
e (£l0) — fr(e)] (7.21)

which at equal temperatures left and right implies that the current always flows from the lead with
larger chemical potential to the one with lower chemical potential.

Exercise 56 (Weak-Coupling Limit). Show that Eq. (7.24) follows from Eq. (7.23) when I' — 0.

Finally, we note further that, in the infinite bias limit (f.(w) — 1 and fr(w) — 0), the current
becomes I = T' T'r/(I'y + 'r), which is independent of the coupling strength and also consistent
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with Eq. (7.24). We have already seen that the master equation approach applied to the same
problem reproduces Eq. (7.24) and therefore coincides with the exact result in the infinite bias
limit.

Fig. 7.1 demonstrates the effect of increasing but symmetric coupling strengths I'y = I'r = 7~
on the current. Whereas the weak-coupling result is well approximated when vy < 1, one may

= | T | T | T | ! — JI. —_—
04 master equation solution g IESTEE .
(‘3‘ — exact current: By=0.1 / . '
— B — — exact current: B y=1.0 / 7
ﬂ. - exact current: B y=5.0 ‘
— 0,2 1
—
N
=
S i
5
o 0 7]
)
X
D —
o
=
-% 0,2 —
=
o —
£
o —
o
-0.4 1
—T T i 1 | 1 | 1 | =
-40 -20 0 20 40

dimensionless bias voltage BV

Figure 7.1: Plot of the electronic matter current (in units of v = I'y = I'r = I'/2) versus the
bias voltage for symmetric tunneling rates and equal electronic temperatures 5, = g = 8 and
dot level fe = 5. For small coupling strength, exact (black solid) and master equation solution
(brown bold) coincide for all bias voltages. For stronger couplings (red dashed and green dotted,
respectively), the determination of the dot level e from the current is no longer possible.

observe significant deviations for strong couplings. In the shown example, spectroscopy of the dot
level € via detecting steps in the [ —V characteristics is therefore only possible in the weak-coupling
limit.

7.2 Quantum point contact

We have treated the point contact model

H = Z kaCLLCk;L + Z fkRCLRCkR + Z (tkk’ck;LcLR + tZklck/RC£L> (725)
k k kk'
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before, see Sec. 4.2.2, where we used the tunneling rate

T(w,w) =21 |taw[*6(w — exr)d(w — xrr) .- (7.26)
kk'

Since the total Hamiltonian is a quadratic function of fermionic annihilation and creation operators,
we can use in principle the very same methods as before to solve this model exactly. The Heisenberg
equations of motion for the full system become

Cr, = —l€gxCrr +1 tkk./Ck/R s
k/

Ckr = —legpepr +1 E tk'kCH L - (7.27)
k/

However, the general solution will be quite involved, and we therefore just sketch the approach to
highlight the difficulties. To see what we are aiming for, we write down the time derivative of the
particle number in the left reservoir

N, = Z [éLLCkL + CLLékL] = Z [itZk'CLLCk’R - itkk’cLRckL] : (7.28)
k kk'

As the expectation value of this operator yields the current, it is also called current operator.

Low-dimensional toy model

We simplify the QPC Hamiltonian by assuming homogeneous energies and factorizing tunneling
rates

€y = €y, tkk’ = tktk/ . (729)

With these assumptions, we can define the operators

CL:Ztka,L, CR:Zt]:Ck:R- (730)
k k
We get that the Heisenberg equations (7.27) close in these operators

Cr = —ie,Cp +1i (Z ’tk|2> Cr, Cr = —icgCpr +1 (Z WE) Cr. (7.31)
P P

That is, simply exponentiating the matrix we obtain a solution for these operators

(&)= {(isriury 0 ) (&) = (i T omiodh )

where the initial non-vanishing expectation values are

(ciiep) - Z P frlen),  (CFCh) = Z tel* Frlerr) (7.33)
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Furthermore, we can express the current in these operators as well

<NL> - i<C{CR>—1<C;CL>

= 1910 (O0gre(8) Y [l frler) + 197 p(t)grr(t) Y 6l frlerr) + hic.

= [igre(=1)gre(t) —igrr(t)gre(—1)] Z [tl frer)

+ [igrr(—t)grr(t) — igrr(t)grr(—1t)] Z |kl fr(err)

sin (t\/(eL —€r)?+ 4T2>
2T
V(€L —ep)? + 417

(7.34)

> Itl® [frlexr) = fulerr)] .

where we have used T = 3, |t|*. This quantity will oscillate back and forth between the reservoirs,
since we have essentially reduced our model to the interaction of just two modes, which will of
course just display the coherent evolution.

Heisenberg Equations of Motion

Laplace-transforming the Heisenberg equations, we get (we adopt the convention that when we
omit the Laplace transform variable, the operators correspond to the initial condition and are
therefore just the normal Schrodinger picture operators)
(s +iexr)crn(s) = cpp +1 Z trcrr(s),
k./

CLR + IZ tk/kck/L(s) .

k/

(s +iexr)ckr(s) = (7.35)

The algebraic structure of these equations would allow one to eliminate e.g. the right modes.
However, this would not help much as after their elimination, the left modes would couple among
themselves. Therefore, we write the above equation as an algebraic matrix problem

CkL(5> CkL
G(S) = )
CkR(S) CkR
0 0 :
0 S + iEkL 0 R _itltk/
0 0 : Gor(s) —iTt )
G = = X 7,36
(S) 0 O ( _lT GOR(S) ( )
_ltk’k 0 s+ iEkR 0

0 0
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We we can solve by inverting the matrix G(s)
c(s) = G (s)e, (7.37)

or in the time-domain by exponentiating the matrix c(t) = e~%®*c. While this can be easily done
numerically for a finite number of reservoir modes, it becomes more challenging for a continuum
of modes.

However, we can perturbatively expand the inverse of the full propagator in the tunneling
matrix elements to any desired order

G7) = Gr'6) GG GGG GG W
- <G05(S) Gag<s>)+(G°5(S) Gats )(—?T o )(G°6<S) Gag@))*'“
0

_ [ Go(s) 0O —iGop ()T Gp(s)
B < 0 Gihs) ) T\ —iGaasmasiis) 0 o (7.38)
This implies for the fermionic operators
CkL . e
cLr(s) = - —1 - - Cp+ ...,
e(8) 5+ i€k, zk; (s +iexr)(s +iepr) MR
CkR : Lrrk
CLp(8) = - —1 - - Cr, + ...,
en(s) s+ i€k %: (s +iexr)(s + i€xr) WL
(7.39)
and for the inverse Laplace transforms
t* , —16kLt _1€k’Rt
ckL<t) _ 16kLt .+ Z kk p—— CyrR+ ...,
. t , e 1eth _ e—lek/Lt
CkR(t) = G_IEthCkR + Z i ( — Cr'r, + ... (740)
I €kR — €k'L

Eventually inserting this in the expression for the current we get

6+1 €rL—€p)t __ 1

I = ﬂ% [t P [fr(exr) — fr(ewr)] + h.c.
= 23 P )~ )

sin [(w — w')t]

— _% / dudw'T(w, o) ————[fu(w) = fr()]
5 [T () - fr@)do = [ T@) o) - fae)ldo, (741

where we have used that

li S0 =t T0(w — ') . (7.42)

t—00 w—w
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Up to the sign originating from the consideration of the left junction, this is identical with the
perturbative treatment that we had before: According to Eq. (4.65), the current from left to right
for a stand-alone QPC becomes

I = 71(0) —712(0) = / [Co1(7) — Cra(7)] dr
= [ o T, [£2()[L = )] = [1 = fu(w)} ()} 6o = )
= [T [ful) - frfw)] (7.43)

However, we could now in principle go beyond this leading order by systematically going to higher
order in our expansion (7.38). This however would only lead to higher-order corrections to the
transmission function of the QPC T'(w) = T'(w,w) + ... but would not change the way in which
the Fermi functions enter. The fact that the matter current (and similar the energy current) can
be expressed as a frequency integral over a difference of lead occupations times a transmission
function is well-known as Landauer formula [35]. It demonstrates that beyond the leading order
master equation, the system does not only transmit at a specific frequency but admits tunneling at
all frequencies. For the considered example of the QPC there is already at the lowest perturbative
order tunneling at all frequencies because in this model there is no actual system.

Last, we state that the most general expression for the fermionic operators for a non-interacting
system obeying conservation of the total particle number would be

cer(t) = g ewe + > gl Wewr,  ckr(t) =Y gfif(Dewr + > g (Dewr, (7.44)
K’ k' k' K’

where g,f,f, (t) are functions that can be determined in each case separately. Their Laplace trans-
forms are given by the components of the Greens function

LL LR
Gfl — g (S) g (S) ’ 7.45
(s) (gRL(S) gRE(s) ( )
which can be determined e.g. perturbatively (this section) or exactly (last section). With this,

one can express arbitrary expectation values in terms of components of the Greens function.

7.3 Phonon-Coupled Single electron transistor

As before, we consider a quantum dot model that is additionally coupled to phonons. To keep the
analysis simple however, we follow Ref. [36] by considering an SET that is coupled to one, many,
or even a continuum of phonon modes as depicted in Fig. 7.2.

7.3.1 Model

The SET Hamiltonian is as before given by

Hgpr =edid+ Y > [ekuclycky+tkydc2y+tzycmd*] : (7.46)
ve{L,R} k
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Figure 7.2: Sketch of a single-electron tran-

\/ sistor that is capacitively coupled to a

: phonon reservoir. The interaction in the

hq original Hamiltonian is of the pure dephas-

teL ' tLRr ing type, i.e., the system energy will not be

changed. A conventional master equation
treatment would therefore yield no effect on
the SET dynamics due to the phonon reser-
VOIT.

In addition however, the central dot of the SET now interacts

Q
Hy=did® Y [hea, + hjal] (7.47)
g=1
with a phonon reservoir HEM = > ; wqa;aq containing () phonon modes. Obviously, the interaction
commutes with the central dot part of the SET Hamiltonian. Therefore, if one would conventionally
derive a master equation for the population dynamics of the central quantum dot, the additional
phonon bath would not affect the populations of the central dot at all — the interaction is of
pure-dephasing type.

In general however, this cannot be true: The interaction does not commute with the total SET
Hamiltonian, and therefore one must expect the phonons to have some effect. Indeed, extensive
calculations with only a single phonon mode whose dynamics is completely taken into account
have revealed a strong suppression of the electronic current when strongly-coupled phonons are
present. This phenomenon has been termed Franck-Condon blockade [37].

To treat such cases within a master equation approach, we apply a transformation to the full
Hamiltonian H' = UHUT with the unitary operator

h h
U = exp {d*dz (w—qa; - w—qaq> } = ¢d'd4 (7.48)
q q q

The above transformation is known as polaron or Lang-Firzov transformation [38, 39]. Obviously,
the electronic leads are unaffected by the transformation, since Ucy, Ut = ¢z, and also the central
dot part is inert Ud'dU' = d'd. There are multiple ways of proving the following relations

UdUut = de *, Ud'UT =dfet?,

h*
UaU" = ag——d'd,  UdU'=al - hagia. (7.49)
Wy Wy

Exercise 57 (Polaron transformation). Show the validity of Eqs. (7.49).

These immediately also imply the relation

g

d'd .
UajagU" = ajag — — (hgaq + hyal) + —5-d'd. (7.50)
q

q
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After the polaron transformation, the Hamiltonian therefore reads

[hal”\ f :
H = (e — Z w—q d'd + Z €kvChy, Ch + Z Wqlylyq
q kv q
+ Z (tk,,dcltyefA + tzyckl,dTﬁA) , (7.51)
kv

and thereby admits a new decomposition into system and bath Hamiltonians, see also Fig. 7.3.
2

Most obvious, we observe a shift of the electronic level € — ¢ = e—)_ g % Second, the electronic
q

Figure 7.3: After the polaron transforma-
'B tion, direct coupling between the central
= quantum dot and the phonons in Fig. 7.2
e RN is transformed to the electronic tunnel cou-
L A - e oo plings. The electron-phonon coupling may
tkr tkr be treated non-perturbatively (dash-dotted
lines) when the electronic tunnel couplings
are treated perturbatively (dashed lines).
tunneling terms between central dot and the adjacent leads now become dressed by exponential
operators

Cs (Pagt_he ) n (ﬁ f_hq )
'Hizz trdcl e Zq(“qaq @ + 15 crde 2o g 20 g , (7.52)
kv

which demonstrates that every single electronic jump from the central dot to the leads may now
trigger multiple phonon emissions or absorptions. This implies that a perturbative treatment in ¢,
still enables for a non-perturbative treatment of the phonon absorption and emission amplitudes
hg. Furthermore, this leads to the somewhat non-standard situation that already in the interaction
Hamiltonian one has now operators from different reservoirs occurring in a product, which implies
interesting properties for the correlation functions.

7.3.2 Reservoir equilibrium in the polaron picture

Before we proceed further by deriving a master equation in the displaced polaron frame, we remark
that the solution from the displaced frame has to be transformed back to the original picture. A
rate equation in the displaced frame implies that the full density matrix in the polaron frame is

given by a product state of system and reservoir, where the phonon reservoir density matrix is

given by the thermal equilibrium state p/(t) = p’S(t)ﬁ]gL) ﬁfBR){[;’T:%

the initial frame is given by the inverse polaron transformation

. The transformation back to

(L) _ @_BthB
plt) = UW(OU = Ulp()p o U —
ph
o e BpnUTHRU
= UlpsOUp oy ——— (7.53)

/ Y
Z
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where we have used that the polaron transformation (7.48) leaves the electronic reservoirs un-
touched. When the system density matrix does not exhibit coherences p(t) = Pg(t)dd'+ Pr(t)d'd,
the unitary transformation will leave it untouched, such that only the reservoir part will be mod-
ified. With Hy =", wqalag we can with the inverse transformations of Eq. (7.49)

2
UHRU = ) weafa, +d'd @Y (heag+ hjal) + ) %L'dw
q q q a

h 2
= dd® g (wqagaq + hgaq + h;a:; + %1) +dd' ® E wqa;aq (7.54)
q

q q

represent the operator in the exponential as a sum of commuting operators. Since for all operators
AB = BA = 0 we have eA*t8 = e4e? we conclude

e BonUMHEU = Bond d®Y, wq(ajtha/wq)(ag+hf/we) o~ Bpndd ®3, weajaq
— [1 + de <€—5ph Zq Wq(ag‘f'hq/wq)(aq'i‘h;/wq) _ 1)] [1 + ddT (e—ﬁph Zq "an:g“q — 1>:|
— dee_ﬁph Zq Wq(a¢§+hq/wq)(aq+h;/wq) + ddTe_ﬁph Zq angaq . (755)

Comparing with the initial Hamiltonian, the phonon part of the first term in the last line is nothing
but the thermal phonon state under the side constraint that the SET dot is filled. Formally, this
can be seen by replacing d'd — 1 in Eq. (7.47). Similarly, the other term is the thermalized
phonon state when the SET dot is empty. Therefore, preparing the reservoir in a thermal state in
the polaron-transformed frame implies that in the original frame, the reservoir state is conditioned
on the state of the system. Inserting the assumption that there are no coherences in the system
ps(t) = Pp(t)dd" + Pr(t)d'd, the full density matrix in the original frame becomes

—Boh X g waahaq —Boh X g wa(al+hg/wq)(ag+h} /wq)
(L) (R € a (L) (R e a q
p(t) = Pp(t)dd'py oy @ ——— ——— + Pe(t)d'dpy piy? @ ~ (7.56)
ph

Therefore, when the SET dot is occupied, the phonon state is given by a displaced thermal state,
whereas when the SET dot is empty, it is just given by the thermal state corresponding to the
original phonon Hamiltonian. The phonon dynamics thereby follows the system state immediately,
which goes beyond the conventional Born approximation.

7.3.3 Polaron Rate Equation for discrete phonon modes

In the transformed frame, we do now proceed to derive a rate equation for the SET dot populations.
We choose to count the phonons emitted into the phonon bath, to test the applicability of the
counting field formalism. Here, we will use Ny, = >, aj]aq as the reservoir observable of interest.
Identifying the bath coupling operators in the interaction Hamiltonian (7.52) as

By, = Z thcLVG_A , B,, = Z tzyckye“‘ (7.57)
k k

it becomes quite obvious that the reservoir correlation functions will now simultaneously contain
contributions from electronic and phonon reservoirs. Recalling the definition 14 of the generalized
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correlation function, we obtain a simple product form between electronic and phononic contribu-
tions

12 (1) = (Buw(7)Ba) = Clha(17)C% 0 (7)
Cot' (1) = (Baw(7)Bu) = G5 o(17)C () - (7.58)

Here, the electronic contributions are just the conventional ones known from the SET

hal®) = LIl et = 3 [ Tl -wpe o,
51,e1(7') = Z |tkl,’2[1 — fl,(ek,,)]e*ieku‘r _ %/Fl,(w)[l . f,,(w)]eiiWwa. (7.59>
k

In contrast, the phonon contributions are given by
X (1) = <e—inhxe—A(r)€+1Nphxe+A> 7 CX (1) = <e—inhx6+A(T)e+inhxe—A> (7.60)
7p 7p ) :

with the phonon operator in the interaction picture

h} h :
A _ q 1 +1wqr _q —lwgT ) 01
(1) =3 (Braferer - aageiar) (7.61)

q

We note that by hy — —hy, we transform CF, (1) — C3; ,(7), such that we actually only need
to calculate one correlation function. To calculate phonon contribution to the correlation function,
we can exploit that (with AX(7) = e NonX A (7)eTiNenx)

[AX(7), Al =2i ) ”312' sin(w,T — X) (7.62)

is just a number, which implies — using the Baker-Campbell-Hausdorff relation

e—AX(T)e+A _ 6A—AX(T)—1/2[AXT ),4]

Zq( g 1’(1 e+l(wq7' X)) W (1 e 1(Wq7'7x))) _IZ |‘I‘ SIH(LU(IT—X) (7 63)

= €

For a thermal reservoir, the phonon correlation function can be written as a product of single-mode

correlation functions Cf, |, (7) = H C5on(7), where the single mode contributions read

2
ha by +i(wgT—x)y_ Mg _e—i(wgT—x) —i|hq| sin(wqT—
C;)(ﬁq(T) _ <6wqaq(1 e q ) wqaq(l e q )6 wg (wgT—X)
Eaf(l_e+i(wqr—x>) g (1—emiwaT=x)) —%(1—e*i<wf*>d)
= (ewa’ e “a e “ . (7.64)

By expanding the exponentials, we can evaluate the expectation value for thermal states, where
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the probability of having n quanta in the mode ¢ is given by P, = (1 — e Prh@a)emPenwa a9

a*a:g —0gaq - (Oé;)n (_aQ)m - T\n m
<e %ae > = ZZOTT ZOPZ (/] (aq) (ag)™ [€)
S |aq|2" S ‘ "|aqrz" a
- Z ZP (€] (a ZPEZ 2 (C—n)
n=0 n=0
_ ZPZEK(‘aq‘2> — o loal*ng (7.65)
=0

with the Bose distribution n% = [e®rh%s —1]71 and Legendre polynomials, defined by the Rodriguez
formula [40]

1 a

. 2_ 10", 7.66
Ly(x)= Sl dg E ] (7.66)
The single-mode contributions thus become with o, = Z—‘;(l — e71wam=x))
hyg
O;(}’lq<7') = exp { |w| [ —i(wgT=x) (1+n%)+ et wWam=x)p -1+ 2an)] } , (7.67)
q

such that finally, we obtain for the phonon correlation function

o2
Cé’ph(T) = exp {Z Q [e_l(“‘” X)(l +n%) + etilwar=x)p -1+ Zn%)]} . (7.68)

q q

The fact that the transformation h, — —h, leaves this result invariant implies that the phonon
contribution is always the same in Eq. (7.58), such that we can drop the indices 12 and 21.
Furthermore, we see that the phonon counting field occurs at the positions where one might have
intuitively expected them. We note that the phonon correlation function obeys the KMS condition.

Exercise 58 (KMS condition). Show that the phonon correlation function (7.68) obeys the KMS
condition C(1) = C(—7 — ifpn)

The observation that in the phonon correlation function (7.67) the terms proportional to
(1 +n%) correspond to the emission of a phonon into the phonon reservoir and terms propor-
tional to n% alone are responsible for the absorption of a phonon from the reservoir enables one
to derive the full phonon counting statistics from the model. Formally expanding the single mode
correlation function into multiple emission (m') and absorption (m) events we would obtain a
decomposition in the net number of phonon absorbtions by the phonon bath n = m’ — m, where
CXU7) = Y02 ChM(r)e™, and CHM (1) = 5= o Ci(T)e™™dy can be determined by the
inverse Fourier transform. In particular, using that

|hq|?

m+m/
- 142n%)  — hy|? (14 %)™ . /
Cgh(T) —e wg (1+2ng) Z <‘ q| > (nB) ( + nB) e+1(mfm JwqT (769)

wg m!m/

m,m’=0
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one can show that by introducing the net number of phonon absorptions by the phonon bath
n = m/ — m, the correlation function can be represented as (below, we drop the counting field
X — 0, since we have an interpretation for each term)

oo |nq|? q q
—inwet 7w (+2n%) (141 ‘ ‘
Cgh(T) = Z e nweT o wg B ( o B) T ( 3 nL(1 —}-n%)) , (7.70)
n=-—00 q

where J,,(x) denotes the modified Bessel function of the first kind [40] — defined by the solution of
the differential equation 227" (z) + 27.(z) — (2* + n*)J,(z) = 0. Introducing for multiple modes
the notation n = (n4,...,ng), w = (w1, . ..,wq), we therefore have for the full multi-mode phonon
correlation function the representation

Q |q)? q 2
W “-(+2nf) (1+n 7 | |
o) = e |H O (1) (A o)

q=1 q

= Ze_ln “ren (7.71)
n

where the simple exponential prefactor enables to calculate the Fourier transform of the full cor-
relation function. In particular if only a single phonon mode is present, this enables a simple
calculation of the Fourier transform of the complete electron-phonon correlation function

v v n, v
To(w) = Z Voelw — 1 - ‘—")Cph = Z Ti2,n,, (w)
n, n,
v v n, v
Vo (W) = Z%l,el(w — Ny w)Cph = Z’Yzl,n,, (W) (7.72)
n, n,

Here, the terms 77, yp , are interpreted as the emission of n, phonons into the phonon reservoir
whilst an electron jumps from lead v onto the SET dot, whereas 73 5  accounts for the emission
of n,, when an electron is emitted to lead v. Now, the bosonic KMS relation

C T = e AW ot (7.73)

together with properties of the Fermi functions implies a KMS-type relation for the full correlation
function

71/2,+'I’L,,(_w) — 6—5u(w—uu+nl;~w)e+ﬁphnu w7V1 nu(+w> : (774>

which now involves both the electronic and phononic temperatures.

Exercise 59 (KMS condition). Show the validity of relation (7.74).

However, we note that when these temperatures are equal, the usual local detailed balance
relations are reproduced. Deriving a secular-type rate equation for the dot occupation is now
straightforward, the probabilities for finding the dot empty or filled are governed by the rate
matrix

Z Z ( —M12 n,, —€) 95 _n,, (+€) )
—€) =5 n, () )7

ve{L,R} My o, (
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where 715y, (—€’) denotes the rate for an electron jumping onto the SET dot from lead v whilst
simultaneously emitting n,, phonons of the various modes into the phonon reservoir. Correspond-
ingly, 75, _n,,(+€) denotes the rate for the inverse process. Having identified the rates for the
various involved processes, we can proceed by introducing counting fields. For a three-terminal
system with the phononic junction only allowing for energy exchange and with conservation laws
on the total energy and particle number we can expect three counting fields to be sufficient for
tracking the full entropy production. These can — for example — be the matter transfer from left
to right and the energy emitted to the phonon bath counted separately for electronic jumps, such
that we have the counting-field dependent version

L o L N ,—iNnpg,-Q&;,
712,nL( € ) +721,—nL(‘|’€ )e
L(X,¢r,ER) ( vy (—€)etTL 0 b g (+€)
+ < Ve ng(—¢) +’Y§,JnR(+€,)€+1X€_mR'QER )
fing()eemras ) ’

which enables one to reconstruct all energy and matter currents and thus the full entropy flow.
Here, we will first investigate the impact of the phonon presence on the electronic matter

current. If one is only interested in the electronic current, we may set £, = £g = 0. The transition

rates in the above Liouvillian become particularly simple in the case of a single phonon mode

1 3
’7{27_’_”(—6/) = T, +nQ)f, (€ + nQ)e‘A(HQ”B) (ﬂ) Tn <2A\/n3(1 + nB)> ,

np

1, n(H€) = Tole +nQ)[L = fi(€ +n@)Je 020 (n—B)j (28V/na(l + ) )7.75)

1+ng

2
where A = ‘g—g denotes the dimensionless coupling strength to the single phonon mode which is
q

occupied according to np = [/ — 1]71. The resulting electronic matter current is depicted in
Fig. 7.4. Surprisingly, the simple 2 x 2 rate matrix predicts many signatures in the electronic
current. For example, in the electronic matter current one can read off the renormalized dot level
at sufficiently low electronic temperatures. In addition however, low temperatures also allow to
determine the phonon frequency from the width of the multiple plateaus.

7.3.4 Thermodynamic interpretation

The present rate equation does not directly fit the scheme in Sec. 6.2.2, since the contribution
of the three reservoirs to the rates is not additive. Nevertheless, an interpretation in terms of
stochastic thermodynamics is possible.

The strong modification of the electronic current is due to the fact that the phonons allow for
processes that would normally be forbidden, see Fig. 7.5 In the trajectory in the figure, first an
electron jumps in from the left lead to the initially empty SET whilst absorbing two phonons.
The change of the system energy by AE = +€¢ = AE; + AE,;, is supplied by both the left lead
AE; = ¢ — 2Q and the phonon bath AE,, = +2Q. In the second step, the electron leaves the
dot towards the right lead whilst again absorbing three phonons. Again, the change of the system
energy by —¢ is supplied by the right lead AEr = —(€'4-392) and the phonon both AE,,,,, = +3€2.
These energy and matter transfers can be used to construct the total heat exchanged between the
reservoirs and thereby also the total entropy production in the steady state.
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Figure 7.4: Electronic matter current versus bias voltage applied to the SET for vanishing (bold
black) and increasing (dashed red, dash-dotted blue, and dotted green, respectively) coupling
strengths A = |h|*/Q2 = J, to a single phonon mode of frequency Q (bold curves) or to a continuum
of phonon modes distributed according to an ohmic model (thin solid curves in background). The
Franck-Condon blockade can within this model be understood in terms of a renormalization of the
effective dot level € = e— A, which — when A€ > e will lead to current suppression. Furthermore,
the steps in the electronic current observed for sufficiently low temperatures (solid green) admit for
the transport spectroscopy of the phonon frequency €. In the multi-mode case (thin solid curves,
for w. = Q and Jy = A), current suppression due to the level renormalization is also observed but
the steps in the current are no longer visible. Other parameters: I', =I'r =TI, 81, = Br = Bpn = 5,
Q=10 (except the thin green curve), e = 5Q, Jo = A, w. = Q.
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Figure 7.5: Sketch of the energetics of the
problem for a single phonon mode, slightly
adapted from Ref. [36]. For sufficiently low
electronic temperatures, the dot level has to

QY = —(¢ +32— ur)
‘ i be between pr, and pug to allow for transport,
€ +39 TeTh such that an electronic transfer from left to
Qi = +30 right would be extremely unlikely for the
\ depicted situation. With phonons at suffi-

ciently large temperature however, it is pos-
sible to realize trajectories where the miss-
ing energy is supplied by the phonon bath.
The indicated heat transfers from reservoirs
into the system allow for a complete recon-
struction of the entropy flows even for single
trajectories.

e —2Q

To relate the thermodynamic interpretation more to the modified local detailed balance relation,
let us now for simplicity restrict ourselves to the case of a single phonon mode (the generalization
to multiple modes is also possible). Formally, the rates corresponding to emission or absorption
of different phonon numbers enter additively in Eq. (7.75). This enables one to see the phonon
reservoir as a whole collection of infinitely many virtual phonon reservoirs that admit only for
the emission or absorption of a certain number of phonons with the same frequency each time an
electron is transferred across the SET junctions. This view enables one to adopt the definition 21
of the entropy flow, where the index v labeling the reservoir may now assume infinitely many
values v — (v,n), where v € {L, R} denotes the junction across which an electron is transferred
and n denotes the virtual phonon reservoir from or to which only n phonons may be absorbed or
emitted at once. Recalling that Eg}?) denotes the rate for an electron to leave the dot towards
lead v whilst absorbing n phonons from the reservoir and E;’fg) the rate of the inverse process,
i.e., for an electron to enter the dot from lead v whilst emitting n phonons into the reservoir, the
local detailed balance relation becomes — with the rates in Eq. (7.75)

In e’ In (%2,+n(—6’)) I { fo(€ +nQ) (1 +TlB)n:|
E%’ﬁ) Yo1,-n(+€) 1 — f,(¢ +nQ) ng

= In [e—ﬁu(e'+n9—uu)6+n6pllﬁ] _ _ﬁu(el +nQ — ,uy) + 5pth7 (776)

such that the entropy flow from the virtual reservoir (recall that v — (v, n)) becomes

. V -~ ﬁ(’jvn) V _ E(an)
A$m==éﬁﬂh<fﬂ>+¢$&m<fF

(v,n) (v,n)

EF FE
v p ) p cyy
- [zgypp - c;yPE} In ( {;En)>
Lpp
v,n v,n n,v,ph ~(v,n ~(v,n
= BIE™ = m i) + BT = SU + SU (7.77)

which is additive in electronic and phononic contributions. Here, we have introduced the energy
flows corresponding to the emission or absorption of n phonons. The total energy flows are given
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by
Iy = Z [}(;,n) = Z [7127%(—5’)]5,2 - ’721,711(-1-6/)]51:} (€ +nQ),

]gh _ Z []gn,L,ph) (anh] ZZ Yo1,—n +€ PF — Y2, +n( )P ] ’I?,Q, (778)

n

whereas the total electronic matter current from lead v is given by
ST =" [ian(—€)Pp — Ya1,-n(+€) Pp] . (7.79)

Similarly, the total entropy flow from the electronic leads is obtained by summing over all differ-
ent n, and the total entropy flow from the phonon reservoirs is obtained by summing over the
contributions from different n and different v

s = o8

g = Y (Sefﬂ?) + S(R") . (7.80)

n

Altogether, the system obeys the laws of thermodynamics, which results in an overall positive
entropy production. Consequently, we just note here that it is possible to verify a fluctuation
theorem for entropy production, i.e., for Pnaeéhveﬁl (t) denoting the probability for trajectories with
n electrons having traversed the SET from left to right and having emitted energy eﬁh =mnyr-wto

the phonon reservoir during electronic jumps over the left and energy egh = npg - w during jumps
over the right barrier. In detail, it reads [36]

hm P+n,+e£h,+e§h (t) _
00 Py ot o (1)

eph7_ ph

6[(ﬂR—ﬁL )e'+(Brur—Brur)In+(Bpn—Br)el, +(Bpn—Br)ek, 7 (7.8 1)

and it is straightforward to see that it reduces to the conventional fluctuation theorem when all
temperatures are equal.
Disregarding the phonon counting statistics, we note that the system also obeys a fluctuation
theorem involving the electronic transfer statistics only
P+n (t) nAecm

tlgglo P =e : (7.82)

where the effective affinity A.g is however not related to the entropy production, it does, for
example, depend on the details of the coupling.

7.3.5 Polaron Rate Equation for continuum phonon modes

Also for a continuum of phonon modes it is possible to obtain a master equation representation.
Here, we directly represent the phonon correlation function (7.68), taking a counting field for the
energy of the phonon reservoir into account. This then yields

Cf)h(r) = exp {/000 dec:) [e’iw(T*g)(l +np(w)) + e*i”(T”S)nB(w) -1+ 2n3(w))]} , (7.83)

w
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where we have introduced the spectral density J(w) = >__ |k, ?6(w — w,), and & is a counting
field responsible for the energy of the phonon reservoir. When we choose the common ohmic
parametrization J(w) = Jowe “/“c with dimensionless coupling strength .Jy and cutoff frequency
w,, the integral can be solved exactly. Writing the Bose-Einstein distributions as a geometric series
and resumming all separate integral contribution, we finally obtain for the phonon correlation
function

F ( 1+ﬁphwc+i(7_§)wc > F ( 1+/Bphwc_i(7_§)wc > Jo

Bphwc 6phwc

CL. (1) = (7.84)
ph 1 wWe . ’
P2 (5 ) (14 (7 — )
where I'(z f t*"le~'dt denotes the I-function. The observation that Cgh(T) = Cpn(T — &)

(generally true for energy counting and an initial state that is diagonal in the energy eigenbasis)
leads to the relation

Wﬁh(w) = e+i“57ph(w) . (7.85)

We note from Eq. (7.83) that for particular parametrizations of the spectral coupling density one
can expect that for large times the phonon correlation functions may remain finite lim;_,o Cpn(7) #
0. However, the total correlation function is given by a product of electronic (which decay) and
phonon correlation functions. Its Fourier transform (that enters the rates) can be calculated
numerically from a convolution integral

(=€) = o / dwru( —w)pn(—€ — w)e (T

Wi (+e) = oo [ dwlu(+w)[1 = fu(+w)lpn (e —w)e T (7.86)

and enters in this case a rate matrix of the form

(ST Y (| ol ol
L(X7£L’§R)_(+7L£L( ) —h(+e) )T Ry AR (+e) » (7.87)

from which the electronic matter current can be directly deduced. With the choices J, = g; and
we = €1 the electronic current is for high temperatures quite similar as if one would have only a
single phonon mode. Also the symmetries are similar to that of Eq. (7.75), and a similar fluctuation
theorem arises from that. The crucial difference however is that at low temperatures, the phonon
plateaus are no longer visible — compare the thin solid versus the bold curves in Fig. 7.4. Since for
the continuum model many different phonon frequencies contribute, this is expected. Interestingly
however, the current suppression due to the presence of the phonons (Franck-Condon blockade) is
also visible for a continuum of phonon modes.

7.4 P(FE) theory

Under the widely used secular approximation, energy exchanged between system and reservoir
tends to be conserved individually. With the previously discussed example, we have a model where
a part of the energy of an electron entering from an electronic lead is unrecoverably dissipated as
heat into the phonon reservoir, such that only a fraction of that energy will actually arrive in the
system. Here, we will provide general arguments to show that under specific conditions, a total
fluctuation theorem will exist.



7.4. P(E) THEORY 183

7.4.1 Conventional transition rates

We denote the energy levels of the system under consideration by F; and their corresponding par-
ticle numbers by N;. Here, i runs over all states of the system Hilbert space. Phenomenologically,
we find that the reservoir-triggered conventional transition rate from system state j to system
state 7

is given by a product of a bare tunneling rate I';; and the probability Q(E; — E;) that the reservoir
allows for such a jump.
In particular, for fermionic jumps one has

Q(E; — E;) = 0n,—n; 41/ (B — Ej) + On,—n;,—1[1 — f(E; — E;)] (7.89)

with Fermi functions

[0 up—— (7.90)

eBlo—p) 11
described by reservoir temperature 8 and chemical potential p. The first term in Eq. (7.89)
describes the probability that to jump in, one first has to have a particle at resonant energy
E; — E; in the reservoir. To jump out, the energy slot at E; — E; must be free (note the sign
difference).
On the other hand, for bosonic jumps one would have

CQ(E'Z — Ej) = 5Ni_Nj7+1n(Ei - E]) + 6N¢—Nj,—1[1 + TL(EJ - Ez)] (791)

with Bose function

1

= ST (7.92)

n(w)

where we have to obey the side constraint p < w.
In either case, these examples just demonstrate that a detailed balance condition is obeyed by
the reservoir

% = o BUE—E ) (7.93)

which in the following we will assume to be generally fulfilled. We note that with I';; = I'j; this
transfers to the rate as

— o BEi=Ej—n) 7.94
e (7.99)

7.4.2 Hidden Reservoir

To generalize this, we imagine an unspecified hidden reservoir able to inject energy into the system
with each transfer between system and visible reservoir. This would mean that the transition
between reservoir and system can be seen as an inelastic scattering event, where the hidden reservoir
contributes energy E. Let the probability distribution for this energy contribution be denoted by
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P(E) > 0 with [ P(E)dE = 1. Furthermore, we postulate the detailed balance property for the
hidden reservoirs [41]

(7.95)

with some inverse temperature Sy of the hidden reservoir. Assuming independence of the processes,
the transition rate for this particular process would then be given by

R:P =T,;Q(E; — E; + E)P(+E), (7.96)
and the rate for the inverse process would become
R” =T,Q(E; — E;— E)P(—E). (7.97)
We note that for the energy-resolved rates we have the generalized relation
REF
YW _ o BEi—Ej+E—p) O E (7.98)
R ’ '
Ji

which recovers the original detailed balance relation (7.94) when Sy = 5.
However, the total rates would be given by an integral

Ry =T, / Q(E, — E; + E)P(+E)dE, (7.99)

and they will not obey detailed balance relations.

7.4.3 Currents

The rate (7.96) has the interpretation that to induce an energy change E; — E; in the system, the
conventional reservoir contributes energy I; — E;+E, where the fraction —E is however absorbed in
the hidden reservoir. We now allow for the possibility of multiple reservoirs (to support stationary
currents) by replacing R;; — Rg}'). As the hidden reservoir does not absorb or emit any particles,
the steady-state matter current entering the system from reservoir v is defined as usual

1) =Y (N, — N))RY' P (7.100)
ij
where 15] denotes the system steady-state population in state j. However, the energy current into
the system
1Y) =3 (B~ E)RY P, (7.101)
]

now splits into two contributions I, ) — ]g)’R + I](;)’H where
Z / B, — E; + E)RYFdEP; Z / E)YRYTP4EP;  (7.102)

denote the fractlons entering the system from the original reservoir and the hidden reservoir,
respectively. Naively, we may also guess that the entropy production rate now in the long-term
limit is again balanced by the matter and energy currents. Now for multiple real and hidden
reservoirs v, the entropy production rate would become at steady state (hypothesis)

S— -3 5 <ng . m%) =S B s > 0. (7.103)
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7.4.4 Entropic Balance

We start from a rate equation of the form
=Y RYP, (7.104)
v

with energy-resolved rates specific to tunneling processes between system and

— /REZLECZE (7.105)

describing a transition j — ¢ in the system while the hidden reservoir absorbs energy F. We note
that the hidden reservoir can be different for each tunnel junction. In what follows, we will just
require probability conservation

Y RY =0 (7.106)
and a generalized local detailed balance condition
RW
EJ,;FE — o BulBimEj+B—pu (Ni=N;)] ,+B, E (7.107)
RJZ—E

to hold. Here, (8, and u, denote inverse temperature and chemical potential of reservoir v, and
BH is the inverse temperature of the hidden reservoir associated to junction v. Taking the time
derivative of the systems Shannon entropy S = — ), P;In P, we get

S = —ZmnR:—ZZ/dER;LEm <
1 1] v

(v) (v)
Rj’L EP Rzg +EP>

Ry, xPy R g
RY). P, RY).
_ (v) g, +E- 7 ji,—E
- +ZZ/dER”+EP In | —g5=— +ZZ/¢ERU+EP In (R() v
ij v ji,—E" 1 i5,+E
) RY, uP; ) RY |
o v 17, v Jv—
= +> Y / dERY), ,P;ln o +y > / dER, ,P;ln (R(”) )
ij v ji,—E11 ij v ij+E
RY). P,
_ (v) ij,+E
— +ZZ/dERZ]+EP ln T
ij v Rji,fEPl

+ 35 [ ABRY, 8 (1B~ By B - (N - Nl - 5B}

= +ZZ/CZER§}/)+EP1 (Z” — ]> +Z{ﬁu w7+ BEIE L (7.108)
ij v

]ZE

In the first equality sign we have jused used the trace conservation ), P, = 0, in the third line
we used that the term with an individual In(P;) would vanish due to the trace conservation as
well, and in the fourth equation we have inserted the generalized KMS relation specific for each
reservoir. Finally, we identify the entropy flow in terms of the heat currents entering the system

Se =D {1 — wIi)+ BETE (7.109)

v
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and also the entropy production rate
. RY P,
S=>> / dER), oPyin | —2552 ) (7.110)
igoov Rjz’,—EPi

To show its positivity, we generalize the logarithmic sum inequality

azln >a1n a=>» a, b= b (7.111)
2oy zalig, e=3 a b=3,

i

to double summations and integrals
/dEzaEm—>a1ng az/dEZag, b:/dEZbg.. (7.112)
ij ij

Then, identifying a RZ(] g P and bE = Rj(Z _ P we obtain that @ = b, and consequently, as

a > 0 for each reservon" v, this bounds the entropy production rate

S=>"8">0, (7.113)

which also holds in far-from-equilibrium regimes.
Furthermore, we note that if we introduce counting fields via

ZJ Z/dER” +E€+1XV(Ni—N7)€+i§u(Ei—Ej+E)€—i>\uE (7.114)

in the off-diagonal matrix elements of the Liouvillian, we obtain a symmetry of the form

L(—=Xw, =& —=N) = LT (40 + 1Bup, +& — 1By, +A —18))) . (7.115)

As the eigenvalues of a matrix are not changed by transposition and as the long-term cumulant-
generating function is given by the dominant eigenvalue of L, it follows that

( Xvs fu, - 1/) = C(_I_XV + i/BI/H’I/’ +§V - iﬁw "’)\u - 1551) . (7116)

This in turn will imply that a fluctuation theorem exists for large times. Actually, one can prove
that a modified fluctuation theorem exists also for short times, but this will have to take the
changes of the system entropy into account.

7.5 A non-perturbative form for entropy production

A recent paper by M. Esposito nicely discusses general properties of entropy production that hold
independent of the used master equation approaches [42]. We start from a setting where both
system and interaction Hamiltonians are allowed to be time-dependent

H(t) = Hs(t) +ZH”) +ZH (7.117)
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Initially, we assume that the system and reservoirs are uncorrelated, and that the reservoirs are
initially at thermal equilibrium states

e Bv(HE —uN)

Z, ’

p(0) =ps(O)RAY, 5y = (7.118)

where Z, and N ](;) denote partition function and reservoir particle number of reservoir v, respec-
tively. We will only assume this at the initial time, but not for ¢ > 0. In fact, the treatment is
so general that the reservoirs can be arbitrarily small, they can even consist of single qubits and
they can move arbitrarily far away from any product state during the evolution. The only formal
requirement is that they are initially represented as a thermal equilibrium state.

Since the evolution of the total system is unitary, the total entropy is a constant of motion,
yielding the relation

T {p(t) In p(t)} = =T {p(0) In p(0)} = ~Trs {ps(0) In ps(0)} — S T, {ps mpfy’ } ,(7.119)

where we have used that for an initial product state it is additive in system and reservoir contri-
butions. Now, we introduce the local reduced density matrices of system and reservoirs

ps(t) = Trop o0} . pult) = Trsw {p(8)} (7.120)
and turn to the entropy of the system
S(t) = —Trs{ps(t) Inps(t)} . (7.121)
We see that its initial value is related to the full entropy of the system via
S(0) = ~Tr {p(t) np()} + Y Tr, {ﬁg” In ﬁg)} . (7.122)

Its change can therefore be written as
AS(t) = S(t)—5(0)
= ~Trs {ps(t)nps ()} + Tr {p(t) np(t)} = > Tr, {5 )’}

= ~Tr {p(t) I ps(t)} + Tr {p(t) In p(t)} = 3 Tr,, {5 n s}
S {pu) In ps(t) R ﬁ;@} + Te {p(®) I p(0)} + 3 Ty { [u(8) = o | oy |

- D (p<t>Hps<t> ®ﬁ$§)> =S| - 5] (1Y - NP} (7.123)

where the first term is nothing but the distance — expressed in terms of the quantum relative
entropy, compare Eq. (2.64) — between the actual state of the full density matrix and the product
state. It is positive and vanishes if and only if the system and bath density matrices are not
entangled, it will be denoted as the entropy production

AS(t) =D <p(t)H ps() R ,35§>> >0, (7.124)
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We see that the entropy production is large when the distance between the actual state and the
product state is large, such that it can be seen as quantifying the correlations between system and
reservoir. For finite-size reservoirs, recurrences can occur, and the entropy production can behave
periodically. We therefore note that its production rate need not be positive. In particular, for
periodically evolving systems we must observe times where %AiS (t) <0

By contrast, the second term can be identified as the entropy flow

AcS(t) = —ZﬁyTry{[ Pv pg)} [H() 1Ny )H
where the the heat flowing from the reservoir v into the system is defined as

AQ, (1) = (HE = mNg") = (HE = wNg) . (7.126)

7.5.1 Entropy production rate

We can solve Eq. (7.123) for the entropy production

AiS(t) = S(t) = S(0) = > BAQ,(L). (7.127)
Performing a time derivative on both sides yields
d . )
— A = — A 12
S A8() = S() Z B,AQ(1)., (7.128)

where Ql,(t) now denotes the heat current entering the system from reservoir v. In general, this
quantity will not be positive. However, assuming evolution under a Lindblad form, we know that
also the entropy production rate %AiS(t) — S; > 0 is positive, compare Sec. 3.3.

7.5.2 Example: Steady-state entropy production in the SET

For exactly solvable models such as the SET, we usually do not have direct access on the entropy
production. However, we can express it by the entropy change of the system and the heat leaving
the reservoirs

AS(t) = )+ Z [< — NV )>t - <Hf;) - M,,N};)>O] . (7.129)

For large times, the system reaches a stationary state, i.e., AS(¢) assumes a constant value, which
however is negligibly small in comparison to the other terms, which grow linearly in time. In
particular, the difference between the reservoir energies and particle numbers at time ¢ and the
initial time will be given by

(), () = (),
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where we have introduced the energy and matter currents entering the system from reservoir v.
We had already obtained an exact expression for the matter current, compare Eq. (7.23), but the
calculation for the energy current is completely analogous, yielding

1 = = [wlfw) - fa@) o = -1
I = 1y z/[fL(w) — frW)] T(w)dw = -1\, (7.131)

where T'(w) > 0 denotes a transmission function [27]. Neglecting the finite constant contributions,
we obtain for the long-term entropy production

AS(t) =~ t[—(BL — Br)E + (Brpr — Brir) ]
= t/T(W) [(Brpr — Brpr) — (Br — Br)w] [fr(w) — fr(w)] dw. (7.132)

We can now examine the integrand more closely. Using that T'(w) > 0, we find its only root at
Br(w — pur) = Br(w — pg). Furthermore, the first two derivatives become

o (Brpr — Brpr) — (Br — Br)w] [fr(w) — fr(w)] ‘w =0,

d_z[(ﬁ B ia B _ (BL — Br)* B S
T2 WP Brpr) — (Br — Br)w] [fr(w) — fr(w)] = i 20 (7.133)
1 4 cosh [w}

This proves that the root of the integrand is actually a minimum of the integrand, and therefore
the integrand is non-negative throughout. From this, we directly see that the second law is fulfilled
at steady state

AS(t) = t/T(W) [(Brir = Brier) — (B — Br)w] [fr(w) — fr(w)] dw = 0. (7.134)

7.5.3 Example: Transient entropy production for pure-dephasing

We had solved the pure dephasing version of the spin-boson model

H=Q0"+X30"® (hkbk + h;;bL) +3 bl (7.135)
k k

before. For the system, we would in the eigenbasis of % simply obtain stationary populations and
decaying coherences

|po1|(t) = eif(t)‘pgl‘ , f(t) = 4 /OOO F(w)smz(ﬂ coth (%u) dw , (7.136)

T w?

compare Eq. (2.102). To benchmark our master equation approaches we had also calculated the
change of the reservoir energy

AR = 2 /OOO T®) 2 (%) dw (7.137)

™ w
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see Eq. (4.125), and the change of the reservoir particle number

AN() = 2 /O h F(f) sin’ (%t) dw (7.138)

™ w

compare Eq. (4.85). For a single reservoir, Eq. (7.123) becomes
AS(t) = S(t) — S(0) + B[AE(t) — nAN(t)] . (7.139)

Using that AE(t) > 0, AN(t) > 0, and for bosons p < 0 (actually, we would normally drop it for
photons), we can already conclude that the second term is separately positive. Also, if we would
let t — oo, the final density matrix of the system would be diagonal, such that we can conclude
that S(c0) — S(0) > 0, but does this hold for all times? Parametrizing the density matrix by the
occupation pp; and the time-dependent coherence pg;(t), its von-Neumann entropy becomes

1

5 =~ [1 = v = 2o+ om0 1 [ 1= = 200+ a0

—5 |1 VU= 2l OF [ 1 [ 0= 200+t (7100

Using that as time increases, the coherences become smaller |pg; (t)]* = e=2/®)] p81|2, we find (in
the regime 0 < (1 — 2py1)* + 4]p01(t)|2 < 1 that is allowed for a valid density matrix), that
Sit)=—(1—-2)/2In(1 —x)/2 — (1 +x)/2In(1 + 2)/2 is a monotonously decaying function when

\/(1 —2p11)? + 4| po1(t)|* = z € [0,1]. Therefore, we conclude S(t) > S(0), and consequently
AS(t) = S(t) — S(0)+ BIAE(t) — pAN(t)] > 0, (7.141)

confirming the validity of the second law or — depending on the perspective — the validity of our
exact solution.

7.6 Reaction-coordinate treatment

Conventional master equation approaches typically work well when the coupling is small and when
the Markovian approximation fits well. This implies rapidly decaying correlation functions and
consequently, their Fourier transforms should be relatively flat. In the examples we discussed,
these Fourier transforms were given by products of spectral coupling densities and Bose-Einstein
or Fermi-Dirac distribution functions. Therefore, one may expect the conventional master equation
to work well when the spectral coupling density is flat and also the temperature of the reservoir is
high. In this section, we will discuss an approach that is applicable at high temperatures but very
peaked spectral densities.

7.6.1 Bogoliubov transformation

Many physical problems are represented in the language of second quantization, using fermionic
or bosonic annihilation and creation operators. These obey canonical commutation or anticom-
mutation relations, respectively. Here, we just show that using a unitary transformation, we can
map to new operators of the same type whilst preserving the canonical commutation relations.
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We start with bosons, which obey the commutation relations
[ak, CLL] = 6kk’ s [CLk, ak/] =0. (7142)

The Bogoliubov transformation expands these operators in a new set of operators
ay = Zukqbq, al = Z uqug, (7.143)
q q

where the complex-valued coefficients wuy, are matrix elements of a unitary matrix, obeying the
relation

Z Uk Ugk! = (Skq . (7.144)
k./

Then, the transformation is of course invertible, and we can show that the commutation relations
are preserved, the only non-trivial one being

[ak, (IL] = Z quuz/q/ [bq, b};/] = Z ukqu,’;/q = 5kkz’ . (7145)
qq’ q

The same holds for Fermions, with their anticommutation relations being
{Ck, CL,} = (Skk/ s {Ck, Ck/} =0. (7.146)
We also find that any unitary transformation
Cr = Z Upgdy ok = Z u,:qdz (7.147)
q q
will preserve the canonical anticommutation relations, the only non-trivial one being
{Ck, Cz/} = Z quUZ/q/{dq, d:;/} = Z ukquz/q = 5kk’ . (7148)
qaq’ q

Such mappings are useful to bring e.g. a Hamiltonian into diagonal form, where its spectrum
can be conventiently calculated, e.g.

61011-61 + 620201 + TC;CQ + T*cgcl = gldJ{dl + ggdgdg . (7149)

This maps two coupled units into two decoupled ones. However, Bogoliubov mappings can also be
used to change the structure of the Hamiltonian in a desired way, changing our definition of system
and reservoir, see Fig. 7.6. In what we use below, the requirement is that the Hamiltonian of the
interaction is linear in the reservoir creation and annihilation operators and that the reservoir
consists of independent fermions or bosons.

7.6.2 Example: Mapping for a finite bosonic reservoir

Let us as an example consider the spin-boson model, described by the full Hamiltonian

H = gaz +o0" Y <hkbk + h;;bL) + 3 wiblbe. (7.150)
k k
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Bogoliubov
mapping "
1
# A #
1)

'O (w) I'M(w) ' (w)

Figure 7.6: Sketch of the principle of Bogoliubov mappings to treat Non-Markovian system-
reservoir interactions. Initially (left), the coupling between system and reservoir may not admit
a Markovian treatment. Successive Bogoliubov transformations enable one to transfer degrees of
freedom into the system, with the aim that the transformed coupling admits a Markovian treat-
ment.

We will demonstrate that we can map this Hamiltonian into

H = E0'2 + o(Aa + )\*aT) +Qadta + Z (HkaaL + HZaTak) + Z Qkalak

2 k>1 k>1
w o i . ote i
= 502 + [No®(a+a') + Qa'a + ,;1 (HkaaL + HkaTak> + ;1 Qpalay.  (7.151)

Here, we have in the last step only absorbed a phase in the bosonic operators of both supersystem
and residual reservoir. This demonstrates that it completely suffices to consider A > 0, i.e., its
phase does not contain any physics in case of a single terminal.

The Bogoliubov transform simply maps to a new set of bosonic annihilation and creation
operators. Mathematically, it can be written with a priori unknown coefficients ug, as

b, = upi1a + Z UkqQyq (7.152)

q>1

and similarly for the creation operators. Here, we have split the first mode (later-on interpreted as
reaction coordinate) from the others (the residual oscillators) also in notation, since the reaction
coordinate will be treated as part of the system. The fact that the transformed operators have to
obey bosonic commutation relations leads to the requirement

Okt = WUy + Zukquz,q : (7.153)
g>1

i.e., the transformation needs to be unitary. However, in addition we demand that this trans-
formation maps the Hamiltonian into the simpler form of Eq. (7.151). This leads to additional
equations. In particular, the constraint that 37, (hxby + hibl) = Aa + A*a® can be fulfilled by the
equations

0 = Zukqhk, Vq>1,
k

k
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Finally, we have to fulfil the constraint 3~ wpblb, = Qata+ Yo o1(Hyaah + Hralag)+37 Qalay.
This yields the equations
Q = Zwk‘uk1|2>
k
Ogr Sty = Zwku,’;qukq/ Vq,q > 1,
k
H, = Zwkukluzq Vg>1. (7.155)
k

However, since we do not demand specific values for A\, 2, and H,, the three equations do not
represent constraints but rather link the parameters of the transformed model with the original
ones.

The only constraints to be fulfilled are therefore

0 = Zukqhk, \V/q>1,
k

gy Qy = Zwku;qukq, Vg, > 1, (7.156)
k

where we have to demand that €2, > 0 to ensure for thermodynamic stability. We will argue
that such a solution will always exist. Arranging the elements of the original coupling and of the
unknown coefficients in vectors

1 hi Ulq
|h> = T/ : ’ ‘uq>: : ’ (7157>

\/ Dok ‘hk,Z hy Ukg

we see that the first relation can be written as an orthogonality constraint of the form (h|u,) =0
for ¢ > 1. The second equation looks like an orthogonality relation between eigenvectors, except
that the additional orthogonality constraint has to be respected. We can therefore fulfil both
equations by defining the |u,) as the eigenvectors of a matrix

Heff|uq> = Qq|uq> )
Her = (1—1[h)(h|) (1= 1[h)(Al) . (7.158)

WK

This matrix is hermitian and has thus real eigenvalues. Furthermore, its eigenvalues are non-
negative, as it is obtained from a projection of a positive definite matrix. Of course, also the
unitarity of the transformation is then respected. Clearly, the first eigenvector with eigenvalue
Q; = 0is |u1) = |h). Such transformations rather serve as proof-of-principle here, since one will
in practice rather be interested in the continuum limit, where the explicit numerical diagonalizion
becomes intractable.

However, even in the continuum limit we can determine the parameters of the supersystem
without explicit numerical diagonalization, i.e., solely from knowing the spectral density of the
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original model

1
S o A

Z l” S wrlhul? wa ) (w)dw
O = ) 7.159
E w || Zk/ || A - 5 [ TO(w)dw ( )

We note that these two relations must generally hold for unitary transformations of the form
b, = Y upiar (tacitly identifying by = b). The first ist just a consequence of [b, bT] = 1, whereas
the second follows from inverting the transformation and comparing the reservoir Hamiltonian.
Also in case of fermions they hold correspondingly. It remains to relate the spectral density of the
transformed model with the original spectral density.

7.6.3 Mappings for continuous reservoirs
Initial mapping for bosonic reservoirs

The general starting point is the Hamiltonian

H=Hs+S® Z (hkak + hZa,t) + Zwkalak , (7.160)
k k

where Hg is an arbitrary system Hamiltonian (containing e.g. interactions etc.), and S = ST is a
hermitian operator that acts exclusively in the Hilbert space of the system. In contrast, the a; are
bosonic annihilation operators annihilating mode k in the reservoir with energy wy and emission
amplitude hy. The Heisenberg equations of motion tell us

A = i[Hg, A +i[S, A& <hkak + h;;aD =iS +i$H® Y (hkak + h;;aL) :
k k

The equation for the reservoir creation operators can be obtained by hermitian conjugation. We
introduce the Fourier-transformed operators (this has technically the advantage that we need not
deal with initial conditions)

ag(z) = /ak(t)e+i2tdt : Iz >0, (7.162)

and similar for all system operators. Note however that we follow the convention to introduce the
same transformation for annihilation and creation operators, which means that in the following,
when transferring results from annihilation operators towards creation operators, For a product of
two operators we will then encounter a convolution

/ ft)g(t)edt = / f(2Nglz —2)dz", (7.163)

which in the equations of motion then implies

izA(z) = 151(2) + 12i/ ) ® Z (hkak 2= )+ hal(z— 2 )) dz',

izag(z) = —lwgag(z) —ihS(2). (7.164)
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Solving the second equation for ax(z) = Z_ﬁfk (2), and similarly for the creation operator al(z) =
h
z—l—;

S(z) and inserting this in the first equation we get an equation valid for the system only

o 1 / |hk|2 |hk|2 ’ /
zA(z) = Si(z) QW/SQ(Z)Z(z—z’+wk+z—z’+wk S(z—2')dz

k
1 / ]‘ F(O) ((A}) / /
_ _ L / Sy (YWD (2 — 2)S(z — 2')d2 (7.165)
In the last step, we have introduced the Cauchy-Hilbert transform of the spectral coupling density
1 1
WM (z) == / @) g (7.166)
T w—z

Here, the index denotes the particular spectral coupling density, i.e., in our case I'O(w) =
27 Zk |hi|0(w — w?). The Cauchy-Hilbert transform can be inverted by performing a limit

1 F(n) /
lim SW™(w +i€) = = lim _Mwhe
e—0+ Tes0t | (W —w)?+ €2

dw' =T™(w). (7.167)

We will not solve the equation (7.165), not even knowing what the actual operators S;(z) and
Sa(z) are in our specific case.

Instead, we use that we can use that with our unitary mapping our Hamiltonian can be written
as

H = Hg+AS(b+b) + Qblo+ > (H,:;bb,i + Hkbfbk) + 5 bl (7.168)
k k

Here, Hg and S are the same operators as before, but b now annihilates a boson on the supersystem
(composed now of system and collective or reaction coordinate) with new reaction coordinate
energy () and supersystem-internal coupling A. In particular, since we include the reaction coor-
dinate dynamics into the system, one can treat the strong-coupling limit at the price of increasing
the system dimension (which is strictly-speaking infinite in case of bosons). Furthermore, the by
denote the modes of the residual bath, with transformed emission and absorbtion amplitudes Hj,
and renormalized energies ();. We again derive the equations of motion in the Heisenberg picture

A = i[Hg, A +i)\[S, Al(b + bt) = 1Sy +iSy(b + b1,
b = —iAS—iQb—i) Hib,
k

by = —iH;b—iQby,. (7.169)
We apply the same Fourier transform, yielding
izA(z) = iS1(2) + ZL / Sa(Z)A [b(z = 2') + b (2 — 2')] d'
izb(z) = —i\S(z) —iQb(z) — 12 Hby (2
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We can solve the last equation

b(z) (7.171)

and insert it in the second

2b(z) = —\S(z Z Z+Qk (7.172)
which yields the solution
-A
b(z) = e S(z). (7.173)
Z+ Q- Zk 2+ Qg

With this solution, we eventually reconsider the first equation

zA(z) = Si(z) — ! /5’2( "2 A S(z —2)d

27 z—2+0 - Zkzlfz{]iflk

= Si(z) - ;ﬂ / So(2')2 <Z —— _A%QW(D(Z/ - Z)) S(z—2)d2' .  (7.174)

Comparing Eq. (7.174) with Eq. (7.165), we conclude

/\2
2 =WO — 7). 7.175
Q— (2 —2) = sWO( = 2) (= 2) ( )

We solve this for
)\2
(1) _ T, VO B AN
WW(z) =20 -2z —4 OIBE (7.176)

and subsequently evaluate its imaginary part at z = w + ie

1
(1) - X o~ (1) . _ 21 [
rOw) = el_l>%l+ SWH(w +ie) = —4A Eli}%i SWo (w + ie)
(0) ; o
= +4)% lim SWO(w +ie) = 4)2 ) - (7.177)
=0+ [TV (0) (w + 16)\ WO (w)]

Therefore, to compute the spectral coupling density of the transformed Hamiltonian, we need to
compute the Cauchy-Fourier transform of the old spectral density
2

1 ™ (!
lim W™ w+ie)‘2 = lim —/—/ (w) dw'’
e—0T e—0t | W —w —1€
1 ™ (W) ? n 2
_ [;¢{/127:7;dw1 + W)’ (7.178)

where P denotes the Cauchy principal value. Altogether, we therefore obtain the mapping
4N T O (w)

r(w) = - 5 .
1P [ S dw| + IO )P

(7.179)

The clear advantage is that we can now only use complex calculus to evaluate the next spectral
coupling density from an old one.
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Mapping for particle-conserving bosonic Hamiltonians

Let the mapping be given by

H = H5+az kak+aTthak+Zwkakak

= Hg+ )\(”)abT +Am aTb + QB+ HL+ by Hiby+ Y Qubibi. (7.180)
k k k

The Heisenberg equations become in the first representation

Hs, Z hkak 151 - Z hkak s CLk = —ihZa — iwkak y (7181)
k

which upon Fourier-transformation, solving for the reservoir-mode and re-insertion into the first
equation yields

za(z) = S1(z) + %W(")(—z)a(z) : (7.182)

Similarly, the Heisenberg equations in the second representation read
@ = i[Hs,a] —iAN"b=18 —iA"b, b= —iAa —iQMb—1) " Hyby,
k
be = —iH;b—iQby,. (7.183)

Upon Fourier-transforming, solving iteratively the last two equations and plugging the result into
the first, we arrive at

(A")°
z+ Q) — SW D) (—2)

za(z) = Si(z) + a(z), (7.184)

and comparing with the equation we had before we can again conclude that

(A™)"
Z+ QM) — SW D (—z)

%Wm)(_z) _ (7.185)

This is precisely the same relation we had before, such that the recursion relations for the spectral
for the spectral densities

T(w) =2m ) |hfo(w—wi), T (W) =21 ) [Hi0(w — wy) | (7.186)
k k

and the renormalized coupling A, as well as the renormalized energy €2, the following relations
hold

1 1
2 _ (n) no_ (n)
Az o " (w)dw, Q 52 /wF (w)dw ,
ANZD ()
re ) = () : (7.187)

[17;f F(">(w wr+ T ()]
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The convergence properties of related recursion relations have been discussed in great detail [43].

The difference with the previous treatment is that the structure of the Hamiltonian (bosonic
tunneling) is similar before and after the transformation, we just need to redefine system and
reservoir. Therefore, it can be applied recursively. This way, we can understand Fig. 7.6 as the
sequential application of multiple Bogoliubov transformations. However, this would in general be
too tedious. Therefore, one would in practice prefer to truncate the resulting chain at some point,
using a perturbative approach such as e.g. based on the master equation.

Mapping for fermionic tunneling Hamiltonians

For fermions everything works just as for bosons, we just replace in typical notation h; — t; and
Hy, — T}, but the same recursion relations and mappings hold. This can be easily understood
as the equations of motions are for non-interacting fermions equivalent (up to a sign change in
the amplitudes) as for non-interacting bosons. Using fermionic reaction coordinates has, however
the clear advantage, that with an additional fermionic reaction coordinate, the dimension of the
supersystem Hilbert space just doubles, whereas for bosons it is multiplied by infinity.

General properties of the recursion relations

We summarize that the recursion relations are valid for quite general bosonic and fermionic models
that are linear in the bosonic and fermionic reservoir operators and which are mapped in to chains
for particle-number-conserving hopping Hamiltonians.

Def. 23 (Martinazzo recursion relations). The couplings, energies, and spectral coupling densities
transfer according to

1 1
OOP = o [T, 0% = s [ur® s,
[ ) ANIC) . (7.185)
P TR ]+ )

Table 7.1 provides some examples of spectral densities and their mappings. The functional
form of the mapping implies that a hard cutoff will reproduce itself, such that convergence of all
integrals is ensured. In particular, the last entry in Tab. 7.1 demonstrates that the limiting case
of a semicircle

(o0) w €2

D) (W) = & 1—(3—5) O(w, e — 8¢+ 0) (7.189)

is a stationary point for mappings with a rigid cutoff. In contrast, the mapping suggested in
Ref. [43] maps bosonic chains to a sequence of x — x couplings, and the recursion relations are only

formally similar, such that also the stationary spectral density is different.

7.6.4 General Properties: Stationary state of the supersystem

In the strong-coupling limit, we will no longer expect the local Gibbs state e s /Z¢ to be the
stationary state of the system. Rather, one will expect it to be given by the reduced density matrix
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T (o) O [ Q) T ()
52 s
54 1"_6 5(25)2
(o257 a ‘ w=o)+()
w—e)2
f‘fa*(w(;i;)2 o € e
2/ Va[l—erf? (15 )]
F@(w,e o 6’E+5) % € ﬂ2+4arc§;6h2(%)@(w’€_ 576+5)
Z
C (2 e _ 215 85 -
F |:1 (5 6) i| ®(w7 € 57 € + 6) 3 € 3 4(§(w—e)—(w+§—e)(u—§—e)arctanh[%])2 (w75)2 2
254 +<1_ 52 )
F\/l—(‘§—§)2@(w,e—5,e+5) L € 5\/1—(%—§)2@(W76—576+5)

Table 7.1: Selected mappings for spectral densities, using O(z,a,b) = O(x — a)O(b — x) and
erf(z) = \/%T foz e dt. As a rule of thumb, the width of the old density becomes the coupling
strength of the new density, and only a hard cutoff will survive recursive transformations.

of the total Gibbs state

(7.190)

e~ B(Hs+Hp+H)
p~ TI'B { 7 } )

which only when H; — 0 would coincide with the system-local Gibbs state. Since the reaction-
coordinate mappings allow to to to arbitrarily strong coupling as long as the coupling between
supersystem and residual reservoir is small, we can test whether the resulting stationary state in
the supersystem is consistent with these assumptions.

When we apply the master equation formalism to the supersystem

Hg = Hs+ Hpe + Hs e, (7.191)

composed of system and reaction coordinate, we know that for a single reservoir, the stationary
state will approach the Gibbs state associated with the supersystem

¢~ PHs

Do = — . 7.192
Ps TrS,RC {B_BHS} ( )
We define a Hamiltonian of mean force
1 Trg {6—5(H5+H1+HB)}
H =—=1 ) 7.193
5 ( Try (e 75} (7.193)

It can be seen as an effective Hamiltonian for the system in the strong coupling limit. In the
weak-coupling limit (H; — 0), we would get H* — Hg. By construction, the Hamiltonian of mean
force obeys

Trg {e—ﬁ(Hs+HI+HB)} _ Trrep {e—ﬁ(Hg-i-H}J,-H"g)}
Trg {e—PHE} - Trrep {e—B(HRc+H;+H;g)}

Hb() Trre {eiﬁHlS}

e’ﬁH

~ . 7.194
Trre {e#Hrc} ( )
This implies that the reduced steady state becomes
B B Trro ¢~ PHs B Trpe {e PR ePH”
s = Trne {75} = R ) il g (7.195)

Trs ke {e_ﬁH,S} - Trs re {e_BHé} - Tr{efH"}
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7.6.5 Example: Single-Electron Transistor

According to the results of the previous section, the Hamiltonian for the SET
H = Gde + Z Z (tkudCL,, + tzyckydT> + Z Z Ek,/CLVC;W s (7196)
v k v k

in addition characterized by a Lorentzian spectral coupling density

T, 62

P (w) =27 3 o [*3(w = ) =
k

can therefore be mapped to a triple-quantum dot that is coupled to two leads (we introduce a
separate reaction coordinate for each reservoir)

r.0 T'ro
H = epdidy+ed'd+ endydn + | =5* (daf +dpat) + o (da, + drd")

+3 (T,Wdydzy + T,;;dk,,di) +3°5 Qndldi, . (7.198)
v k k

v

This second Hamiltonian is parametrized by the transformed spectral density

TV (w) =21 ) T |6 (w — Q) = 20, (7.199)
k

compare Tab. 7.1.

We can now treat the triple quantum dot as a system and apply the master equation formalism,
provided that (5,0, < 1. For a nonvanishing potential (or thermal) bias, we can compare the
current obtained from the master equation treatment with the energy current from the exact
solution [27] (compare also Sec. 7.1).

Iy — / Golw) [fuw) — fr(w)] Sc(w)dw

Iy = / W+ Go(w) [fulw) — fa(w)] Sc(w)dw (7.200)

with the factors

0) (O,
Golw) = () <F2£§( !,

Solw) = = Lw)/2 - (7.201)
T (M(w)/2)* + [w — € — B(w)]

and where I'(w) = Fg)) (w) + Fg) (w) and X(w) = 31 (w) + Xg(w) and

1 ~ 1wy 0, (w—e)
Y, (w) = %73/ . dw' = (@ =) 1 02 (7.202)

—00
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denotes a small correction to the system energy level (Lamb-shift).

The dependence of the energy current versus coupling strength is depicted in Fig. 7.7. For
weak coupling strengths, the current is approximately linear, which agrees well with the master
equation result. However, for intermediate coupling strengths the exact solution shows a turnover
and saturates at infinite coupling strength. We see that the Lindblad-type secular master equation
for the triple quantum dot fails spectactularly in the weak-coupling limit, whereas the secular
master equation for the single quantum dot fails in the intermediate and strong coupling limit.
Without the secular approximation, the Born-Markov master equation for the triple quantum dot
performs farely well (with and without including imaginary parts in the half-sided FTs of the
correlation functions). The failure of the secular approximation master equation for the triple
quantum dot can be understood as for weak coupling I', — 0, the system Hamiltonian becomes
near degenerate for e, = eg = €. Then, the secular approximation is invalid.

7.6.6 Example: Pure dephasing model

We consider as initial Hamiltonian the pure dephasing model

w z z *
H = So'+o > (hibi + hybl) + > wibfby . (7.203)

k>1 k>1

We had derived the exact solution for the change in the reservoir energy before, compare Eq. (4.125)

AE(t) = Z %2[1 — cos(wgt)] . (7.204)
I

The total energy radiated into the reservoir can then be written as

1 1— t 1 [T
AE = lim & [ P(w)t=eos@t) ,, -1 / L) (7.205)
t—oo T w T w
The transient energy current into the reservoir therefore becomes
d 1
Ip = —=AE(t) = E | hie|*2 sin(wyt) = —/F(O) (w) sin(wt)dw . (7.206)
dt - T

As long as the initial reservoir state is diagonal in the reservoir Hamiltonian, this does not de-
pend on its other characteristics (such as, e.g., temperature), and it describes a genuine quantum
contribution resulting from the initial energy content of the interaction.

Using a reaction coordinate, we can map the model into

H = §0Z+Aaz(a+aT)+QaTa

+a Z HkaL +al Z Hyay, + Z Qkalak . (7.207)
k k k

From the good experience with a Lorentzian functions we also would like to consider a Lorentzian-
type density, but for bosons have the additional constraint that the density should rise at least
linearly near the origin. From subtracting the Lorentzian with an inverted frequency we arrive at
the parametrization

52ew

M) = N (CET D (RO

(7.208)
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which vanishes linearly at the origin, and e and ¢ still approximately assume the role of a mean
and width, respectively.
The exact solution for the current then becomes

Ip(t) = Te " sin(et) . (7.209)
Similarly, the total radiated energy becomes

I'de

AE = ——. 7.210
02 + €2 ( )
We obtain for the renormalized parameters of the supersystem
oy
M\ = — arctan <E> ) Q0= 2; . (7.211)
s 0 = arctan (g)

For € > §, we can approximate arctan (g) — 7/2, and we recover relations very similar to
the previous case. The new spectral coupling density has to be calculated using the Martinazzo
recursion relation (7.188). For brevity, we do not state it explicitly here, but again it vanishes
linearly at T(0) = 0, and its height is now roughly controlled by § and its width by e.

We can now apply a master equation treatment for the system plus reaction coodinate, and

compute the expectation value of the interaction energy
AE(t) = — (Ao*(a+al)) (7.212)

between original system and reaction coordinate. Since this part of the Hamiltonian corresponds
to the interaction Hamiltonian of the original model

Ao*(a+a') = 0* ) (hby + hyb}) (7.213)
E>1

and the energy of the spin system does not change, it precisely corresponds to the energy radiated
into the reservoir. However, we have to take care that the initial state of the spin and of the boson
factorize

0
p's = p%® phe - (7.214)

Furthermore, we have to fix the initial state of the reaction coordinate. In the regime where the
master equation treatment of the supersystem is applicable, a reasonable choice is

_ T
e BQa'a

Trrc {6—59‘”“} '

P =pt® (7.215)
Finally, simulation of a bosonic quantum system within a Fock space representation requires a
cutoff in the maximum number of bosonic quanta. Care should be taken that the bosonic cutoff is
large enough by checking convergence of the results. Then, the RC method approaches the exact
result pretty well. As sanity check, one can confirm that the solution does not depend on the initial
state of the spin and not on the actual value of the initial temperature of the reaction coordinate.

In particular, we see in Fig. 7.8 that the oscillation frequency and amplitude of the exact
solution is well reproduced by the RC method. We see that at short times the Lamb-shift is
completely negligible, but at large times, keeping it, does improve the quality of the solution to an
extent that it can hardly be distinguished from the exact result.
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Figure 7.7: Plot of the energy currents computed using the naive secular master equation approach
for the single dot (green), the exact solution (7.200) (red), the Born-Markov-Secular master equa-
tion for the triple quantum dot (black), and the Born-Markov master equation for the triple
quantum dot (dark and light blue). In the strong-coupling limit, all triple quantum dot methods
perform very well, where the naive master equation for the single dot fails completely. However,
the secular approximation also predicts finite currents at vanishing coupling, which is nonsense.
This results from the secular approximation, which becomes invalid in this regime. The Born-
Markov approach does not have this problem (but does not guarantee a strictly positive definite
density matrix or strictly consistent thermodynamics as it is not of Lindblad form). Finally, the
dashed curve displays the result when the imaginary part of the half-sided FT’s is just neglected.
Parameters 'y =T'g =1, 0, =0r =01, ¢, =eg=€¢=1.0, 8, = Br=1.0, up, = +1.0 = —pug.
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Figure 7.8: Plot of the time-dependent energy current entering the reservoir for the pure dephasing
model. The RC method captures the initial phase quite well. Parameters: I' =1, 6 = 0.01, e =1,
=100, w =1, Ney = 10 (Neyy = 15 yields identical results).



Chapter 8

Selected nonequilibrium phenomena

8.1 The quantum Ising model in a transverse field

The quantum Ising chain in a transverse field for N spins

:—gZo‘ _ngzaz+17 (81>

where g describes the coupling to an external magnetic field, J the inter-chain coupling to nearest
neighbors, and periodic boundary conditions are assumed 0%, = o} is a paradigmatic model to
describe quantum-critical behaviour [44]. The model is analytically diagonalizable for finite N and
displays a second order quantum phase transition between a paramagnetic phase (for g > J) and
a ferromagnetic one (g < J) [45].

We can introduce a dimensionless phase parameter by fixing Qs = J and Q(1 — s) = g with
energy scale {2

Hs Q1 —s) Za —QSZO’ZUZ_H (8.2)

The successive application of Jordan-Wigner, Fourier-, and Bogoliubov transform maps the system
Hamiltonian into

He = el —1/2),  k==%1/2,43/2,... £(N —1)/2 (8.3)
k

with fermionic annihilation operators «, that describe quasi-particles. Here, the quasi-momentum
k may assume half-integer values, and the single-particle energies — that correspond to excitation
energies of the full model — are defined by

€ = 29\/(1 — §)2 4 52— 25(1 — 8) cos (%) . (8.4)

8.1.1 Exact Diagonalization of the closed system

The Jordan-Wigner transform (JWT)

n—1
0% =1-2clc,, 02 = —(cp +cf H (1 -2, (8.5)
m=1

205
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maps the spin-1/2 Pauli matrices non-locally to fermionic operators c,,. Inserting the JWT into
the Ising Hamiltonian, one has to treat the boundary term with special care

N N-1
H = —g Z(l —2chen) = J Z(Cn +eh)(enn + Cj1+1)(1 — 2c}cn)

= n=1

N-1
—J(en +cly) H (1—2cten)| (e1 4+ ¢)

n=1

N N-1

= -9 Z(l - QCILCn) —J (CIL - Cn)(cjm—i-l + Cnt1)
n=1 n=1

—1=

+J(CR, — cN)(cI +¢1)

(1-— 2chn)] : (8.6)

Il
—

n

where we have extensively used the fermionic anticommutation relations. Introducing the projec-
tion operators on the subspaces with even (4) and odd (-) total number of fermion quasiparticles

Pt =

liIIu—Qd@w], (8.7)

m=1

1
2

we may also write the Hamiltonian (8.6) H = (Pt +P~)H(P* +P~). It is straightforward to see
that terms with different projectors and with n < /N vanish

0 = P 1-2cc, )P =P (1-— L)P,
0 = 73+(CL — cn)(cLH + cpi1)P™ =P~ ( — cn)(cL+1 + Cnp1)PT. (8.8)
For the boundary terms one finds similarly
N
(PT+P)(chy — ex)(cl +e) | = 2chen) | (P +P7)
n=1
= (PY+ P, —en)(cd + ) 2P —1)(PT+P7)
= Pl —en)(cd +e)PT =P (cly —en)(cl + )P, (8.9)

such that we can finally write the Hamiltonian (8.6) as the sum of two non-interacting parts with
either an even or an odd total number of fermionic quasiparticles

H = P'H"Pt+P H P~
N N
_ P [—gzu ~2dden) — 32 (eh — e (chon + >] Pt
n=1

n=1

N N
—g Z(l — 2l e,) — JZ(CL —cn)( n+1 + i1 ] (8.10)
n=1

n=1

Note that this requires to define antiperiodic boundary conditions in the even (4) subspace 05\21 =

_C(1+ and periodic boundary conditions in the odd (-) subspace Cg\w)d = —|—c§ ),
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Since the even subspace is relevant to our model, we further seek to diagonalize the Hamiltonian

N
t= —gZ(l — 2l ¢,) — JZ — Cp) n+1+cn+1) (8.11)
n=1
with antiperiodic boundary conditions c¢y,; = —c;. Translational invariance suggests to use the

discrete Fourier transform (DFT, preserving the anticommutation relations due to its unitarity by
construction)

Cp = cpe TN (8.12)

which is a specific case of a Bogoliubov transformation. It is compatible with the antiperiodic
boundary conditions when £ takes half-integer values
3 .5 N -1

1
k S {i§,i§,i§, .. .}, where |k5| S 9

(8.13)

(Note that the number of quasiparticles in the even subspace is the same e.g. for N = 6 and
N =7). The DFT maps the Hamiltonian into

HT = —gNl—l—Z{ g — Jcos(k2r/N)|eLéy, + Jsin(k2r/N) |etél, + e kck}} (8.14)

Now, the observation that only positive and negative frequencies couple (conservation of one-
dimensional quasi-momentum), suggests to use the reduced Bogoliubov transform

& = kYo + VY (8.15)

which mixes positive and negative momenta and where the a priori unknown coefficients have
already been labeled suggestively (a more general ansatz would eventually of course yield the same
solution). Since the new operators 7y should be fermionic, we obtain from the orthonormality
conditions

* * * * u
o R T ] Gl B (5.16)

Demanding that the Bogoliubov transform eliminates all non-diagonal terms (of the form vy_gv,
etc.) yields (by combining positive and negative k) the equation

2 2
0 = 2 [g — Jcos (kﬁﬂ)] (UppV_p — U_gV4g) + 2J sin (k‘%) (U_pUsg + V_gVLE)

— ) (PRl bR Y ()

= (v g, u_g) M ( Uitk ) . (8.17)

Utk

All equations can be fulfilled when we choose (., v4x)! as the normalized positive energy eigen-
state of the matrix M with eigenvalue

e = +2\/ g%+ J? — 2gJ cos(k27/N) = ¢ (8.18)
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and (v, u* )T = (—vk,, +u’,)? as its negative energy eigenstate with eigenvalue

€, = —2+/g2 + J2 —2gJ cos(k2m /N). To be more explicit, we have

g — Jcos(k2n /N) + /g + J* — 2g.J cos(k2m /N
U = ,

\/[g — Jeos(k2r/N) + /g% + J? — 2gJ cos(/c27r/]\7)]2 + [Jsin(k27 /N)]?

_— Jsin(k27/N) - (8.19)

\/[g — Jeos(k2r/N) + /g% + J? — 2gJ cos(k:27r/N)]2 + [J sin(k27 /N)]?

Using these solutions, we obtain when N is even

2T 1
zk: 2\/92 + J2 —2gJ cos (kﬁ) (%ﬂk — —) Zk:ek (%W — —) , (8.20)

which reproduces the single particle energies introduced before.

8.1.2 Equilibrium

We can write for the logarithm of the partition function

mZ(B) = InTr{e?} =[] (e + e P2
k

- S ()]

o o (Y, 52

where we have used an asymptotic convergence to an integral for large /N in the last step and

(k) = 20/ (1 — 5)2 + 52 — 25(1 — ) cos (27k) (8.22)

becomes a continuous band.
Now, the mean energy can be expressed by the derivative of the partition function with respect
to the inverse temperature

Tr {He‘ﬁH} _ —03Z(B)

<E> Tr {6_51{} - Z(ﬁ) = _aﬁ In Z(ﬁ)
o +1/2@ o M )
— N e h( 2 )d, (8.23)

and we see that at zero temperature § — oo it simply becomes the ground state energy of the
Ising model

(E) 2 (k)
W SN /_1/2 Td,l@, (8.24)
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This integral can be solved exactly and leads to a discontinuity in the second derivative of the
energy density with respect to the quantum-critical parameter.
The heat capacity is given by the derivative of the energy with respect to temperature
O(E) 0(E)IB _

C="r = o 0T

9 (E)

,0?In Z(s, B)
08 2

532

— B =+ (8.25)

For our model, we can therefore get an expression for the specific heat capacity (per chain length)

dr . (8.26)

2
/+1/2 <—5E§“))

1/2 cosh? <M>

2

¢
N

We can plot the heat capacity versus temperature and we see that away from the critical point
(s # 1/2), it vanishes at low temperatures, i.e., injecting energy into the system immediately
increases the temperature. At the critical point however, the spectrum becomes gapless, and the
heat capacity is finite already at the smallest achievable temperatures. When we consider finite
temperatures, the heat capacity vanishes for low temperatures in the gapped phase but rises above
a certain critical temperature. This extends the zero-temperature phase diagram by a classical
phase on top of the quantum phase, see Fig. 8.1.

0,1 T | T | T T T

0,08

(€]

crit

classical

0,06 —

paramagnetic ferromagnetic

critical temperature T

0,02 —

0 | | | | | |
0 0,2 0.4 0,6 0,8 1

dimensionless phase parameter s

Figure 8.1: Plot of the critical temperature versus the paramagnetic-ferromagnetic transition pa-
rameter s. Below the curve, the heat capacity vanishes, whereas it becomes finite above the curve.
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8.1.3 Non-Equilibrium

We can place the Ising model (8.1) in a nonequilibrium context by coupling it two two reservoirs,
labeled source (S) and drain (D) in the following, using the collective coupling

Hy =72 @ Y (hastis + hisbls ) + 77 > (huobup + hipblp) - (8.27)
k k

Since we have expressed the system Hamiltonian with non-interacting fermionic operators, it is
useful to do the same with the interaction. Obviously, the used transformations do not affect the
reservoir part, such that it suffices to transform J, = Z@]L of with the very same transformations
as before. Inserting the Jordan-Wigner-Transformation (8.5) yields

N
Ty =N1-2) cle,. (8.28)
n=1

Furthermore, inserting the DFT (8.12) leads to

Jp=N1-2> &lé. (8.29)
k

Finally, inserting the Bogoliubov transformation (8.15), replacing k¥ — —k in some terms and
exploiting that the coefficients (8.19) are real yields

J,=N1-2)" [IukIQVZ% + o) + kv (vlwik + %k’m)] , (8.30)
k

which by using the fermionic anticommutation relations is equivalent to

7= N1=2 3 [P+ (el = [onf®) 2w + o (VL + o) | (8.31)
k

where the coefficients are defined by v, o ssin (%) and up [1 — §— 5COS (2]75,—]“) + ek/(2Q)]
subject to the normalization |ug|” + |vk|> = 1.

It is immediately visible that this type of interaction does not trigger transitions between the
subspaces of even and odd quasiparticle number. We may therefore restrict our considerations
completely to the subspace of even quasiparticle number. That is, out of the 2" eigenstates which

we can label as

1) = [Ro(Nm1)j2s s Rety2s g2, - - s T (N—1)2) (8.32)

we can constrain ourselves to the ones that have an even total number of quasiparticles, of which
there are just 2V/2. Furthermore, we see that — if at all — the interaction always creates pairs
of quasi-particles with opposite quasi-momenta. Since the ground state has no quasi-particle
pairs at all, the relevant subspace containing the total ground state and within which transitions
are triggered by the interaction is given by the subspace of pairs of quasiparticles with opposite
quasimomenta, i.e., we can constrain ourselves to the states

In) = ‘n+(N—1)/27 T2 M1 y2, - T (N—1)2) (8.33)
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of which there are only 2%/2 (we have supposed before that N is even). In this subspace, the basis
elements can be conveniently constructed from the ground state via

Nk
”I’L> = ‘n%,n%,,n%> = H (’yikfyik) |O> , (834)

k>0

where n; € {0,1} denotes the occupation of a quasi-particle pair with momenta (+k, —k) such
that (7,1% + Viﬂ—k) |n) = 2ng |n).

High-Dimensional Rate Equation.

Applying the standard master equation derivation in the relevant subspace, Eq. (8.34), (employing
Born, Markov, and secular approximations in the standard way we have discussed) yields a rate
equation

pn=7 (E v%,m> pm (8.35)

for populations of the system energy eigenstates pn = (n|p|n), where the transition rates v8m
due to reservoir o admit only creation or annihilation of single quasi-particle pairs, see vertical
lines in Fig. 8.2. Assuming thermal reservoir states, the transition rates (n # m) evaluate to
Yovm = Da(Amn) [1 + na(Amn)] |(n] J, |m)|* with energy differences Amp = Em — En and
system energies En = >, €x(2n;, — 1). The diagonal values gy, follow from trace conservation.
Using Eq. (8.35) and the rates gy, We obtain an analytical result for the non-equilibrium
steady state solution. The stationary solution of the rate equation can even for non-equilibrium
(different temperature) configurations be obtained using basically two ingredients. First, we
note that the Fourier transforms of the bath correlation functions obey the usual Kubo-Martin-
Schwinger conditions v, (—w) = e #2¥~,(+w), which lead when the system is coupled to only one
bath (e.g. by setting I'p(w) = 0) to thermalization of the system with the temperature of the
remaining reservoir (e.g. 85'). Formally, such a thermal state is characterized by the ratio of

diagonal elements to be
m_ -B(En-Em) n(En — Em) (8.36)

where n(w) corresponds to the Bose distribution of the connected reservoir. For coupling to
multiple reservoirs we use that the occupations of the different reservoirs enter linearly and just
weighted by the different tunneling rates to motivate the ansatz (Anpm = En — Em)
[s(w)ng(w) +I'p(w)np(w)

(w) = o T To0) . (8.37)

pn _  (Apm)
. 1+0(Anm)’

Indeed, one can easily prove for the rate equation

pmo= Y > TalAmn) [1+na(Amn)] [(n] M, |m)[*pm,
m#n o

— ( Z ZFQ(Anm) 14+ na(Anm)] |(m]| M, \n>|2> on (8.38)

m+#n o
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Figure 8.2: Spectrum of the Ising model for N = 6. The thin dotted curves belong to the subspace
with an odd number of quasiparticles. Solid curves belong to the even subspace, and bold colored
curves correspond to the subspace formed by pairs of quasiparticles with opposite quasimomenta.
The vertical lines denote allowed transitions.

the validity of the stationary state by inserting

B = n(Amn) o = 20 la(Amn)na(Amn) n (8.39)
1 + ﬁ(Amn) Za Fa(Amn) [1 + na(Amn)] '
and using that Ty (Amn) = —To(Anm) and na(Amn) = — [1 + no(Anm)]. By a sequence of

pair annihilations — compare Fig. 8.2 — it therefore follows that any stationary occupation may be
connected to the ground state occupation py via

_ _ T_L<2€k) >nk
pn = Po (_— : (8.40)
lg] 1+ n(2¢)
The latter is fixed by the normalization Tr{pn} =1
= Do : = o — = /o — :
n1/2=0 (Y12 =0 k>0 1 + n 26k . 1+ n<2€k) Es0 1+ n(QEk
which eventually yields

m=]] [7(2e)]™ [1 + 7(26,)]) ™

m = — )
>0 1+ 2n(26k)

(8.42)
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2o la(w)na(w)
. . . . . Za FQ(W) .
However, our system has more than one allowed transition frequency, which implies that the

stationary state (8.42) is non-thermal (i.e., cannot be described by a single effective temperature)
as soon as the reservoir temperatures are different [ng(w) # np(w)]. We note that this non-
equilibrium steady state for an interacting model holds for weak system-reservoir coupling only
— opposed to results obtained for non-interacting models. Eq. (8.42) enables us to calculate the
stationary values of the energy, the magnetization, and the current both for finite chain lengths
and in the thermodynamic limit N — oo.

which is completely governed by an effective average bosonic occupation n(w) =

Energy
The stationary expectation value of the system energy then becomes

<E> = Tr{Hsp} = Z (n| Hs |n) pn—ZekZ 2n, — 1)p

k>0

n(2ex)]" n(2e)] " —€p
P Z 1+ 27—;(261) = (2 =1) = ;; i) &4

k>0 ng=0

n —11—n
where we have used that an —0 % = 1 holds for each k separately in the second line.

In the thermodynamic limit (N — oo) and noting that all relevant quantities actually depend on
k = k/N, the sum is easily converted into an integral, and we arrive at

1/2

B —€ Ny (k)
Z1+ nkQEk N/1+2n2( Py (8.44)

where we have introduced the continuum of system energies e(k) = €. At strictly zero tem-
perature, where n(2¢(k)) = 0, the system settles to the ground state, and the energy density can
be expressed by a complete elliptic integral E/N — —2Z2€p(4s(1 — s)), with a divergent second
derivative at s.i = 1/2. This divergence, which reflects the usual ground state QPT criticality of
the Ising chain, is also predictable from analyzing the analytic structure of the integrand in (8.44)
at zero temperature. For finite temperature and also in non-equilibrium setups where 7(2¢(x)) # 0,
the energy density remains analytic at the critical point.

Finally, we mention that at equilibrium, where n(w) = n(w), we can compare this with

Eq. (8.23)
(B) = —N/;lf anh (BET(“)> i — —N/01/2 () tanh (BET(“)> e

B 1/2 G(KJ)
_ —N/O T eE (8.45)

Here, we have a difference in the denominator, which results from the fact that in Eq. (8.23) we
have used the full subspace of an even number of quasiparticles, whereas here we have considered
the subspace of pairs of quasiparticles with opposite quasimomentum. However, this discrepancy
does not lead to drastic changes in the phase diagram. Since we can — up to a factor — transform
the two expressions for the energy by a mere rescaling of €2, the same phase diagram as depicted
in Fig. 8.1 applies.
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Magnetization

Similarly, we evaluate the diagonal matrix elements of the magnetization operator J*

(| Jaln) = N =4 |l = 4> (lul* = [on]*) m

k>0 k>0
= N =4 [l + (1= 2pvef*) ni] . (8.46)
k>0

which can be inserted in the stationary expectation value to yield

1

(I) = Y mlln)pn=N—43 |ol = 4> (1=2wl*) > ny, [2(26)]™ [1 + 7 (2ep,)]

n k>0 k>0 =0 1+ 2n(2¢)
_(zﬁk ‘Uk| +n 2€k
= N -4 —4 -2 _ —4 . 8.47
k2>2|vk| ; | k| 1+2n(26k Z 1 + 2n(2¢) ( )

Finally, the sum over k£ can similarly be converted into an integral. Furthermore, by inserting the
coefficient (8.19) in the continuum representation and zero-temperature limit, we obtain for the
magnetization density

{J2) =

- (1 —s) ’

_ 1/2
Jx> o 4/’1}2(/€)d/i Ep(4s(l —3s)) + (1 —25)Ek(4s(1 — s)) (8.48)

where Eg(x) and Ex(z) denote the complete elliptic integral and the complete elliptic integral of
the first kind, respectively.
Eventually, this results for large N in (v(k) = vivp))

|v )+ 71(2e(k))
1+ 2n(2¢(k))

(J.) — dri| . (8.49)

At zero temperature, the integral is similarly solved by normal elliptic integrals and those of the
first kind, which display a divergence in the first derivative of the magnetization density with
respect to s. However, at finite temperature the magnetization density remains analytic, which is
most evident in the trivial high-temperature case where n(2¢(k)) — oo.

Heat Current

It is not too surprising that neither mean energy nor magnetization exhibit no sign of critical
behaviour at s = 1/2, since at finite temperatures we are deeply within the classical phase. The
more surprising it is that the heat current is even deeply withing the classical phase sensitive to
the critical point.

This changes drastically, however, when we consider the heat current through the Ising chain
from one reservoir to the other. The stationary current of bosons emitted to the drain can for
example be obtained by inserting energy counting fields in the off-diagonal matrix elements of the
rate equation matrix, i.e., to perform in Eq. (8.38) the replacements

To(Amn) [1+np(Amn)] — To(Amn) [l +np(Amn)] e iomnx (8.50)



8.1. THE QUANTUM ISING MODEL IN A TRANSVERSE FIELD 215

which automatically takes into account that Amn > 0 corresponds to emission into the drain
and Amn < 0 to absorption. Note that in the latter case one would use I'p(—x) [1 + np(—z)] =
Ip(+z)np(+2). This upgrades the rate equation by a counting field p = L(x)p, and the stationary
current can then be obtained with the stationary state by deriving the rate matrix with respect
to the counting field x

I = ()T {£0)p} =>_ > Amnlp(Amn) [l +np(Amn)] [(n| M, [m)|*sm
n Mm#n

= Y. Amnlp(Amn) [+ np(Amn)] (0] M, |m)|"sm
nm  Apmn >0

- ) AnmIp(Anm)np(Anm)|(n| M, m)|"sm

nm . Anm >0

= Z Z [2ekmk1"D(2€k) 1+ np(2€)] (4ukvk)2 pm — 2€,(1 — mp)T p(2ex)np(2€;) (4ukvk)2 ﬁm]

= Y 26T p(26) (dugv)® Y [my [1+ np(2e0)] — (1 = my)np(26:)] pm
k>0 m

1

= Y 26T p(26) (dugvi)® Y [ [1+ np(26)] — (1 — my)np(2er)]

k>0 mi=0

B 5 1(2€) — np(2€r)
= kz>0 2€krp(2€k)(4ukl)k) 1 T 2ﬁ(26k)
FS(ZEk)FD<2€k) [HS(ZEk) — nD(Zek)]

B kz>0 26k(4Ukvk)2F5<2€k) [1 + 2n3(2ek)] + FD<2€k) [1 + 2TLD(26]€)} ’

2e)]™ [L+7(26)]
1+ 27(2¢1,)

(8.51)

which with evaluating the prefactor Ay = 4ugvy, from (8.19) becomes

. 7232522 sin2(27r/i) IsTpns(2e(k)) — np(2€(k))]
€(k) Ts[1 + 2ng(2¢(k))] + L[l + 2np(2e(

1/2
I . .
. >>]dm:0/j(s,/i)dm(.8.52)

At the critical point and for small x, the integrand behaves as

87Q(Bp — Bs)'pl's

. B 2
j(1/2a’i) - FS/BD‘{’FDﬁS I{+O{I{}7
0 3272 — I'pl’
aj(s, K) / = WF;gZ n ?Z)BSD S+ O{x*}, (8.53)
s=1/2

which leads to divergence of the second derivative of the current at the critical point for all
temperature configurations.

Analysis of the transition rates (e.g., by introducing energy counting fields as discussed before)
yields our result for the current of net emitted bosons at the drain,

I = ) (Em— En)vmim (8.54)

_ Z ZEkAirs(QGk)FD(QEk) [n5(26k) — nD<2€k)]
F5(2€k) [1 + 2n5(2€k)] + FD(QEk) [1 + QHD(QEIC)]’

k>0
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Figure 8.3: Renormalized energy current I and its second derivative w.r.t. s (inset) versus phase
parameter s for different chain lengths N = 4, 40, oo (dotted, dashed, and bold solid, respectively)
and for different source temperatures 5s = 0.1,0.5, 1.0 (black/brown, red/orange, and dark/light
green, respectively). The dash-dotted purple curve denotes the analytically accessible case of
np(w) = 0, ng(w) — oo, and N — oo. Other parameters: Q26p = 10,s(ex) =T'p(ex) =T

where the second line follows after a straightforward calculation by inserting the stationary state
and explicitly evaluating the transition rates. Here, we have introduced A, = 4u,v, = % sin (%)

Evidently, the current is antisymmetric when S <+ D, vanishes at equilibrium, and is positive
when the source temperature exceeds the drain temperature [which implies ng(w) > np(w)].
Most important however, in the thermodynamic limit N — oo the current I directly reflects
the signatures of the ground state quantum phase transition of the Ising chain. Formally, this
correspondence is visible by the integral representation of I, which shows a divergence of its
second derivative with respect to the phase parameter s at all temperatures, see Fig. 8.3. The
second derivative of the integrand in the continuum version I /N = fol/ ?j(s, k)dr of Eq. (8.54) will
at the critical point sui = 1/2 for small k diverge as

9?5 (s, k) - ~32QlsIp(Bp — Bs)
0s? |y m(UsBp + I'pBs)k

whilst the integrand itself and its first derivative remain finite. Even for the extreme non-
equilibrium, infinite thermobias regime the heat current displays a divergence of the second deriva-
tive at sqi = 1/2, compare the dash-dotted curves in Fig. 8.3. This can even be seen in closed
analyitic form, since in the infinite thermobias regime (ng(2¢(k)) — oo and np(2¢(k)) — 0),

+ Ofx}, (8.55)
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where (8.52) becomes

1/2

I sm 27T/<a
— = 16I'p(s92) 2
N n(s

= (= 2s(1 — )Els(1 - 5)) — (1 - 2%k (ds(1=5))] ,  (8.56)

37( 1—52

where Eg(x) represents the complete elliptic integral and Ex(x) the complete elliptic integral of
the first kind.

8.2 Detection of charge fluctuations

Charge detectors are an important tool which we have used multiple times. Here, we will try to
understand their effect on the system better and to link their presence with an effective description
of quantum measurements. We will start from the point contact Hamiltonian

Hqope = Z €kL’Y;iL’YkL + Z EkR’YxiR’YkR
% A
+(1 - (5de) Z tkk’/YkL’Yli/R + (1 - 5de) Z tzk,vk/Rv,ZL s (857)

kk' Kk’

where tg denotes the tunneling amplitude from mode & of the left QPC lead to mode &’ of the right
QPC lead. The prefactor 1 — dd'd reduces (0 < ¢ < 1) these amplitudes when a nearby charge (we
will specify it later) is present. For ¢ = 0, the QPC is insensitive to the nearby dot occupation, and
0 — 1 means that transport through the QPC is completely blocked. We label our system coupling
operators as A; = Ay = A = 1 — §d'd and for our reservoir we have B; = D ew tkkkaLfy,i,R = B;.
Basically, we could have put these definitions into a single operator, but in Sec. 4.2.2, we have
already computed the correlation functions for such a QPC model, and we can now add a counting
field to the description counting positively all charges that enter the right QPC lead. Then, the
Fourier transforms of the reservoir correlation functions become (compare Eqns. (4.60) and (4.61))

. Q- V
@) = e [ flfnle - D = S,
HXHQ 4V
1251(Q) = +1xt/fL ) fr(w+ Q)dw ijg——ﬁ(;r‘/?’ (8.58)

where ¢ > 0 is some baseline transmission of the QPC, [ its ambient temperature, and V' the QPC
bias voltage. Furthermore, according to Eq. (4.112), the coarse-graining dissipator can be written
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as

T T

. 1
Ps = —1 E/dtl/dbzﬁjco (tl —t2)sgn(t1 —t2>Aa(t1)A@(t2),pS

/ a / dtQZ[ (0~ ) Aslt)psAnlts) — ) (400 (). )]

= 2127?7'/dt1/dt2/dwa “n t2)A0‘<t1)Aﬁ<t2)aps

/ / ity [ e 3 [%ﬁ(w)Aﬂ(b)PsAa(tl) -2 () An(). s3]

(8.59)

In particular, we will be neglecting the Lamb-shift agﬁ(w) — 0 and will furthermore be inter-
ested in the infinite coarse-graining time limit 7 — oo, which effectively implements a secular
approximation.

8.2.1 Single quantum dot
When the QPC couples only to a single quantum dot (SQD)

Hg = ed'd, (8.60)

we see that the interaction commutes with the dot Hamiltonian, such that to lowest order (the dot
may itself have further leads) no energy is exchanged between the QPC and the dot. For a single
dot, the interaction picture dynamics is trivial A(t) = 1 —dd'd, and the coarse-graining dissipator
becomes for 7 — oo

|1
ps = —1 {Z (012(0) 4 921(0)) (1 = dd'd)?, ps
. e X(1 —6d'd)ps(1 — 6d'd) — 1 {(1-éd'd)*, ps}
BV _ 1 Ps 9 » PS
V.| i ) — )2
+m € X(l—éd d)ps(l—éd d)—§{<1—(5d d) ,ps} . (861)

As superpositions of states with different charge are not allowed for the SQD, the most general
density matrix of a single dot can be written as pg(t) = Py(t) |0) (0| + Py(¢) |1) (1|, which obey the
generalized master equation

% ( Z?g; ) = (y2r(e"™ = 1) + ya(eX = 1)) ( (1) (1 _0(5>2 ) ( ?;Eg ) : (8.62)

At vanishing counting field, the effect of the QPC vanishes completely. Writing the probabilities
in a vector p = (P, P1)T, we can write this as

p=Lalp L0 =Gl =D -0) (o Lo ) B
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If no further leads change the occupation of the SQD, the prefactor directly encodes the
cumulant-generating function of the QPC statistics, and we would get the two currents

Ip = v91 — Y12 =tV Ir = (1—6)* (a1 — m12) = (1 —0)*V, (8.64)

depending on whether the dot is initially filled or empty, respectively. Similarly, we can compute
the zero-frequency noise from the second derivative with respect to the counting field

Vv Vv
SE = Y21 + 712 = tV coth {%1 ; Sp=(1—=106) (721 +12) = (1 — §)*tV coth [%} - (8.65)

For large bias voltage, we can approximate this by coth [’%V] — 1, and the width of the current is
just controlled by the bias voltage as well, such that transport becomes Poissonian. In contrast,
for small bias voltage, the noise becomes Sg — 2t/8 and Sp — (1 — 0)?SE, which is just linear in
the temperature.

The Fano factor F' = S/|I| is therefore just given by

and it is not dependent on the dot occupation. In particular, it reaches 1 (Poissonian transport,
shot noise) when V' — oo and diverges as 2/(5V) for small bias voltage. However, when now the
dot occupation is allowed to change in time, the dynamics becomes more interesting, see Fig. 8.4.
To use the point contact as a detector, we require that during the measurement time At, the
system does not change due to other processes. Then, the joint system-detector density matrix at
time t + At is given by

o(t+At) =Y p"(t + At) @ |n) (m] (8.67)

nm

and by performing a projective measurement with the measurement operators M,, = |0) (n| we see
that

M,o(t + At)M! = p"™(t + At) @ |0) (0] . (8.68)

To infer how a projective measurement of the detector charges affects the system density matrix,
we consider its n-resolved version

™

1 [t .
P (t 4+ At) = 2—/ eFOOR =X gy () = IC, (At)p(t) . (8.69)

T

When the bias voltage is large, transport becomes unidirectional, and we can simplify

La(x) = Y1 (et = 1) ( (1) (1 _05)2 ) ) (8.70)

which enables us to compute all integrals explicitly

Y5 A" 6—721At 0

ﬂ(")“””:( " u-mw_e(1@mt>p<t>=fcn<m>p<t>- (8.71)

n!
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Figure 8.4: Left: Simulated QPC current — adapted from Fig. 4.6 — when the dot is allowed to
experience slow occupation changes. Solid lines and shaded regions correspond to mean current
Ig/r and noise \/Sg/r, respectively. To use the device as a detector discriminating empty and
filled dot, a discrimination threshold (orange) needs to be chosen suitably. Right: Sampling of
the trajectory on the left into a histogram (light color). The black curve would result for infinite
sampling. By collecting all measurement outcomes above the threshold into the outcome empty
(E) and all measurement outcomes below the threshold as corresponding to the outcome filled (F),
one automatically implements a weak measurement on the system (allowing e.g. for the possibility
of errors). Parameters as in Fig. 4.6.

These are just two Poissonian distributions moving at different pace: A fast one with cumulants
Y21 At for the empty dot and a slow one with cumulants (1 — 6)?y9;At. The propagator KC,(At)
describes the effective action of measurement and interaction with the measurement device during
At. Due to the normalization of the Poissonian distributions, we have ) IC,, = 1, such that upon
neglecting all measurement results, the measurement on the SQD has no effect. For large At, we
can define a reasonable threshold such that (1 — §)2v2; At < ng, < v21At. We can calculate it
analytically by solving for the n where Poissonian distributions are identical
(1—90)Cn (721At)ne—(1—6)2721At _ (721At)"e—vzmt

n! n!

(8.72)

which eventually yields

—0(1—0/2)yAt
- ) 8.73
fith In(1 —9) (873)
Now, by absorbing all measurement outcomes below the threshold into the outcome of a filled dot
and the outcomes above the threshold into the outcome of an empty dot we get two measurement
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superoperators, which have a simple parametrization
1— Peorr 0 Pe?rr 0
K@:Z:mmw:< 0 }ﬁ)’ K@:?jmmw:(o LJ$)(M®
nZngh n<Nth

For suitably chosen nyy,, these indeed approach projectors onto the empty or the filled state as for
~vAt — oo we have P, — 0.

8.2.2 Double quantum dot:Least-invasive measurement
Now, we consider a double quantum dot (DQD)
Hg = e(didy, + dbdg) + T(dpdlh + drd) + Ud! dpdiydg (8.75)

with symmetric on-site energies ¢, Coulomb interaction U, and tunneling amplitude 7' (general-
izations are of course possible). We can immediately calculate the eigenvalues and eigenvectors of
the system

w) = [00),  Ep=0.
_ 1

o) = Sglon—ho),  Bo=e-T,

oo L .

o) = SSlon+ho),  Bo=etT,

) = [11),  Ey=2e+U. (8.76)

If we only measure the left site occupation with the QPC (measuring on the right site is of
course also possible), the system coupling operator in the Schrédinger picture becomes A; = Ay =
1— 6dTLd 1. However, in contrast to the SQD, the transformation into the interaction picture is less
trivial

At) = 1—detifIstl d, e itst
= 1 —§cos’(Tt)dldy, — dsin®(Tt)dydg — 6 sin(Tt) cos(Tt)i(ddl, — dpd?)
1 . .
1— 61 [e—HQTt _ 6—12Tt] (de}[% . de})

1 1 1 .
ﬂquﬂh+ﬂ@%—@@ﬂﬁﬂt
1 1
4 4

o

1 :
ﬂﬂﬂmv-@@—(@@—@@ﬂKMt
1 1
—5&@@+§@m%
— A+€+2iTt+A_€_2iTt+AO7 (877)
where we note that it does only depend on the internal DQD tunneling amplitude 7. We can

insert this in the coarse-graining dissipator, which under neglect of the Lamb-shift o,5(w) — 0
and in the unidirectional QPC transport limit y15(w) — 0 becomes

o 1 f —iw — i 1
Ps = — [ dtdty | dwe "2y (w) €+XA(t2)PSA(t1)—§{A(t1)A<t2)aPs} (8.78)

2rT
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Out of the many contributions that arise when inserting the actual time-dependence of the system
operator, we only keep those that survive in the limit 7 — oo, yielding

, i 1 i 1
Ps = 7 (+27) {(ﬁ *A-psAy — 5 {A+A-, Ps}} + 721(—2T) [€+ *ArpsA-— 5 {A-Ay, ps}

. 1
+721(0) {€+1XA0PSA0 5 {Ao A, Ps}} . (8.79)

This dissipator looks quite different from the SQD dissipator. Phenomenologically, it can move
charges between left and right dot and thereby change the charge configuration just by the physical
back-action of the measurement. It induces dephasing in the energy eigenbasis of the system
but also acts dissipatively, since it can exchange energy with the system, compare Fig. 8.5. The

|v2)
T

dlde

Figure 8.5: Sketch of the energy levels of
the DQD. Tunnel-couplings to further leads
from left and right dots may induce the dot-
ted transitions, whereas the coupling to the
QPC may only induce transition between
the singly-charged states (solid blue) with
energy difference AF = 27T

simplest case arises when we consider QPC transmissions that would not allow for energy exchange,
which could e.g. be achieved by choosing a narrow transmission function for the QPC, such that
Y21 (+2T) = 491(—2T) = 0. By doing so, we effectively forbid the detector to exchange energy with
the system, as can be seen by realizing that [Hg, Ag] = 0. Then, the dissipator further simplifies

. 1 1 i
Ps = +721(0) [e+ XAopsAo — B {AoAo, ps}| = (€"™T + Lo) ps ., (8.80)

Evaluating this in the energy eigenbasis, this yields with Ag =1 —§/ QdTLd L—90/ Qd}}d r the coupled
equations (we abbreviate v = 72,(0))

poo = 7(€+1X — 1)poo,

p = (1 =5/2 (™ =1)p__,

pre = (1=6/2%(e™X = 1)pyy,

Pz = (1 =0)*(e™ —1)pa2,

p—+ = (1 - 5/2)2 Y —1)py,

pee = (= 522~ 1)y (8.81)
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This means that the measurement damps the coherences in the energy eigenbasis — but leaves
the coherences in the local (site-) basis. Without counting (x — 0), there would be no effect of
the measurement, not even dephasing. With counting, we have an additional dephasing in the
energy eigenbasis due to the measurement. In this limit, the QPC makes no difference between an
electron situated on the left or right dot, since it couples to the hybridized states. Consequently,
in its cumulant-generating function we only see three different currents: Iy = ~ for the empty
DQD, I, = (1 —¢/2)? for the singly-charged DQD (coherences also contribute to this sector), and
I, = (1 — §)? for the doubly charged DQD. When the DQD is in addition coupled to electronic
leads that lead to slow occupation changes, the allowed coherences p_, and p,_ will be damped
away, and the QPC will only switch between the three allowed current values, not at all resolving
the location of the electron in the singly-charged sector. The switching between these currents
is dictated by the rates which we have previously calculated for the DQD coupled to two leads,
compare Eq. (3.50), such that the total Liouvillian can be written as

L(x,& x) = Loqp(x, &) + Lac(X), (8.82)

where Lpqp(x, &) denotes the DQD Liouvillian with counting fields describing the matter and
energy transfers to left and right DQD leads, and where Lg(x) is defined by Eq. (8.81). The
fact that the measurement is hardly invasive is also exemplified by the fact that the fluctuation
theorem for the DQD, exemplified by an existing symmetry of the form, compare Eq. (4.140),

EEQD(_X —iA,-§ —iB) = Lpgp(X, &), A = (—prBr, —prBr) , B = (B, 8r) , (8.83)

is not changed by the presence of the detector

LY (—x —1A, € —iB,x) = L(x, £, X) . (8.84)

since the counting field of the latter only occurs on the diagonal. To interpret the outcome of the
detector, we consider Fig. 8.6.
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Figure 8.6: Left: Simulated QPC current when the DQD is allowed to experience slow occupation
changes. Solid lines and shaded regions correspond to mean current and noise, respectively. The
yellow curve depicts the actual state of the system, ordered from top to bottom values as |vg),
lv_), Jvy), and |vy), respectively. Right: Corresponding histogram for infinitely long sampling
of the trajectory — calculated by computing the weighted average (for the chosen parameters we
have Py = P_ = P, = P, = 1/4) of Poissonian distributions for the respective QPC currents. In
contrast to Fig. 8.4, there are now three QPC currents observed, and two thresholds can be defined.
By collecting all measurement outcomes above the upper threshold into the outcome empty (E)
and all measurement outcomes below the lower threshold as corresponding to the outcome filled
(F), we can implement the measurement superoperators as before. However, in addition there is
now a third outcome (inconclusive). When measuring the medium current, the probability for the
left dot to be occupied or empty is 1/2. Other parameters as in Fig. 4.6.

There, one can observe three currents, where the lowest one corresponds to a doubly filled
DQD, and the highest one to an empty DQD. The intermediate current corresponds to a singly-
charged DQD, where however due to the high symmetry we cannot resolve the location of the
charge. Therefore, upon measuring this intermediate current, the probability to find the monitored
empty or filled is just one half, respectively. This measurement outcome should therefore be
termed inconclusive. The Liouvillian superoperators obey due to our special choice of operators
[T, Lo] = 0. In this case, we can compute the effective measurement propagator exactly

,C (At) o / ee+ JAt—i—EoAt—deX — ‘-7 - 6C0At ’ (885)

and by defining the thresholds n; < ns, we can define the measurement superoperators in the same
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way as we did before

Ke=)> KuAt), Ko=) KuAt), Kp=) Ki(At). (8.86)

n>na ni<n<nz n<ni

In contrast to the single quantum dot however, the measurement — when performed on a singly-
charged state — does not resolve the site of the electron. Furthermore, not considering the counting
statistics of the QPC at all (x — 0), we see that the associated Liouvillian vanishes and therefore
we have

Kp+Ko+Kp=1, (8.87)

a consequence of our simplifications.

Note that the equations would be more complicated if we allowed the QPC to exchange energy
with the DQD system (e.g. finite v51(427"), such that e.g. the blue transition in Fig. 8.5 would
be allowed) or of we would make the DQD more asymmetric €, # eg. Then also the original
fluctuation theorem would be modified, and depending on the system configuration one may also
observe four different currents instead of three, allowing for the possibility to locate the electron.

8.2.3 Triple quantum dot:Least invasive measurement

Now, we consider a serial double quantum dot (TQD), which for simplicity we choose highly
symmetric and in addition without Coulomb interaction

Hs = e(di dy + dlde + dbdg) + Tp(dpdl + dedl) + Tr(dpdl, + dedl) . (8.88)

The spectrum of the TQD can in this simple case also be obtained analytically

|U0> = ‘OOO), E():O,
1 1 1
) = —T2|100>—7|010>+—T2|001>, Ef =e— T} + T3,
2+ 238 2 \/2 + 25k

L R

T2 1
) = — | =L—100) + ———[001) , EY =¢,
|1> Tg—i—T}ZJ > /—1+%‘ > 1 €

L

1 1 1
J2+ 25 7 v
L

1 1 1
vy ) = —T2|110>_E‘101>+ —[011) , By =2e— T} + T,
~/2+2ﬁ 2+ 274
T? 1

0 L 0
vy) = —| s [110) + ——[011) ,  Ej = 2,
022 T2 + T3 i+ 74 2

R

1 1 1
v3) = ———==110)+ = [101) + ——==011) ,  EJ =2c+/T7 + T},
2+ 27k V2

|’03> = |111> s E3 = 3e. (889)
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We see that the splitting between states of equal charge that have a non-vanishing matrix element

with the operator dTCdc is AE =2/T? +T3.

When the point contact measures the central dot, i.e., A} = Ay = 1—5dTCdC, the transformation
into the interaction picture becomes

At) = 1—detstdl dpe st

T2 T2
= 1—-0—"L _sin?(t\ /T2 + T2)dhdp — 6 ———L— sin(t\/T2 + T2)d! d;,
T2 T2 L R/YR Tg +T12% L R/YL
T
—§cos(ty/T? + T2)dLde + O L ﬁ}Q sin?(ty/T2 4+ T2)(dpdl, + dgd))
bo—dr sin(t\/TQ+T2)cos(t\/T2+T2)(d dl, — ded!)
\/W L R L RI\WLYC cvr
iTk
—5\/ﬁ sin(ty/T2 4+ T2) cos(ty /T2 + T2)(ded), — dpdl,)

_ A76721t\/TL+TR+A0+A+e+2it\/Tz+T§. (8.90)

Here, we have specifically

T2 T? T1Tx

1
Ay = 1=t didp— 6t did, — 6=dldc + 6 L (dpdl, + drd)
’ 2T 4+ 73) mR gy gy e — Ogtede + O gy (dudn + day)
T2 T2 1 T, T
Al = 46— __dld 5—de §=dide — — L (dpdl + dpd]
Hamr g i s g et T 0ot T Oy gy et dn)
TL TR
JW(CM —ded!) + 5m(dcd} — dgdl),
T2 T2 1 T, T
Ay = 46— dldp+ 66—t dldp — 6-dlde — 60— (dpdl, + dpd!
+ = Py R+52(T2+T2) v~ Ogdede 54(T2+T1§)( it drely)
TL i P Tr A 3

The dissipator then becomes in the unidirectional transport limit (under neglect of Lamb-shift and
taking 7 — 00)

. i 1
Ps = 72(+2y/ Ti +TF) [6+ XA_psAi — 5 {A.A-, Ps}]
. 1
+721(—2y/ Ti + T}) leJﬂXAJrPSA— 3 {A-A, Ps}]

. 1
+721(0) {G—HXAOPSAO —3 {Ao Ao, ps}} : (8.92)

The presence of the detector may now induce transitions between eigenstates of the same
charge, Fig. 8.7.
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T

Figure 8.7: Sketch of the energy levels of the TQD. Tunnel-
couplings to further leads from left and right dots may induce
the dotted transitions, whereas the coupling to the QPC may
only induce transition between the singly-charged states (solid
blue) with energy difference AE = 2,/T7? 4+ T3.

However, to obtain the least invasive detector we consider a limit where the detector does not
inject energy, by considering the limit vo;(+£2+/77 + T3) — 0, i.e.,

: i 1
ps = 721(0) 6+XAOPSAO_§{AOAO>pS} : (8.93)

That in this case the detector does not inject energy is also exemplified by the relation [Hg, Ag] = 0.
However, now even in absence of counting & — 0, the effect of the detector is non-trivial. In contrast
to the DQD, the dissipator £(0) does not vanish. This is essentially due to the fact that the system
energy eigenstates with a different occupation of the central dot have different energies, compare
|0?) with |v) and [09) with |v3")

By sandwiching the dissipator, we get the following equations for the diagonal entries (for
simplicity, we only state these as we assume that the coherences are damped away in the long-
term limit by additional leads attached to the TQD left and right)

po = ’Y(€+ix - 1)P07
pio = (e X 1)po,

pro =71 —=06/2)*(e™ = 1)p1-,
pre =71 = 6/2)* (€™ = 1)py
po- =1 =6/2)*(e"™ = 1)py,
par = 7(1=06/2)*(e™ = 1)pay
pao = (1 5)2( e — 1)pa2o
ps =71 —0)*(e™ —1)ps. (8.94)

The equations for the 12 allowed coherences are similar with one exception (not shown): As y — 0,
the QPC has a non-vanishing effect on some of the coherences. As with the DQD, we can identify
three currents: Ir = 7, when the central dot is empty with certainty, I; = (1 — §/2), when the
central dot is empty with probability 1/2, and Ir = (1 — §)?, when the central dot is filled with
certainty. We can readily set up the BMS rate equation in the energy eigenbasis of the TQD

Paa = Z%b,abﬂbb - Z Vba,baPaa 5 Vab = Z%ﬁ Ey, — E.) (al A [b) (a| AT b)), (8.95)
b b
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which for brevity we do not show explicitly here. Fig. 8.7 may serve as a guidance here, for
example, the rate to relax from [0 to |vg) is given by

T2 1
Ro10=T1[1 = frle)] =5 + Trll — frle) —— . (8.96)
T+ 1] 0

We can set up the full master equation as before, and, as the QPC counting field only enters on
the diagonal, the same arguments as before apply, such that the TQD fluctuation theorem is not
modified in this limit. In a similar fashion as for the DQD, we can also generate trajectories for the
QPC current. The result (not shown) looks just as the curve with symbols in Fig. 8.6, and again
the possibility of an inconclusive measurement result occurs. However, even when one measures
e.g. a high current with sufficient confidence, one is not sure whether the TQD is actually in
the state |vy) or in the state [v?). This limitation of measurement is something fundamental and
related to the uncertainty relation.

From the results of the last two sections, we see that a minimally invasive detector (leading
only to dephasing in the system energy eigenbasis) does not completely fulfil the purpose for which
it was constructed: It measures populations of energy eigenstates instead of populations of sites,
which need not always coincide and therefore induces an inconclusive outcome. Below, we will
discuss a variant of the detector that measures the local occupation.

8.2.4 Strongly-coupled QPC

Suppose that we have as before a system-QPC interaction of the form

H[ = (1 - 5de) [Z tkk’/yk:L’y;;/R -+ h.c. s (897)

kk'

which is however strong in comparison to the system Hamiltonian. Then, it is more advisable to
go to the interaction picture only with respect to the reservoir Hamiltonian, thereby treating H;
and Hg on equal footing. Essentially, this just means that we add the commutator with the system
Hamiltonian in the dissipator and neglect the time-dependence of the system coupling operators in
the derivation of the master equation, effectively implementing the so-called singular coupling
limit [1]. Then, the dissipator for any system (SQD, DQD, TQD, ...) looks very similar to the
dissipator for the single quantum dot (8.61), except that it is already in the Schrodinger picture

o = =il el | 00) + 0 (0) (1 = 01
eﬁﬁv_ : [e—ixa —od'd)ps(1 — édid) — % {(1—dd'd)?, ps}}
+% {e+i><(1 —6d'd)ps(1 — dd'd) — % {(1- 5de)2,ps}} : (8.98)

Neglecting the Lamb-shift and considering the unidirectional QPC transport limit, it assumes the
form

Lat(X)ps =7 {e*‘x(l —6d'd)ps(1 — 6d'd) — 3 {(1- 6de)2,pS}} =e™XTp—Top.  (8.99)
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We see that by averaging over all particle measurement outcomes (x — 0), we can write the
dissipator as

52
L4:(0)ps = -5 [dd"pd'd + d'dpdd] . (8.100)

This just damps the coherences in the localized basis.

When the QPC is coupled to the central dot of a TQD that is in turn coupled to two leads as
before, we can always represent the most general density matrix in the localized basis of the TQD
as

000,000

£100,100 100,010 100,001
£010,100 010,010 010,001
£001,100 001,010 001,001 ' (8.101)

P110,110  P110,101  £110,011

f101,110 P101,101 101,011

poi1,110  Poi1,101 Po11,011
P111,111

Here, the coherences shown in red will be damped away when the dissipator is applied sufficiently
often or strongly. However, the deleted coherences are very vital for transport: To lowest order,
it is not possible for an electron to travel from the left dot to the right (e.g. from |[100) to |001))
and vice versa without populating these coherences shown in red. Therefore, when the central
dot is monitored sufficiently often/strongly, the transport through it is completely blocked — a
manifestation of the quantum Zeno effect.

Since for this dissipator we have [J, o] = 0, we can calculate the quantities for detection
analytically

jnAtn e_jOAt ‘

1 a .
/Cn(At) _ %/ eﬁdt(x)At—mde — —

(8.102)

In particular, we use the identity

(1 —6did)" = [dd' + (1 — 0)d'd]" = dd' + (1 — §)"d'd. (8.103)
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to compute

T = " [dd' + (1= o) dd] p[dd! + (1 - )d'd] ,

B (1) AE = (1) AL 2m
e~y = X;Qn—n!h—&ﬁd} meOQm—m! [1 - odtd]

(1) AL

21|

n

[dd" + (1 — 0)*d"d] 'OZ )"y A [dd" + (1 — 5)2ded]m

2mm'

[
1[M]#

O

_ [6 7/2Atdd1‘ —'\//2At(1—5)2dei| |:6—7/2Atdd’f + 6—7/2At (1-9) de]
(&

GG pdd" + e A G dpdtd - e A (gt pdtd 4 didpddT)
e n A +inx
= Y= (ddt + (1 - 8)"dd] p [dd' + (1 - ) dld]
n.

n=0

+ix
€+je Atp

oo

n A" iny
= > L0 (ddt (1= 6+ (1= 6" (dd!pid +adpd)]
n:

= AN pdd! 4 AN G pdtd - e TAN0E (qdt pdld + ddpdd')
(8.104)
In particular, from combining the last two identities we obtain for the action of the full dissipator
L2 — dd' pdd" + d'dpd'd + e/ (dd' pd'd + didpdd’) . (8.105)
From this, we obtain that the exponential of this particular dissipator has a very similar action
than the dissipator itself
1— ef'yAt52/2
V6% /2

This can be helpful to evaluate the energy change of the system during such a measurement of
duration At

(£ 081 — 1) p = (7702 _ 1) (dd'pd'd + d'dpdd') = La(0)p.  (8.106)

ef'yAt52/2
AE = Tr {Hg (0% — 1) p} = T/?Tr {Hs(La:(0)p)} (8.107)
which enables to define a current
AE 1—¢e@ AtH?
= = Tr{Hs(La(0)p)}, a=1"0. (8.108)

At 2
For small «, this corresponds to the usual phenomenologically defined current, whereas for large
«, this tends to zero. We also note that the prefactor is always smaller than one.

We can be more specific and ask for the system energy change for a specific measurement
outcome

AE, =Tr {HS (% - ,0) } : (8.109)

or — after having defined a suitable threshold to separate between just two outcomes (empty and
filled) — for the average system energy change under measuring the outcome empty (E) or filled
(F), respectively

ABp = 2T {Hs(Kp(A) ~ Pe)o} . ABp = 5T (Hs(Ke(Af) ~ P)o} , (8110)
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where Pg = Tr {Kg(At)p} and Pr = Tr {Kr(At)p}, respectively. For these questions it is helpful
to compute

(VAL(1 - 6)?)

n!

A n n
Kn(At)p = Me—wdcﬁpdcﬂ + e A= gt qpdtd

n!

At(1—6)" .
L QAL 2O sita-9) e (dd'pd'd + d'dpdd") . (8.111)

n!

It may be convenient to parametrize such a measurement by just two dimensionless numbers
<Ky

T =yAt, y = vyAt(1 —6)?. (8.112)
Then, we have

VT = 7AL(1 - §), 7A2t52 _ e S i (8.113)

which completely defines the measurement superoperators. The measurement becomes strong (in
the sense that it deletes coherences) when x and y are very different, and it also becomes error-free
(projective) when both x and y are very large but different. It becomes completely non-invasive
(after normalization), when x = y.

From summing up all outcomes up to a threshold ny,, we get the propagator for the coarse-
grained measurement result filled

['(ng + 1, vAt) [(ng, + 1, 7At(1 = §)?)

Kep = dd' pdd" + d'dpd'd
P Ty + 1) 0F T(ne, + 1) P
U(nen + 1,7AH1 = 0)) a2
+ ’ VA2 (qdt pdtd + ddpdd’) | 8.114
(e + 1) € ( P P ) ( )

and from g + Kp = e£42! we conclude for the result empty

r 1,vAt r 1,vAt(1 —6)?
Kep = (1_ (o + 1,7 >)ddTpddT+<1— (e, + 1, AL ”)dfdpdw

F(nth + ].) F(nth + 1)
L(nn + 1,7AHL = 0))\ a2
1— ! VA2 (ddtpdtd + dTdpdd') . 8.115
+( T 1 1) e (dd'pd'd + d'dpdd") (8.115)
The function f(ny,z) = % behaves similar to a Fermi function as a function of x, it is

always between 0 and 1, in particular it is 1 when x < ng, and it is zero when z > ng,. Its
steepest descent is found at z* = ng,, for which an optimal value can also be expressed in terms
of z and y

r—Y
In% °
y

(8.116)

Ngnh =

With the additional suppression of coherences, these measurement superoperators indeed approach
ideal projectors onto the empty or filled state, respectively. Furthermore, being the exponential of
Lindblad evolutions, they preserve the density matrix properties (after normalization), i.e., they
automatically implement a weak measurement of the occupation, with the limit yAt#§?/2 — oo
limit of a strong measurement (deleting the coherences).
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We now consider a series of infinitesimally short measurements, parametrized only by x and y
and performed at timesteps of A7 > 0, in between which the Liouvillian Lpqp of a triple quantum
dot shall be acting. The density matrix at time ¢ + A7 can then be iteratively obtained

p(t+At) = WA (2, y)p(t),  Palz,y) = e {Ku(z,y)p(t)} ,  (8.117)

Pz, y)

where P,(x,y) denotes the probability to measure n particles. We can now check how different
measurement schemes affect the subsequent evolution [3], see Fig. 8.8. In the first three panels

150

= —
8 5
T

detector current
v
detector current

50—

occupation
I
W
T
occupation

150

N
G

detector current
detector current

occupation
bd
W
T
occupation

dimensionless time I't dimensionless time I't

Figure 8.8: Plot of detector current trajectories (symbols) and system occupations (curves) for
a completely insensitive detector (top left), an invasive detector (top right), an invasive detector
which measures 10 times more frequently (bottom left, for different initial conditions) and a non-
invasive QND detector which measures also very frequently but in the energy eigenbasis (bottom
right). Parameters: I'y = I'g = T, fp = fr = 5, 1T, = Tg = T, pI' = 0.01, T = 0.1,
Bur, = +5 = —Bug, fe = 1, x = 100, y = 50 (top left: y = 100), "'At = 0.01 (top panels),
['At = 0.001 (bottom panels).

of Fig. 8.8 we consider a measurement in the site basis, derived within the singular-coupling
limit, described by the exponential of Eq. (8.99). In the last (bottom right) panel we consider
a non-invasive quantum non-demolishion (QND) measurement, described by the exponential of
Eq. (8.93).
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First, when x = y (top left), the detector (here measuring in the local basis) is not sensitive to
the system and it does not influence its dynamics. The detector statistics is just Poissonian and the
system behaves as if it was not monitored. When the detector measures in the local basis (top right)
and is sensitive to the system occupation, the repeated application of the measurement leads to the
superposition of two Poissonian processes for the detector statistics, and projects the system density
matrix, suppressing coherences. An even more frequent application of the measurement (bottom
left) leads for an invasive detector to the suppression of coherences, quantum-Zeno trapping the
population of the central dot, independent of the initial condition (blue and magenta). Significantly
less jumps are observed. Finally, for measuring non-invasively in the energy eigenbasis (bottom
right), a third, inconclusive, outcome is introduced in the detector statistics, during which the
system evolves coherently as if it was decoupled from the leads.
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