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Optomechanics: third technology in the quantum regime 

Goals:  - interference between quantum technologies 
            - preparation of quantum states in macroscopic  
            systems 
            … 
Crux:    - ground state cooling 
             - strong coupling regime (non-linear effects) 

Rev. Mod. Phys. 86, 1391 (2014) 
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2. Modelo físico

Sistema físico de interés: dos 
osciladores armónicos no degenerados y 
acoplados

Con el objetivo de modelar los fenómenos 
físicos de disipación y decohorencia, 
ambos osciladores fueron acoplados a 
baños térmicos independientes, 
modelados como un conjunto de 
osciladores armónicos desacoplados:

Two-mode squeezing in an electromechanical resonator 
Mahboob et al. Phys. Rev. Lett. 113, 167203 (2014) 

Observation of non-Markovian micro-mechanical 
Brownian motion Nature Comm. 6, 7606 (2015)   
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FIG. 1: The non-degenerate electromechanical parametric amplifier. a, An electron micrograph of the GaAs based
coupled electromechanical resonators incorporating a buried Si-doped layer that is confined within a shallow mesa (purple)
where the mechanical elements are integrated with Au Schottky gates (orange) to form the piezoelectric transducers (see SI).
The vibration of the modes is detected via the partially depicted laser interferometer from the right beam with the parametric
down-conversion being piezoelectrically activated by applying a pump voltage to both electrodes on the left beam (see SI). The
pumping generator (!P ) and the local oscillators (!S and !A) are all continuously synchronised (grey dashed-line) to ensure
phase locked measurements. Also shown are the vibration profiles for the symmetric and asymmetric modes extracted from a
finite element analysis. b, The output noise from the interferometer, measured in a spectrum analyser, reveals the two modes
via their picometre order thermal vibrations. c, The on-resonance thermal motion of both modes projected in phase-space.
Also shown is the electrical noise in the measurement setup (black points) acquired in an o↵-resonance configuration (see SI).

The last term describes the parametric down-conversion
when the modulation is activated at the sum frequency
!P = !S + !A where its amplitude ⇤ is proportional
to the pump voltage [19]. Although the present formula-
tion is manifestly classically, the last term is analogous to
aSaA +a†

S
a†

A
in a quantum mechanical picture within the

rotating frame approximation, where an and a†n are the
annihilation and creation operators for the two modes,
and this interaction forms the basis of two-mode squeez-
ing i.e. entanglement generation from parametric down-
conversion [1, 24]. Ostensibly, entanglement between the
two modes is unavailable in the present classically bound
system, but remarkably this Hamiltonian indicates that
correlations between the modes can emerge even in the
limit of large phonon populations (see Supplementary In-
formation (SI)). Consequently an observation of the cor-
relations generated by the parametric down-conversion
process, between two classical modes, would lay a piv-
otal marker on the road towards entangling two massive
mechanical systems [9].

The vibration of the two modes can be readily resolved
via their thermal motion, in the output noise spectrum
from an optical interferometer based probe, which reveals
!S/2⇡ = 246 kHz and !A/2⇡ = 262 kHz with quality fac-
tors of 1300 and 2200 respectively as shown in Fig. 1b.

Alternatively, the thermal motion from both modes can
also be projected into phase-space by decomposing their
displacements Qn(t) = Xncos(!nt) + Ynsin(!nt) within
a narrow bandwidth into in-phase and quadrature com-
ponents i.e. X and Y respectively. In practice this in-
volves mixing the output from the interferometer with
two local oscillators, which are locked exactly onto the
resonances of the two modes, and then demodulated in
two lock-in detectors over a period of 300 seconds with
a sampling rate of 50 ms resulting in four simultane-
ously acquired time-series for all four components, each
with 6000 points per measurement. The phase portraits
reconstructed from this data yield circularly symmetric
distributions, shown in Fig. 1c, which confirm that the
thermal motion of both modes is random with all vibra-
tion phases being equally available [25].

First in order to investigate the availability of paramet-
ric amplification, namely the rate at which phonons are
generated begins to exceed their rate of decay from both
modes, the system is pumped at !P by activating the
piezoelectric transducers as detailed in Fig. 1a and the
output noise spectra around both modes is acquired as
shown in Figs. 2a and 2b. This measurement reveals that
the thermal motion of both modes can be amplified as the
pump voltage is increased, with gains of more than 20 dB
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FIG. 3: Two-mode squeezed states in an electromechanical resonator. a and b, The phase portraits of the symmetric
and asymmetric modes exhibit phase-conserving non-degenerate parametric amplification in response to the pump phonons
undergoing parametric down-conversion when their intensity is increased from 0-0.25 Vrms in increments detailed in Fig. 3e. c
and d, The cross-quadratures of the above data take only specific values in phase-space indicating the existence of correlations
between the modes where the squeezing is enhanced as the pump intensity is increased. e, The squeezed states are quantified, in
the rotated axis depicted in the insets to Figs. 3c and 3d, via the standard deviations of their phase-space distributions (points)
where the gain is calibrated with respect to the narrowest bare thermal distribution from YA (dashed line) and is consistent with
the theoretical trends derived from the above Hamiltonian (solid line) as detailed in SI. Note that the uncertainties associated
with the extracted standard deviations are two orders of magnitude smaller and cannot be shown (see SI).

|COV (ZiZj(⌧))/�Zi�Zj (⌧)|, where the numerator de-
scribes the covariance, Zi 2 {XS , YS , XA , YA} and ⌧ is
a delay between the constituent time series, is evaluated.
The results of this analysis for a pump amplitude of 0.1
Vrms, shown in Fig. 4a, reveal the absence of any correla-
tion between XS and YS , as attested to by their circular
distribution in phase-space (see Fig. 3a). In contrast,
the auto-correlation of XS is exactly 1 at ⌧ = 0, confirm-
ing the perfect correlation expected in this configuration.
However, finite correlations betweenXS : YA andXA : YS

can be also discerned at ⌧ = 0 which indicates that the
pump simultaneously generates signal and idler phonons
in both modes in pairs which is the signature feature of
parametric down-conversion [28].

The correlations at ⌧=0 can be recast into a density
matrix for all permutations of Zi, as shown in Fig. 4b,
which reveals in addition to the expected perfect auto-
correlations captured by the diagonal elements, finite val-
ued o↵-diagonal elements which confirm the existence of
correlations between the two modes. Naturally the mag-
nitude of the o↵-diagonal elements can be amplified as
the pump intensity is increased as shown in Fig. 4c and
this quantitatively confirms that the two mechanical vi-
bration modes become almost perfectly entwined as their
correlation coe�cient tends to 1. The corresponding vari-
ation of the correlation coe�cient can be reproduced by

the parametric down-conversion Hamiltonian as shown in
Fig. 4c and thus the simultaneous generation of phonons
in both modes not only amplifies their thermal fluctua-
tions but in the process it fundamentally links them (see
SI).
The observation of correlations between two ensembles

of millions of phonons, corresponding to the tangible mo-
tion of two massive mechanical vibration modes, opens
up a new perspective on the study of correlated mechani-
cal systems as well as heralding the prospect of quantum-
optics being translated to acoustics in mechanically com-
pliant architectures [29, 30]. Consequently these results
hail a landmark step on the journey towards generating
an all-mechanical macroscopic entanglement as they es-
tablish the non-linear interaction at the heart two-mode
squeezing can be accessed in a purely mechanical system.

[1] Gerry, C. C. & Knight, P. L. Introductory Quantum Op-
tics (Cambridge University Press, 2005).

[2] Reid, M. D. & Drummond, P. D. Quantum correlations
of phase in nondegenerate parametric oscillation. Phys.
Rev. Lett. 60, 2731–2733 (1988).

[3] Ou, Z. Y. & Mandel, L. Violation of Bell’s inequality and
classical probability in a two-photon correlation experi-
ment. Phys. Rev. Lett. 61, 50–53 (1988).
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Teoría de Feynman-Vernon

La evolución temporal del sistema de interés se realizó por medio de integrales de camino, 
utilizando la teoría del funcional de influencia de Feynman-Vernon,

en la matriz densidad inicial evoluciona por medio de la función de propagación:
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por partes el primer término en la fase imaginaria de la función de propagación en (D.5):
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Los dos últimos términos dentro de las integrales en la fase de la primera exponencial corresponden a las
ecuaciones clásicas de movimiento en (D.8), y por tanto, dichos términos son nulos. De esta manera, la
función de propagación toma la forma
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Al reemplazar las soluciones (D.17) de las ecuaciones diferenciales de movimiento en la expresión anterior,
se obtiene
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Para determinar el factor de norma N(t) en la anterior expresión, se utiliza la conservación de la normal-
ización de la matriz densidad [39,42,58]:

tr {⇢̃(t)} = 1, (D.23)
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3. Dinámica del entrelazamiento a altas 
temperaturas

Entrelazamiento como función de la temperatura en los baños, para osciladores degenerados y 
baños simétricos

ω f=2ω

c=0.2mω2

γ=10
−3ω

Ω=ω(NM )
Ω=20ω(M )
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3. Dinámica del entrelazamiento a altas 
temperaturas

Entrelazamiento como función de la tasa de disipación, para osciladores degenerados y baños 
simétricos

ω f=2ω

c=0.2mω2

Ω=ω(NM )
Ω=20ω(M )
kBT=5 ℏω
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Límite cuántico no markoviano

Para la supervivencia de los efectos cuánticos, es necesario que se satisfaga

Para la densidad espectral óhmica utilizada, el efecto no markoviano en la dinámica se 
puede adscribir a  diferentes escalas de energía y/o tiempo:

kBT

ℏω
≫1
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1

2m
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Non-Markovian scaled parameters (for the spectral density used here at long time) 



MOTIVATION THERMAL-EQUILIBRIUM INFLUENCE EFFECTIVE COUPLING HOW TO REACH LOW TEMPERATURES? COOLING OUTLOOK

WHAT IS SIDEBAND COOLING?

Ĥ = ~!Câ†â + ~⌦mb̂†b̂ � ~g0(t)â†â(b̂ + b̂†) �! â =
p

ncav + �â

Ĥ = ~!Câ†â + ~⌦mb̂†b̂ � ~g(t)(�â† + �â)(b̂ + b̂†)
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Ultrafast Optimal Sideband Cooling under Non-Markovian Evolution 

JF Triana, AF Estrada, LA Pachon Phys. Rev. Lett. 116, 183602 (2016) 

Rev. Mod. Phys. 86, 1391 (2014) 



entropy transfer 
Phys. Rev. Lett. 107, 130404  (2011) 
 

Quantum speed limits 
Phys. Rev. Lett. 111, 010402 (2013) 

The exploration of non-Markovian dynamics has 
already leaded to the enhancement of 
 

Entanglement survival 
Phys. Rev. Lett. 105 180501 (2010) 
Phys. Rev. Lett. 108, 160402 (2012)  
New J. Phys. 17, 033038371 (2015) 

improvements in quantum metrology 
Phys. Rev. Lett. 109, 233601 (2012) 
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FIG. 1. log(Z/Zcan) for a harmonic oscillator as a function of the ratios kBT/~!0 and !D/!0. We compare the partition
function for � = 0.1!0 (a), � = 0.05!0 (b), � = 0.01!0 (c) and � = 0.005!0 (d).

FIG. 2. Logarithmic Negativity in the presence of non-Markovian interactions for c0 = 0.05m0!
2
0 first row, c0 = 0.10m0!

2
0

second row, c0 = 0.15m0!
2
0 third row and c0 = 0.20m0!

2
0 fourth row. Parameters are � = 0.1!0 (a), � = 0.05!0 (b), � = 0.01!0

(c) and � = 0.005!0 (d) as a function of the dimensionless parameters kBT/~!0 and !D/!0.

For di↵erent values of the coupling constant c0, Fig. 2
shows the logarithmic negativity for a variety of values of
the damping constant � as a function of the dimensionless
ratios kBT/~!0 and !D/!0. As expected, (i) the more
coupled the oscillators are, the higher the temperature
and the damping rate at which entanglement can survive

at equilibrium, and (ii) the smaller the damping rate (the
more isolated the system is), the higher the temperature at
which entanglement can be maintained. The new feature
here is that the more non-Markovian the interaction, the
higher the temperature and the damping rate at which
entanglement can be maintained at equilibrium. This

corrections to thermal equilibrium states 
arXiv:1401.1418v2 
 
Coherent control Faraday Discuss. 163, 485 (2013), J. Chem. Phys. 139, 164123 (2013) 

violation of second  
law of thermodynamics (2012) 

 
Experimental evidence 

of non-Markovian dynamics  
(2015) 
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2. Modelo físico

Sistema físico de interés: dos 
osciladores armónicos no degenerados y 
acoplados

Con el objetivo de modelar los fenómenos 
físicos de disipación y decohorencia, 
ambos osciladores fueron acoplados a 
baños térmicos independientes, 
modelados como un conjunto de 
osciladores armónicos desacoplados:
Goal: Find the c(t) that maximizes entropy transfer under non-
Markovian dynamics 
 
Methodology: Use the steepest descent method to find the 
optimal c(t) 

JF Triana, AF Estrada, LA Pachon Phys. Rev. Lett. 116, 183602 (2016) 

Rev. Mod. Phys. 86, 1391 (2014) 



MOTIVATION THERMAL-EQUILIBRIUM INFLUENCE EFFECTIVE COUPLING HOW TO REACH LOW TEMPERATURES? COOLING OUTLOOK

WHAT IS OPTIMAL CONTROL THEORY?

sq1q1[t_]:=(sp2p2i (U2p[0] U4[t]-U2[t] U4p[0])ˆ2)/
(4 (2 U2[t] V2[t]-2 U4[t] V4[t])ˆ2
(((-U2p[0] V2[t]+U4p[0] V4[t])
(-m U2[t] V2p[0]+m U4[t] V4p[0]))/
(2 U2[t] V2[t]-2 U4[t]
V4[t])ˆ2-(m (U2p[0] U4[t]-U2[t] U4p[0])
(V2p[0] V4[t]-V2[t] V4p[0]))/(2 U2[t]
V2[t]-2 U4[t] V4[t])ˆ2)ˆ2)+(vep2iˆ2 (U2p[0]
U4[t]-U2[t] U4p[0])ˆ2)/(4 (2 U2[t] V2[t]-2 U4[t]
V4[t])ˆ2 (((-U2p[0] V2[t]+U4p[0] V4[t])
(-m U2[t] V2p[0]+m U4[t] V4p[0]))/
(2 U2[t] V2[t]-2 U4[t] V4[t])ˆ2
-(m (U2p[0] U4[t]-U2[t] U4p[0]) (V2p[0] V4[t]-V2[t]
V4p[0]))/(2 U2[t] V2[t]-2 U4[t] V4[t])ˆ2)ˆ2)
+((U2p[0] U4[t]-U2[t] U4p[0])ˆ2 (u22[t]
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WHAT IS OPTIMAL CONTROL THEORY?

(u4[t] v1[t]-u3[t] v2[t])ˆ2+u2[t]ˆ2 (u44[t] v1[t]ˆ2-v2[t]
(-(u33[t]+v11[t]) v2[t]+v1[t] (u34[t]+u43[t]+v12[t]+v21[t]))
+v1[t]ˆ2 v22[t])+u24[t] u3[t] u4[t] v1[t] v4[t]-u23[t] u4[t]ˆ2
v1[t] v4[t]-u32[t] u4[t]ˆ2 v1[t] v4[t]+u3[t] u4[t] u42[t] v1[t]
v4[t]-u4[t]ˆ2 v1[t] v14[t] v4[t]-u24[t] u3[t]ˆ2 v2[t] v4[t]+u23[t]
u3[t] u4[t] v2[t] v4[t]+u3[t] u32[t] u4[t] v2[t] v4[t]-u3[t]ˆ2
u42[t] v2[t] v4[t]+u3[t] u4[t] v14[t] v2[t] v4[t]+u3[t] u4[t]
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v2[t]+u32[t] v1[t] v2[t]+v1[t] v14[t] v2[t]-v1[t]ˆ2
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sq1q1[t_]:=(sp2p2i (U2p[0] U4[t]-U2[t] U4p[0])ˆ2)/
(4 (2 U2[t] V2[t]-2 U4[t] V4[t])ˆ2
(((-U2p[0] V2[t]+U4p[0] V4[t])
(-m U2[t] V2p[0]+m U4[t] V4p[0]))/
(2 U2[t] V2[t]-2 U4[t]
V4[t])ˆ2-(m (U2p[0] U4[t]-U2[t] U4p[0])
(V2p[0] V4[t]-V2[t] V4p[0]))/(2 U2[t]
V2[t]-2 U4[t] V4[t])ˆ2)ˆ2)+(vep2iˆ2 (U2p[0]
U4[t]-U2[t] U4p[0])ˆ2)/(4 (2 U2[t] V2[t]-2 U4[t]
V4[t])ˆ2 (((-U2p[0] V2[t]+U4p[0] V4[t])
(-m U2[t] V2p[0]+m U4[t] V4p[0]))/
(2 U2[t] V2[t]-2 U4[t] V4[t])ˆ2
-(m (U2p[0] U4[t]-U2[t] U4p[0]) (V2p[0] V4[t]-V2[t]
V4p[0]))/(2 U2[t] V2[t]-2 U4[t] V4[t])ˆ2)ˆ2)
+((U2p[0] U4[t]-U2[t] U4p[0])ˆ2 (u22[t]
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Technical details 



  

4. Enfriamiento de un resonador mecánico 
por transferencia de entropía

Dinámica markoviana: líneas a trazos

Dinámica no markoviana: líneas continuas

Parámetros iniciales:

nc=0

nm=102,103

ωmm=ωop

γ=10
−6ωmm

κ=2.15×10
−4 ωmm

t cool=0.55 τm ,1.25 τm

Ultrafast Optimal Sideband Cooling under Non-Markovian Evolution 



ENTROPY TRANSFER

Interest concerns how to reduce the phonon number in the mechanical mode to achieve,

as soon as possible, a state near to the ground state. An alternative cooling witness is the

entropy at the mechanical mode. If the entropy of the mechanical mode decreases as the

optical mode entropy increases, the e↵ective temperature of the mechanical mode decreases,

i.e., we are cooling the mechanical mode although we cannot give an absolute value for the

temperature. Figure 2 depicts the von Newman entropy [2]

S(x) =

✓
x+

1

2

◆
log

✓
x+

1

2

◆
�
✓
x� 1

2

◆
log

✓
x� 1

2

◆
, (46)

x =
p
hq2ihp2i � hpq + qpi2/4, (47)

for the mechanical and the optical mode as a function of time.

FIG. 2. von Neumann entropy of the both mechanical (S
m

) and optical mode (S
c

). Parameters as

in Fig. 1. Continuous lines for non-Markovian dynamics and dashed lines for Markovian dynamics.

Cooling at this level is guaranteed by the fact that the entropy in the mechanical mode

decreases; specifically, it decreases from S
m

(0) = 5.6101 to S
m

(t
cool

) = 2.23 ⇥ 10�2 in the

Markovian case and to S
m

(t
cool

) = 2.19⇥ 10�2 in the non-Markovian case. Thus, the systems

sits very close to its ground state (zero entropy). For the cavity mode, it varies from S
c

(0) = 0

to S
c

(t
cool

) = 5.601 in the Markovian case and to S
c

(t
cool

) = 5.607 in the non-Markovian.

Although for this set of parameters the entropy di↵erence is not substantial, from the analysis

in the manuscript, it is clear that if the dissipative rate � increases, then the entropy di↵erence

12

proposal of sideband cooling [see Refs., 7 and 22 in the manuscript].

A possible way to characterize the deviations from a thermal state is the g2(t) correlation

function; however, due to the Gaussian character of the state of the mechanical and optical

states, and for the present purposes, an equivalent calculation to the g(2) function is the

direct calculation of the squeezing parameter r(t) defined as

r =
1

2
log

✓
h�qi2

h�pi2

◆
, (45)

being h�qi2 and h�pi2 the dispersion of the position and momentum, respectively.

For the parameters used to generate the mean phonon dynamics depicted by the black

curve in Fig. 1 of the manuscript, Fig. 1 depicts the time dependence of the squeezing

parameter of the mechanical mode state r(t). Because the initial state is thermal at high

temperature and no initial system-bath correlations are considered, we have that r(0) = 0.

The subsequent time-modulation of the coupling induces squeezing that goes very close

to zero at the end of the cooling protocol. Specifically, r
NM

(t
cool

) = 7.193 ⇥ 10�2 and

r
M

(t
cool

) = 3.572⇥ 10�2.

Therefore, non-Markovian dynamics generate more squeezing than the Markovian one;

however, due to the parameter regime, the excess of squeezing is very small �r(t
cool

) =

3.621⇥ 10�2. Thus, it is safe to consider the mean phonon number as an measure of cooling.

FIG. 1. Squeezing parameter r(t) for the cooling protocol depicted by the black curve in Fig. 1

of the manuscript under Markovian (blue curve) and non-Markovian (red curve) dynamics. The

parameters are � = 10

�6!
m

,  = 2.15⇥ 10

�4!
c

, n
T

= 100 and n
cav

= 0.
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phonon number by around 1 order of magnitude (see also
Table I).
The coupling strength for the ultrafast cooling scenario

in Fig. 1(b) is beyond the present experimental capabilities;
however, the results for the fast cooling case in Fig. 1(c) are
encouraging [23]. Moreover, in the regime of Fig. 1(c)
cooling from room temperature is possible [12].
The nontrivial interplay between non-Markovian dynam-

ics and driving fields is explored in Table I; it displays the
predicted phonon number for a variety of scenarios,
namely, (i) the minimum phonon number obtained from
optimization under Markovian dynamics (opt:omMþ
mmM), (ii) the phonon number obtained under non-
Markovian dynamics with the optimal coupling found
under Markovian dynamics (omnM þmmnM), (iii) the
phonon number obtained from optimization under non-
Markovian dynamics (opt:omnM þmmnM), (iv) the phonon
number obtained under Markovian dynamics in the optical
mode and non-Markovian dynamics in the mechanical
mode with the optimal coupling found under Markovian
dynamics (omM þmmnM), and (v) the phonon number
obtained from optimization under Markovian dynamics in
the optical mode and non-Markovian dynamics in the
mechanical mode (opt:omM þmmnM).
Comparison of scenarios (i) and (ii) in Table I shows that,

for the same coupling function, the presence of non-
Markovian dynamics reduces the minimum phonon num-
ber and that this decrease is more noticeable when the
dissipation rate of the mechanical resonator increases. The
third scenario depicts the influence of the optimization
process. Even though there is a reduction in the phonon
number with respect to the second scenario, in absolute
terms, the decrease is tiny. Besides, if the optical-mode
dynamics are considered as Markovian and the dynamics of
the mechanical mode as non-Markovian, the fourth sce-
nario, there is a decrease in the number of phonons for low
values of the decay factor γ=ωmm. Surprisingly, only when
Markovian and non-Markovian dynamics and optimal
control theory are combined, the fifth scenario, there is a
substantial reduction in the phonon number reached for low
mechanical decay rates. For these low-decay-factor cases,
which are relevant under experimental conditions, the

strategy in the fifth scenario is able to bring the number
of phonons more than 1 order of magnitude below the
number of phonons reached under the conditions of the first
scenario.
This nontrivial and unexpected interplay between

Markovian and non-Markovian dynamics and optimal
control theory is also observed for a variety of values of
the cavity decay rate in Table II. The advantage of a
Markovian-dynamics cavity is more transparent for large
values of the cavity loss rate κ; e.g., for a non-Markovian
cavity (ΩD ¼ ωom) with κ ¼ 2.15 × 10−1ωom, there is no
ground-state cooling [hn̂nMðtcoolÞ ¼ 2.34].
Because the mechanical-mode initial state is highly

thermally populated, the non-Markovian character of the
dynamics originates mainly from the structure of the
thermal bath and not from quantum fluctuations at low
temperature. This explains why, for nonstructured envi-
ronments, Markovian descriptions of the dynamics may
have provided sensible results.
Maintaining the minimum phonon number over time.—

Reaching a very low phonon number in a short period of
time is a desirable goal. However, because the resonator is
continuously coupled to its environment, keeping that
phonon number is a must. In doing so, we introduce a
second optimal control scenario where the objective is to
maintain, over a long period of time, the minimum number

TABLE I. Minimum phonon number in the mechanical resonator at a time tcool ¼ 0.55τmm for different values of the dissipation rate
γ=ωmm and for different cooling scenarios (see text). The cavity dissipation rate κ ¼ 10−4ωmm.

γ=ωmm

hn̂ðtcoolÞi
opt:omM þmmM omnM þmmnM opt:omnM þmmnM omM þmmnM opt:omM þmmnM

10−6 9.03 × 10−3 8.86 × 10−3 3.43 × 10−3 1.91 × 10−3 9.99 × 10−5

10−5 1.04 × 10−2 1.02 × 10−2 4.79 × 10−3 2.60 × 10−3 7.91 × 10−4

10−4 3.28 × 10−2 2.40 × 10−2 1.99 × 10−2 1.63 × 10−2 1.52 × 10−2

10−3 2.61 × 10−1 1.61 × 10−1 1.53 × 10−1 1.53 × 10−1 1.51 × 10−1

10−2 2.45 1.52 1.50 1.50 1.50
10−1 21.12 14.21 13.52 13.52 13.52

TABLE II. Minimum phonon number for scenarios
(i) (opt:omM þmmM) hn̂MðtcoolÞi, (iii) (opt:omnM þmmnM)
hn̂nMðtcoolÞi, and (v) (opt:omM þmmnM) hn̂omM

ðtcoolÞi for differ-
ent cooling times and for different parameters of cavity dis-
sipation. The initial parameters are nT ¼ 100, γ ¼ 10−4ωmm.

tcool=τmm κ=ωom hn̂MðtcoolÞi hn̂nMðtcoolÞi hn̂omM
ðtcoolÞi

0.55 1 × 10−3 0.016 0.015 0.014
0.6 1.5 × 10−2 0.025 0.019 0.019
0.8 2.5 × 10−2 0.029 0.030 0.021
0.8 4.5 × 10−2 0.035 0.060 0.026
0.8 5.5 × 10−2 0.037 0.086 0.032
1.0 1.25 × 10−1 0.048 0.356 0.040
1.6 2.15 × 10−1 0.056 2.34 0.044
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opt:omM þmmM omnM þmmnM opt:omnM þmmnM omM þmmnM opt:omM þmmnM

10−6 9.03 × 10−3 8.86 × 10−3 3.43 × 10−3 1.91 × 10−3 9.99 × 10−5

10−5 1.04 × 10−2 1.02 × 10−2 4.79 × 10−3 2.60 × 10−3 7.91 × 10−4

10−4 3.28 × 10−2 2.40 × 10−2 1.99 × 10−2 1.63 × 10−2 1.52 × 10−2

10−3 2.61 × 10−1 1.61 × 10−1 1.53 × 10−1 1.53 × 10−1 1.51 × 10−1

10−2 2.45 1.52 1.50 1.50 1.50
10−1 21.12 14.21 13.52 13.52 13.52

TABLE II. Minimum phonon number for scenarios
(i) (opt:omM þmmM) hn̂MðtcoolÞi, (iii) (opt:omnM þmmnM)
hn̂nMðtcoolÞi, and (v) (opt:omM þmmnM) hn̂omM

ðtcoolÞi for differ-
ent cooling times and for different parameters of cavity dis-
sipation. The initial parameters are nT ¼ 100, γ ¼ 10−4ωmm.

tcool=τmm κ=ωom hn̂MðtcoolÞi hn̂nMðtcoolÞi hn̂omM
ðtcoolÞi

0.55 1 × 10−3 0.016 0.015 0.014
0.6 1.5 × 10−2 0.025 0.019 0.019
0.8 2.5 × 10−2 0.029 0.030 0.021
0.8 4.5 × 10−2 0.035 0.060 0.026
0.8 5.5 × 10−2 0.037 0.086 0.032
1.0 1.25 × 10−1 0.048 0.356 0.040
1.6 2.15 × 10−1 0.056 2.34 0.044
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phonon number by around 1 order of magnitude (see also
Table I).
The coupling strength for the ultrafast cooling scenario

in Fig. 1(b) is beyond the present experimental capabilities;
however, the results for the fast cooling case in Fig. 1(c) are
encouraging [23]. Moreover, in the regime of Fig. 1(c)
cooling from room temperature is possible [12].
The nontrivial interplay between non-Markovian dynam-

ics and driving fields is explored in Table I; it displays the
predicted phonon number for a variety of scenarios,
namely, (i) the minimum phonon number obtained from
optimization under Markovian dynamics (opt:omMþ
mmM), (ii) the phonon number obtained under non-
Markovian dynamics with the optimal coupling found
under Markovian dynamics (omnM þmmnM), (iii) the
phonon number obtained from optimization under non-
Markovian dynamics (opt:omnM þmmnM), (iv) the phonon
number obtained under Markovian dynamics in the optical
mode and non-Markovian dynamics in the mechanical
mode with the optimal coupling found under Markovian
dynamics (omM þmmnM), and (v) the phonon number
obtained from optimization under Markovian dynamics in
the optical mode and non-Markovian dynamics in the
mechanical mode (opt:omM þmmnM).
Comparison of scenarios (i) and (ii) in Table I shows that,

for the same coupling function, the presence of non-
Markovian dynamics reduces the minimum phonon num-
ber and that this decrease is more noticeable when the
dissipation rate of the mechanical resonator increases. The
third scenario depicts the influence of the optimization
process. Even though there is a reduction in the phonon
number with respect to the second scenario, in absolute
terms, the decrease is tiny. Besides, if the optical-mode
dynamics are considered as Markovian and the dynamics of
the mechanical mode as non-Markovian, the fourth sce-
nario, there is a decrease in the number of phonons for low
values of the decay factor γ=ωmm. Surprisingly, only when
Markovian and non-Markovian dynamics and optimal
control theory are combined, the fifth scenario, there is a
substantial reduction in the phonon number reached for low
mechanical decay rates. For these low-decay-factor cases,
which are relevant under experimental conditions, the

strategy in the fifth scenario is able to bring the number
of phonons more than 1 order of magnitude below the
number of phonons reached under the conditions of the first
scenario.
This nontrivial and unexpected interplay between

Markovian and non-Markovian dynamics and optimal
control theory is also observed for a variety of values of
the cavity decay rate in Table II. The advantage of a
Markovian-dynamics cavity is more transparent for large
values of the cavity loss rate κ; e.g., for a non-Markovian
cavity (ΩD ¼ ωom) with κ ¼ 2.15 × 10−1ωom, there is no
ground-state cooling [hn̂nMðtcoolÞ ¼ 2.34].
Because the mechanical-mode initial state is highly

thermally populated, the non-Markovian character of the
dynamics originates mainly from the structure of the
thermal bath and not from quantum fluctuations at low
temperature. This explains why, for nonstructured envi-
ronments, Markovian descriptions of the dynamics may
have provided sensible results.
Maintaining the minimum phonon number over time.—

Reaching a very low phonon number in a short period of
time is a desirable goal. However, because the resonator is
continuously coupled to its environment, keeping that
phonon number is a must. In doing so, we introduce a
second optimal control scenario where the objective is to
maintain, over a long period of time, the minimum number

TABLE I. Minimum phonon number in the mechanical resonator at a time tcool ¼ 0.55τmm for different values of the dissipation rate
γ=ωmm and for different cooling scenarios (see text). The cavity dissipation rate κ ¼ 10−4ωmm.
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ðtcoolÞi for differ-
ent cooling times and for different parameters of cavity dis-
sipation. The initial parameters are nT ¼ 100, γ ¼ 10−4ωmm.
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0.8 5.5 × 10−2 0.037 0.086 0.032
1.0 1.25 × 10−1 0.048 0.356 0.040
1.6 2.15 × 10−1 0.056 2.34 0.044
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FIG. 2. (a) Phonon number as a function of time during the
optimal control protocol aimed at maintaing the minimum
phonon number for di↵erent values of the dissipation rate. The
initial parameters are n

T

= hn(t
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)i, n
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= 0,  = 2.15⇥10�4.
(b) The optimal optomechanical coupling function c(t) for
� = 10�6!
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. (c) The optimal optomechanical coupling
function g
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which encompasses the entire cooling process, i.e.,233

reaching a minimum phonon number by applying g
c

(t) and234

maintaining this number once it is obtained with g
m

(t).235

Because performing the second optimization process236

under non-Markovian dynamics over long times requires237

an enormous amount of computing time, the second238

optimization process is performed under the assumption239

that for long times, the Markovian approximation holds240

so that the optimal coupling function is calculated for241

Markovian dynamics.242

Figure 2(a) depicts the time evolution of the phonon243

number under the action of the optimal coupling function244

c(t) for a variety of experimentally-relevant values of the245

decay rate �. To obtain an experimentally-accessible-246

coupling-strength scenario, |c(t)| < 10�1, the cooling247

time is set to t
cool

= 6⌧
m

and the initial phonon number248

to n
T

= 102 [see Fig. 2(b)]. For the second control phase,249

the initial number of phonons is set to be the minimum250

phonon number reached at t
cool

. To maintaining the251

minimum phonon number requires moving from the strong252

coupling regime to a weak coupling regime between the253

two modes, see Figs. 2(b) and 2(c). Likewise, with the254

optimal optomechanical coupling function c(t) the phonon255

number is approximately maintained for 50 periods of the256

mechanical resonator.257258

Discussion.—Analytical solutions and an e�cient op-259

timal control protocol showed that the presence of non-260

Markovian dynamics allows for lower phonon numbers261

than the predicted by Markovian-and-RWA-based pre-262

vious works. Surprisingly, significant enhancements are263

found as the interplay between non-Markovian dynamics264

in the mechanical mode, Markovian dynamics in opti-265

cal mode and optimally-designed coupling functions. To266

understand this e↵ect, note that for well-behaved J(!),267

non-Markovian dynamics define an e↵ective coupling to268

the thermal bath [15, 16] that, in general, is weaker than269

the Markovian one. Thus, when non-Markovian dynamics270

are considered in the cavity dynamics, the rate at which271

the electromagnetic mode releases the entropy, that ab-272

sorbes from the mechanical mode, into its environment273

diminishes and therefore, the number of phonons in the274

mechanical mode does not largely decrease compared to275

the case of Markovian-dynamics cavity. Furthermore, be-276

cause the mechanical mode is constantly coupled to its277

environment, the optimal cooling protocol was extended278

[see Eq. (3)] to preserve the phonon number as low as279

possible after cooling is reached. For this second protocol,280

the coupling amplitude is between reach of present tech-281

nology and can be combined with already-experimentally-282

implemented cooling protocols [9, 23–25].283

The optimization protocol developed here relies on the284

optimization over the Green functions of the trajectories285

that minimize the influence functional (see Supplementary286

Material) and can be readily implemented in semiclassical287

formulations of quantum mechanics in phase space [37, 38].288

Thus, non-linear systems can be addressed and the289

influence of quantum fluctuations in the design of optimal290

pulses of coupling functions can be analyzed. This enables291

the present proposal, e.g., in the context of optimal control292

theory of molecular processes [39].293
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Summary	

Surprisingly, significant enhancements are found as the 
interplay between non-Markovian dynamics in the 
mechanical mode, Markovian dynamics in optical mode and 
optimally-designed coupling functions.  
 
Our approach can be readily implemented in semiclassical 
formulations of quantum mechanics in phase space [J. 
Chem. Phys. 132 (21), 214102 (2010), Chem. Phys. 375 (2), 
209-215 (2010), Phys. Rev. Lett. 102, 150401 (2009)] 
 
Optimal control theory to simulate quantum correlations in 
quantum 2D spectroscopies. 


